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INTEGRAL TRANSFORMS CONNECTED WITH DIFFERENTIAL
SYSTEMS WITH A SINGULARITY

MIKHAIL IGNATIEV

Abstract. We consider some integral transforms with the kernels expressed in terms of
solutions of the system of differential equations y' = (x™' A+ B)y, where A and B are
constant n x n, n > 2, matrices. We study analytical and asymptotical properties of such
transforms. We also study the transforms as operators acting in some functional spaces.

1. Introduction

Various dilates of classical integral transforms often appear in differential equations the-

ory. In recent paper [1], for instance, the following integral transform:

f—=v(f,x,p) :/0 f(®explipt) dt

was considered in connection with the questions of asymptotical behavior of resolvent and
eigenvalues of higher order ordinary differential operators with distributional coefficients. On
the other hand, the kernels of such integral transforms themselves are usually connected with
certain differential equations. In particular, the kernel exp(ip?) is a solution of the "simplest"
differential equation —iy’ = py. Similarly, the kernels of more general transforms of the form:

f— /f(t) exp((a—b)p(t—s)+(c-b)px—1)dt

considered in the same work can be associated in a natural way with the model equation
y"™ = p"y or with the system of the form y’ = pBy, where B is a diagonal matrix with (arbi-
trary) complex entries.

In the present paper, we consider some integral transforms connected with the following
system of differential equations:
y' =("'A+B)y, 1)

where A and B are constant n x n, n > 2, matrices. Such transforms can be considered as

generalizations of the Fourier—Hankel transform, see, for instance, [2], see also [3, 4] for some
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generalizations, in particular, connected with the higher-order operators with singularities.
The integral transforms we consider are certain functions with the values in an exterior alge-
bra AC" = @ A™C", their particular construction (which will be written below) is determined

by their role in spectral theory of the "perturbed system”
y' =(x"rA+q(x)y+pBy

(where p denote a spectral parameter), see, for instance, [5]; see also [6], where such construc-
tions appeared first. One can notice that, unlike the studies mentioned above, the kernels of
the considered transforms can not be written explicitly in terms of exponential functions,
moreover, they can not be expressed in terms of the “Bessel-type” special functions arising in
the case n = 2. This makes the analysis more complicated and technical. Contrary to the case
n = 2 (connected with the classical Hankel transform and its dilates) the general case n > 2

has not been studied yet.

2. Assumptions and notations. Formulations of the results

Assumption 1. Martrix A is off-diagonal. The eigenvalues {j;} ;':1 of matrix A are distinct and
such that uj — jix € Z for j # k, moreover, Rejt; < Refiy < --- < Repin, Rep #0, k=1, n.

Assumption 2. B = diag(b,...,by), the entries by,..., b, are nonzero distinct noncolinear

n n
points on complex plane such that '} yjb; =0, wherey; € {-1,0,1}, » y? > 0, is true if and
j=1 j=1

onleify;=1,j=1,n.
Under Assumption 1 system (1) has the fundamental matrix c¢(x) = (¢; (x), ..., ¢, (x)), where
e (x) = xH* ¢ (x),

detc(x) =1 and all ¢x(-) are entire functions, ¢x(0) = by, b is an eigenvector of the matrix A
corresponding to the eigenvalue . We define Cy(x, p) := cx(px), x € (0,00), pe C.

Let X be the following union of lines through the origin in C:
2= |J {z:Re(zbj) =Re(zby)}.
(k,j):j#k

By virtue of Assumption 2 for any z € C\ X there exists the ordering Rj,..., R, of the num-
bers by, ..., b, such that Re(R;z) < Re(R»z)--- < Re(R,z). Let . be a sector {z = rexp(iy),r €
(0,00),7 € (y1,Y2)} lying in C\ Z. Then [7], [8] system (1) has the fundamental matrix e(x) =

(e1(x),...,en(x)) which is analytic in ., continuous in #\ {0} and admits the asymptotics:

er(x) = e R (fr+ x7Inr(x)), ne(x) = 0(1), x — 0o, x€.F,
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where (f1,...,f,) = f is a permutation matrix such that (Ry,...,Ry,) = (by,...,b,)f. We define
E(x,p):=e(px).

