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A Characterization of Orthonormal Multilevel Wavelet Families

in Sobolev Space over Local Fields of Positive Characteristic

Ashish Pathak and Dileep Kumar

Abstract. In this paper, a characterization of orthonormal multilevel wavelet families in
Sobolev space over a local fields of positive characteristic (H®(K)) is established. Finally an
example is presented.

1 Introduction

The idea of wavelets as a family of function constructed by using translation and dilation of a single
function was given by Morlet in 1982. The wavelet on L?(R) were characterized by Wang [27]
and Gripenberg [17] with the help of Fourier transform of the wavelet. Bownik [21] obtained new
concept to characterizing multiwavelets in L?(IR™) by using the results of shift invariant systems
and quasi-affine systems in ([8], [9], [14], [22] ).

Jiang, Li and Jin discussed multiresolution analysis on local fields of positive characteristic
and constructed corresponding orthonormal wavelets (see[18]).Behera and Jahan were first gen-
eralized the concept of multiresolution analysis (MRA) and wavelets in the space L?(KK) and es-
tablished orthonormal basis from Riesz basis (see [11]).They were also characterized the wavelets
and MRA wavelets over a local fields of positive characteristic by affine frame systems and quasi-
affine systems (see [12]). Pathak and Singh recently modified the classical definition of multireso-
lution analysis and construct the orthonormal wavelet in Sobolev space over local fields of positive
characteristic (H*(K)) in [5].

In this paper, we characterized the orthonormal multilevel wavelet families in Sobolev space
over a local fields of positive characteristic. This article is organized as follows. In section 2, we
give some basic notations and definitions of local field and Sobolev space over local fields. In
section 3, this section contains the basic definition of orthonormal wavelet in H*(K) and four
lemmas, by using these lemmas we will prove the main result of this paper. Finally in this section
we characterized the orthonormal multilevel wavelet families in Sobolev space over a local fields
of positive characteristic (H*(KK)) and an example is presented.
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2 Notation and definitions

A local field K means an algebraic field and a topological space with the properties of complete,

locally compact, totally disconnected and non-discrete and Haar measure on K™ is denoted by

dx. The absolute value or valuation of x is denoted by || and have the properties (i) |z| > 0 and

|z = 0iff 2z = 03(ii) [wy| = [[[yl; (i) |2 + y| < maz(|z], [y]).

Now, we recall some Notations which are used in this paper

Throughout this paper K denotes the local field of positive characteristic.
dx is the normalized Haar measure for K.
|| is the valuation of o € K and it is non-archimedian norm.

We will use following notations for the numbers, Z = the set of integers; N = the set of
natural numbers; Ng = {0, 1,2, 3, ...}.

Let s be a prime element in K.

Fork € Z, 0% = {x € K : |2| < ¢*} is a compact subgroup of K*. Jp° = D is called
ring of integres in K.

B*| = ¢ Fand |D| =1

x be a fixed character on Kt that is trivial on ® but is non trivial on =, Fory € K,
Xy(z) = x(yz), z € K.

The “natural’order on the sequence is denoted by {w(k) € K}32, and is described as fol-
lows.

D/P =GF(q) =7,q=p°, pisaprime,s € Nand Q : © — 7 the canonical homo-
morphism of ©® on to 7. 7 = GF(q) is a vector space over GF'(p) C 7. We consider a set
{1 = €0, €1, 621} C D* = D\P in such a way that {Q(ex,)}i_j is a basis of GF(q)
over GF(p).

Fork,0<k<gqgk=a+ap+..+as1p1,0<a; <p, i=01,..,5—1 we
define

w(k) = (a() + a1+ ... + as_lec_l)sfl (0 <k< q).
Fork =byg+big+ ... +b.q", 0 <b; <q, k>0, weset

w(k) = w(bo) + s tw(by) + ... + 5 "w(b).

Remark 1. A function g defined on K is integral-periodic if g(z + w(n)) = g(x) for all n € Ny.

Proposition 2.1. Foralll, k € Ny, xx(w(l)) = 1.
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2.1 Distributions over local fields

The space .’ (K) of continuous linear functional on .7 (K) (the space of all finite linear combi-
nations of characteristics functions of ball of K) is called the space of distributions.
The Fourier transform of f € .7 (K) is denoted by f(¢) and defined by the

/f x)xe(x dac—/f (—&x)dz, £ €K, (2.1)

and the inverse Fourier transform by

- [ Fox(©d s ek @.2)
The Fourier transform and inverse Fourier transforms of a distributions f € .#/(K) is defined by

(f,0) = (f.8), (fV,0) = (f,¢"), forall ¢ € #(K). (2.3)

Definition 1. Sobolev space over local fields (H°(K)).
Let s € R, we denote by H*(K) is the space of all f € .%/(K) such that

2(8)f(¢) € L*(K).