Everywhere below we assume that the following additional condition is satisfied.
Condition 1. For all k = 2, n the numbers
Aj:=det(ey (x),...,ex_1(x), ck(x),...,cn(x))
are not equal to 0.

Under Condition 1 system (1) has the fundamental matrix v (x) = (y; (x),..., ¥, (x)) which
is analytic in .%, continuous in F\ {0} and admits the asymptotics:

Yi(xt) = exp(xtRy) (fr + 0(1), t = 00,x € &, Y (x) = O(xH*), x — 0.
We define ¥ (x, p) := w(px).
In the sequel we use the following notations:

e of,, is the set of all ordered multi-indices a = (a1,...,&y), @1 < Az < -+ < A, aj €
{L,2,...,n}

* for a sequence {u;} of vectors and a multi-index a = (ay, ..., a;) we define uq := ug, A

.../\uam;

e for a numerical sequence {a;} and a multi-index a we define

ag:=Y aj, a®:=[] a;;

Jjea Jjea

e for a multi-index a the symbol a’ denotes the ordered multi-index that complements a
to (1,2,...,n);

e for k=1, n we denote
k k k -
ak::Zaj,ak::Zaj,a :anj,d ::Haj.
j Jj=1 j=k

n n
We note that Assumptions 1,2 imply, in particular, )} yx = Y. Ry =0 and therefore for
k=1 k=1
any multi-index @ one has Ry = —Ry and gy = — g
e the symbol V"™, where V is n x n matrix, denotes the operator acting in A™C" so that
for any vectors uy, ..., u;, the following identity holds [6]:

m
V(m)(ull\uz/\---/\um): Zu1/\u2/\---/\uj_l/\Vuj/\ujH/\---/\um;
j=1
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e if h € A"C" then |h| is a number such that & = |hle; Aea A+ Aey, {ek}zzl is a standard

basis in C”;

° Tk(xrp) = Ck(xrp) ARRRNAY Cn(xrp)-

e for h e A"C" we set: ||hll:= Y. |hgl, where {hy} are the coefficients from the expan-
aesly,
sionh= Y hge,.
aesty,

We use the same notation Ly (a, b) for all the spaces of the form L, ((a, b), &), where & is a
finite-dimensional space. The notation Cla, b] for the spaces of continuous functions will be

used in a similar way:.

Suppose Y is a Banach space. We denote by C([0,00),Y) the set of continuous functions
[0,00) — Y and we denote by BC([0,00),Y) the Banach space of bounded continuous functions
[0,00) — Y with the standard sup norm.

Suppose Y is some number set (typically sector or ray in the complex plane) and Y is
some Banach space of functions on Y. Let Q be some Banach space. For a function F =
F(Q,x,p),Q€Q,x € [0,00),p € Y with values in some finite-dimensional space we write F €
Z£(Q,BC([0,00),Y)) iff:

e for any fixed Q € Q, x € [0,00) the function F(Q, x, -) belongs to the Banach space Y;
e for any fixed Q € Q the function F(Q,-,-) € BC ([0,00),Y);

e themapQ>Q — F(Q,-,-) € BC([0,00),Y) is a linear continuous operator.

We set X, := L1(0,00) N L,(0,00) and denote by %I;" the space of functions Q = Q(t),
t € (0,00) such that for any ¢ Q(¢) is a linear operator acting in A"'C", |(Q(~)ea) A eﬁr| € Xp for
all a, B € of;, and (Q(t)eq) Aegr =0 for all a € ofy,.

In the paper, we study the following integral transforms (k = 1,n):

T (Q, x,p) =f Y. 0a|(Q)Ti(t,p)) ACu(t,p)| Calx, p) dt, @

aedn7k+l
where o = |hg Aheland Q € %;‘_k“.

Our considerations will be concentrated mostly on properties of 9% (Q, x, p) as functions
of (complex) variable p. Also we are interested in how these functions depend on the param-
eters x € (0,00) and Q € & I;’_k“. Our guiding line (and one of our key tools) is the following

result concerning the classical Laplace transform [9].
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Proposition 1. Suppose
[e.0]
F(p) :fo f®exp(—pr)dt,

where f € Ly(0,00). Letl bearay{p = z7,7 € (0,00)}, Rez >0. Then F € Ly (1), p'=plp-1.
Moreover, the map [ — F is a linear continuous operator from L;(0,00) to Ly (1).

As for integral transforms (2), it is natural to consider them in certain sectors of the com-
plex p-plane rather then half-planes. Everywhere below the symbol .# denotes some (arbi-
trary) open sector with the vertex at the origin lying in C\ Z.

Let Wy (&) be the function defined as follows:
Wo(©) = (1= ENE+1EI, 1€ <1, Wo(&) := Wo (¢ )7, 1€1 > 1.
Notice that Wy () is continuousin ¢ € C, never vanishes for nonzero ¢ and admits the estimate:
MilS| < [Wp ()] = M2¢|

for all { € C. Moreover, we have Wy(¢) = 1 if |£] = 1 and the asymptotics Wy (€) = ¢(1 + o(1))
hold as { — 0 and ¢ — co.

We introduce the following weight functions:

Wo (EHF) exp(Rid), Is] =1

W& =
‘ {exp(Rké), 1€1> 1.

From the definition and the above-mentioned properties of Wy (:) it follows that the weight
functions Wi.(-), k = 1, n are all continuous in .% \ {0}, never vanish and admit the asymptotics
Wi (€) = EH(1+ 0(1)) as & — 0.

Theorem 1. J(Q, x,p) is analytic with respect to p € # and the following representation
holds:

Ti(Q, x,p) = W (px)wi(Q, x, p),

where wy € $(.%;“k”,BC([O,oo),C0(§))). Moreover, for any ray {p = zt, t € [0,00)}, where
z€ L\ {0}, therestriction wil; € ff(%;_k“,BC([O,oo),Jf(l))), A1) .= Co(l)NnLy(l). Here and
below the symbol Cy(#) denotes the Banach space of continuous vanishing at infinity functions

on & with the standard sup norm, the symbol Cy(1) is treated in analogous way.

Theorem 2. Suppose that Q(-) is absolutely continuous, Q(0) = 0 and both Q(-), Q'(-) are from
X I;’_k“. Then the following representation holds:

pTHQ 0= Y xa|(QU)Ti(x,0) A Eg(x, p)| Eq(x, p) + W (px)@1(Q, x, p),

a€sly_j+1
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where Q(x) is the operator acting in A\"~**1C" which is off-diagonal with respect to the basis
{ealaest, ., andsuch that[B"~*D,Qx)] = Q(x) for allx € [0,00); @k(Q, ", ) € BC([0,00), Co(F)).
Moreover, the following asymptotics holds for any fixed x >0 as p — oo, p € &:

Te@Q,x,p)=p"" Y Tipexp(pxRp)Qap(X)fa+0 (p‘l eXp(pxﬁk)).
avﬁegfnflﬁl

Here the constants {Tq} are such that:

Te(x,0)= ). TraEalx,p)

a€sly_f+1

and Oaﬁ(x) =Xa |(Q(x)fﬂ) A fa’|r Xa = Ifa Afarl

3. Auxiliary propositions

In the sequel we write f € PC* (¥), where f = f(x,p) is a function defined on [0, co0) x 7
iff:

e fis continuous and bounded on the set ([0,00) X ?) N{lx,p):£(plx—1) >0};

e f canbe extended up to the function continuous on the set ([0, 00) X ?) Nilx, p) 1 x(plx—
1) =0}

We write f € PC(¥) if fe PC* (%) and fePC™ (%) at the same time. We write fe PCo(g)
if, in addition,
lim sup [ f(x,p)l=0.