Obviously, for any real number s, H*(K) is alinear space. We equip H*(K) with the inner product

qgnzwgmw@:Aﬁ@M@maﬁ,

which induces the norm

1By = [ 2@ P
Theorem 2.1. The space . (K) is dense in H*(K).

Proof. See [5]. O

3 Main Result

The aim of this section to established the condition which enable us to characterize all orthonor-
mal wavelet families in H*(K). Before characterization of orthonormal wavelet, we first define
the orthonormal wavelets and recall four lemmas which will we used in the proof of main result.

Definition 2. Let {wﬁj)}jez,repl C H*(K).Then {wﬁj)}]ez reD, is said to be an orthonormal

wavelet family in H*(K) if H*(K) = sp(m{w” k‘}reD e, keNg where D1 = {1,2,3,...q—1}
1

and <1/)TJ . wrlm) = 0;10km forallj,l € Zandk, m € No, where both §;; and ¢, ,,, are the
Kronecker delta functions.
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Lemma 3.1. Let a function f belonging to dense subset . (K) of Sobolev space H*(K) and a set
{vj :j =1,2,3,...} is the system of vectors in H*(K) such that

11y = D1 (0 12, (3.1)
j=1

then equality (3.1) holds for every f € H*(K) (see [16]).

Lemma 3.2. Let aset {v; : j = 1,2,3,...} is the system of vectors in H*(K) satisfying equality
(3.1). If ||vj|| > 1fori =1,2,3, ..., then {v; : j = 1,2,3,...} is an orthonormal basis for H*(K)
(see [16]).

Lemma3.3. If f € ¥ (K) and w(j) € H*(K), then

> S ldmwl = ¥ [ #OFQMETIOCE #6+ 5wl

reDy k€Ng reDy keNg

x F(€+57Tw(k)D (s1€ + w(k))}de.  (3.2)

Proof. See [4]. ]

Lemma 3.4. Let f be in ./ (K) and v € H*(K). Ifess sup {0°(§) Y_,ep, > jez Wr (s7€)|%
£ePN\D} < oo, then

YOO IP BRI =/ 12D D WP+ T, (33)

reD1 jJEZ k€Ng reD1 jJEZ

where

=% > / O[S 0°(6 + 5 Iw(l) F(€ +5w(l))

reD1 jEZ leEN

x D (s1¢ + w(l))] de. (3.4)

Furthermore, the iterated series in (3.4) is absolutely convergent.

Proof. See [4]. ]
Theorem 3.1. Let {wr Yiezrep, € H*(K), with H?,/JTJ)HHS = 1,5 € Z,v € D1.Then the
collection {1/J7~ }jez,rep, is an orthonormal wavelet families in HS( ) if and only if
Z Z 1pI(7E)| = v™3(€) for a.e. €K, (3.5)
reD1 jEZ

and for every s € No\gNo,

S SV (i) 0D (s (€ + w(s))) = 0, (3.6)

reD; i=0
fora.e. £ € Kand forall s € No\qNo, where gNg = {qk : k € No}.
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Proof. Suppose that equalities (3.5) and (3.6) holds. Then by Lemma 3.1 and 3.2, it is sufficient
to show that

> ZZU%«M = [1£ 11 x (3.7)

reD1 keNg jEZ

hold for each f belonging to . (K).
We have

T = Z ZZ\(fW,@QH x|

reD1 keNg jEZ

= ZZZ\/ (€209 (57€ — wo(k)de?

reD1 keNg jEZ

- | / sIE)HID (€)xi (€ e

reD1 kENo JEZL

-y df {z / € NI+ w)r(6 + w(D)

reD1,keNy,jEZ

x O (€ + w(1))de} o5 (s7€) f(s=9€)h ) (€)X (€)de.

Since f € .(K) so that ) ;7 contains only finite non-zero terms and x,(w(l)) = 1fork,l € Ny

, then we get

T - / { / (Zu (e 4wl >>f<s—f<a+w<5>>>¢£j)<f+w<m)

reD, kENo ,JEZ

X xk(E)dE}D* (s77€) f(s=1€) 0V (€)xn(€)dE.  (3.8)

By convergence theorem of Fourier series on ®, we obtain

T= > / GIEG {Zv (€ +57u(l f<£+5fw(b)%”(sjsw(z))}df
reD1,jEZ K
— 28 2 ]
- ¥ [oferidorss [ 3 3 (P (E + 5 ull)
reD1,jE€Z reDq,j€Z 1=1