P00 xe€[0,00)
Similarly we define the classes PC*(D), PC(]), PCy(]), where [ is a ray {p = zt,t € [0,00)} We
nmmeﬂmpfeBcUQa»x?jugahmmmhfepqm§nnmwfeBcﬁaaﬂxbéﬁ)

If lisaray l = {p = zt,t € [0,00)}, where z € .% \ {0} and R is a positive number then we
denote [*(R)=1n{p:lpl>Rtand [~ (R)=In{p:|p| < R}.

Everywhere below the symbols 0*(-) denote the Heaviside step functions:

0,{<0

07 (&) =
© {1,§>0,

_ 1,§<0
6 = =1-6%(@©).
&) {0,€>0 9]
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Lemma 3.1. Suppose that a function F(x, p), (x,p) € [0,00) x [ is such that:

1. FePC(D);

2. for each fixed x € [0,00) F(x,-) € Ly(l) and sup |F(x,")l1,q) <oo;
x€[0,00)

3. forany T € (0,00) sup [IF(x,)lL,q+®) — 0asR— oo.

x€[0,T]

Then F € BC([0,00), Ly (1)).

Proof. Take an arbitrary x > 0 and suppose that x; — xy. Denote as p. the points from [ such
that|p_| = min{xgl,xl_l}, o+l = max{xal,xl_l}.
First, given € > 0, we find R > 0 such that sup [|F(x,")llz,+ ) < €/4. For definiteness we
x€[0,T)
assume |p ;| < R. Continuity properties of F guarantee that

€ €
I1F(x1,-) = F(x0, M 1,0~ Ryni+ o) < 7 I1F(x1,-) = F(x0, M 2,0~ qp_pyy < 1

for all x; sufficiently close to xy. Finally, since |p+ —p-| — 0 as x; — x¢ and F is bounded we
can assert that the estimate

£

1F(xy,) = F(x0, ) L, - psnni+ o) < 2

is also true for all x; sufficiently close to xjp.

Now consider the case xp = 0. We can take the same R as above and (assuming that

x1 < R™1) split as follows:
I F(x1,7) = F(xo0, ),y < 1F(x1,) = F(x0, ) a0+ ryy + 1F (x1,°) = F(X0, )l 1,1~ (w)) -

The first term is less than £/4 because of our choice of R. The second term becomes less that

3e/4 for all x; sufficiently close to xy because of continuity properties of F. O
The following extension is obvious.

Lemma 3.2. Suppose that F = F(f, x, p) is such that F(f,-,-) € BC([0,00), L2 (1)) for any fixed
feXpandF e £ (BC([0,00), L2(1)). Suppose also that g = g(x, p) is a function from PC(l). Set
F(f,x,p):=g(x,p)F(f,x,p). Then for any fixed [ € X, Z(f,-,-) € BC([0,00), L»(1)); moreover,
F € L(Xp, BC([0,00), L2 (1))).

Lemma 3.3. Consider the integral transform:
X
F(f,x,p)= fo fexp (M (x—0)+A20)p)dt,

where A, # A1 are such that Re(A1p) <0, Re(12p) <0 forallp € #. Then:
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1. forany fixed f € X,, F(f,x, p) is continuous and bounded w.r.t. (x, p) € [0,00) x F;

2.

sup [F(f,x,p)| —0asp— oo, peF;

x€[0,00)

3. foranyrayl=[0,z-00), z€ &\ {0} F(f,-,-) € BC([0,00), Ly(1));

4. foranyrayl=10,z-00), z€ .\ {0} the map Xp 3 f— F(f,,,") € BC([0,00), L2 () n Cy(D)) is

continuous.

Proof.

1. is obvious.