% F(©)09) (s7€) F(€ + 5-Tw (1)) D) (s7€ + w(l))de (3.9)
= 11+ 15,

where

T :/K OF D> (¢ de, (3.10)

reD1 jEZ
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and

7= 3 3 [ @A 6 3 56 +5 D)€ + s ) (6 + (D),
rcDy jEZ =1
(3.11)

Now by equality (3.5) and (3.10), we get

T, - /K 7(&)1F(©)Pde = /1P (3.12)

Now we need only to show that 75 = 0. Since 75 is absolutely convergent. In the expression of
15,1 € Nyfor given [ there exist i € Ny and a unique m € ¢Np + Q such that [ = ¢'m where
Q =1{1,2,3,...¢ — 1} . Thus by Definition 2, we have {w(l) };cn = {5iw(m)}(i7m)eNOX{qNO+Q}.
Since the series in (3.11) is absolutely convergent. Therefore equation (3.11) become

o= Y. / POFEINENS S P+ w(m) f(E+ 57 w(m))

reDq jEZ 1€No megNo+Q

x U (s7€ + 57 w(m)) }dg

- / FOIY S 06+ 5 uwm) F(E + 5 Tw(m)

JEZ megNo+Q

< S0 S G0 (e-i) g (577 + 5 () e

reDq 1€Ng
Now using equation (3.6), we get 75 = 0.

Conversely, suppose that {wﬁj ) j € Z,r € D7} is the orthonormal wavelet family in
H?(K) . Then we show that both equations (3.5) and (3.6) are satisfied.
Since {7/37("])} jez,reD, is orthonormal wavelet. Therefore for all f € .#(K), we have

STST ST Do = 1) = T+ T (3.13)

reD1 keNg jEZ

Using the fact that |7%| < oo, we have

1= Y 3 [ I ORI e Pde < . G.14)

reDy jEZ

By the assumption of f € .#(KK),we can obtain that 7%(¢)|f(¢)| is a bounded function. So
*(€) ZTEDI > jez Wfrj) (57¢)|? islocaly integrable in K\ Ujez Ej> where Ej is the set of regular

points of ’1/17»] ) (s7€)| (see[23], pp. 29). Therefore each &y € K\ |J E¥, we consider

JEZL

9(6) = 47 Qu(& — &)p ™ (€) (3.15)
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where f = g and Q.,(§ — &o) is the characteristic function of {y + PM . Then it follows that
F(E)f(€+s7Iw(l)) = Ofor | € N. Since € and é45 7w (1) can notbe in &+ simultaneously,

and hence ||g|| s (k) = 1. Further more, we have
L=l = [ 2O X S a0 e + T (3.16)
So+P reD; jEZ
and let M — oo, we obtain
1=0%() Y Y [09(e7€0)[* + limas o T (3.17)
reDy jJEZ

Now we need to show that 7o — 0 as M — oo .Now ,we estimate T as follows

T < ZZ/AS JA©)109) () |{Zu (€ + s 9w(l)| (€ + s w(D)|

reDy jEZ

<[ (7E + w(i))| e
=YY Y / ST ()]0 (577 (€ + wD)IF (57 (€ +w(d)))

reDy jeZ =1

X |99 (€ + w(D))|dé

< Y Xy [ AN (57w F s+ wi@)
€Dy jez 1=1  “K

<0 (s I[P (€)Pds.  (3.18)
Since w(l) # 0(l € N) and f € .#(K), there exist a constant J > 0 such that
Fs9E) f(s7¢ + 5 9w(l)) = 0 for |j| > J.
Therefore series in equation (3.18) have only a finite number of terms are nonzero so there

exist a constant K such that

o] < KN0°(€)F 1% I k)
Kq™ [ x

and implies that 7" — 0 as M — oo. Hence equation (3.17) becomes
DN 1D (&) = 07 (%) (3.19)
reD1 jEZ

Now we show that if

STSTS A Y Do = 113 (3.20)

reD1 jEZ keNg
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holds for all f € .(K), then the equation (3.6) holds. Now by using (3.7),(3.9) and (3.11) we
have

S X [ QR €+ s Tutm) i€ s alm)

JEZ megNo+Q

A S ST G ()G (57 (&€ + w(m)) }E = 0. (3.21)
reD i€Ng

By Polarisation, we have

D O R A R R e )

JEZ mEqNo+Q

{0 DB (s (7€ + w(m)) e = 0. (3.22)
reD; ieNg
Let us fix kg € gNg + Q and & € K\ UgeZ E such that neither §o 7é 0 nor & + w(kg) # 0.
Consider fg) = q%%ﬁ —&)02 (&) and §(&) = f(€ — w(ko))P 2 (§ — w(ko)). We obtain
f(£)9(§ +w(ko)) = g2 da(§ — o)™ (§)P™*(§ — w(ko)) -

Now, equation (3.22) can be written as

0= qM/ > SV (s E) DD (57 1 5w (ko) )dE + 1, (3.23)

o+ reéD; i€Ng

where
L= > > / 55 () F (€)% (€ + 59w (m))3(E T 5 Ia(m))
JEL meqNo+Q
(5,m)#(0,k0)
<{>. > U (s77E) x DU (5171 + 57io(m)) }dE.  (3.24)
reDy 1€Ng

Since the first term in (3.23) is zero.So we only to show that I — 0 as M — oo . Since w(m) #
0(m € N) and f, g € .¥(K), there exist a constant Jy > 0 such that

F©)3E+w(m) =0V j> Jo. (3.25)

Therefore we have

-y 3 / 55 (€ + s Tw(m))gE + s mmI 3 3 99 ) (s

1<Jo meqNo—i-Q reD1 i€Ng
x U (5771€ + 57 w(m)) }E,
o< > Y / s F (5P (57 (£ + w(m)))|g(s ™ (€ + w(m)))|

J<Jo megNog+Q
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)Y D BTN TOIRY T (57 (€ + w(m)))[}d€

reD1 i€Np
<Y 3 / §79) | f(57E) 95 (57 (€ + wm)) g (€ + wmMI{ 3 3
71<Jo mEqNo+Q reD1 i€Ny
(s IOBI P+ 3 3 (57 (€ + w(m) I (57 (€ + w(m))) 2
reDy 1€eNg
— L +1D, (3.26)
where

= X X 7 AT  wm)lale € + wlm)

7<Jo megNg+Q

{Z > (s YT i5)2} e, (327)

reD1 i€Ng

We claim for fixed j, [, (Zrepl S en, P (579 YT (5—i5)|2) de < oo

[ X T reroiemors = 33 [ rarond e

reDy i€Ng reDy 1€Ng

SPGBl

reD1 i€Np

- -Jzz/

reD1 i€Np

- X [

reD1 i€Np

=zz/

reD1 i€Np

-y Z*Hq TP (578 | s ey

reDy ZENO

= ZZ—xl < 00,

reD1 ZGNO

“(sT) [Pde

RGOS

LI (571) 2dg

and

Y / sIE)| f(s79€) |05 (79 (€ + w(m)))[a(s~ (€ + w(m)))]

J<Jo megNo+Q

{Z > o5 (€ + w(m))) zﬂﬁji><si<s+w<m>>>2}ds
reDy i€Ng
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= > > /1955 I(& = w(m))If(s77(& = w(m))|e2 (s7€)|g(s77€))|

J=Jo megNo+Q

X4 YD (TIN5 b de.

reD 1€Nyg

Thus I, has same form as I; with the roles of f and § interchanged. Now we only to show that
I — 0as M — oo. We can write equation (3.27)

Sy der 73 (579 (€ + w(m)|g(s ™ (€ +w(m)))|

: ~ —J —Jj+M
J<Jo megNo+Q S8 +B

xS N (IO pds. (328)
reDi 1€Ng
Now ,if §(s77 (&£ + w(m))) # 0 then we must obtain s /¢ + s Jw(m) € € +PM + w(kg) and
|s~w(m)| < ¢~M, and hence |w(m)| < ¢~ ~J. Then the summation index is bounded by
q~M~7, s0 using this we get

.M R M ar_s
UEEED ST LS NN D SU A G ICR 0P
§TIg+PItM

1<Jo reD1 i€Nyg

Z/ 2 2T (s e

j<do TSGR LD ieNo

IN

For given &, for any € > 0, choose & < 0 enough small satisfies the following two inequalities
q® < |€| = ¢” such that k 4 p < 0, and

/ 59 (57 R€) [ b0 (5706 2dg < e. (3.29)
Pkr

We have s 7¢y + P~7tM < P=F=, forall j < k. Since |[s7&| < ¢F¢? and P~—7+M C sp—k—r
HenceI; - 0as M — co. ]

Example 1. Assume that the function
V= LT (s72)} * (xo(2) — ¢(x)) forall j € Z, r =1,2,3,4,...(¢ — 1),
¢!, ifzePl

0, otherwise.

where g is the characteristic function on ®© and ¢(x) =

i L p3(s7¢), ifE e P I\D,
0, otherwise.
For & # 0, we note that

q—1

ZZ BOTIOR = 1= () = (e,

r=1j€Z r=1
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Now, it is to see that both 577¢ and 577 (£ + w(s')) are not lies in =1 \ D simultaneously.
Therefore, equation (3.6) holds. Hence the system {¢£] ). j € Zyr =1,2,3,...q — 1} forms

orthonormal wavelet of H*(K).
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