2. is obvious for smooth compactly supported f, in general case we use the standard argu-

ments based on the passing to the limit procedure.

3. and 4. For any fixed ray / one can write A;p = |p|(isx — cx) with some fixed cy, sx, where
cr = 0. We are to consider two different cases: c; # ¢, (actually one can assume ¢, > ¢;) and

C1 =, S1 # S2.

1y

2)

Case ¢y > ¢y.

T2X

|F(f,x,p)l Sf If (& —T1x)|exp(—clpl&) d& = F1(fx, clp),

T1X

wherec=cy—c1, T = ¢ /¢,
2@ =0T (€ -T10)(T2x = E)If (- 11 X)),

and & denote the classical Laplace transform. From Proposition 1 it follows that:

IF(f, %) 0 < M frll 10,000 < M 2,0,00)-

Furthermore, the Holder inequality yields:

T2X Up ( r1ox 1-1/p
|F(f,x,P)|S{f If(f—Tlepdf} {f eXp(—Cpllplf)df} SMIpI_Hl/p,

1X 1X

where M do not depend on x. Therefore we have

sup IF(f, %)L, wy < MR

x€[0,00)
Case ¢ = ¢y, $2 > §7.
F(f,x,p) =exp(—c1lp|x)Fo(f, x, p),

X
Fo(f,x,p) = fo f@exp(ilpl(si(x—1) +s20) dt =F (fx,slp),
where % denote the classical Fourier transform and

fr @) =0T (110 @2x =) fE-11X),

T := S/ s, s = sy—s1. We note that the map x — f; is continuous from [0, co) to Ly (—c0,00),

moreover, || fxll1,(-oco,00) < Il f1l 1,(0,00)-

O
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Lemma 3.4. Suppose that 4 (x, t,p) is some linear operator acting (for any fixed x, t,p) from
L (AC™ to N™C" such that:

1. 4 (x,x7,p) is continuous in [0,00) x [0, 1] x ?;
2. 19 (x,xt,p)ll < M, where the constant M does not depend on (x,7, p) € [0,00) x [0,1] x .

Then for each of the functions:
X
F(@Qxp) =0 (pxi-1 [ 9 pQuds,

lpl™!
FHQxp) =07 (pxi-1) [ 9(xnpQds
0
the following assertions are true:

1. forany fixed Qe %" F*(Q,--) € PCy(F) ;

2. for any fixed Q € %I;” F*(Q,-,-) € BC([0,00), L(1)), wherel isaray l = {p = zt, t € [0,00)}
with arbitrary fixed z € # \ {0};

3. F* € L%}, BC(10,00), Lo (1)), i.e., the map " 3 Q — F*(Q,-,") € BC((0,00), Ly(])) is a

linear continuous operator.

Proof. 1) One has:

x lpI™!
IF7(@ ol = M0 (pxi=D) [ lQlar=n [ lewids
in particular one has F~(Q,0,p) =0 and

lim sup [IF~(Q,x,p)l=0.

P=0 xe(0,00)

Furthermore, since for x >0 -~
fo 0~ (pxl-Ddlpl=x""
the Cauchy-Bunyakowsky-Schwartz inequality yields:
X
IF7(Q 2l = M [ o,
that implies for Q € Z":
I1F(Q, %),y < M (I1Qll1,0,1) + 1Qll £, (1,00)) -

Furthermore, using again the Cauchy-Bunyakowsky-Schwartz and the Hélder inequality we
obtain: .
IF™(Q %, )L, + my < MO™ (Rx=1)(1 = R) 21172 fo lQlde <



262 MIKHAIL IGNATIEV

MO~ (Rx—1)(1—R0)"2x"* PQll 1, (0,00)-

This yields:

x€[0,T] x€[0,R71] te(0,1]

Since p > 2 we see that

lim sup [[F7(Q,x,),a+ &) =0.
R—00 xe(0,7)
By virtue of Lemma 3.1 this completes the proof in what concerns F~.

2) Proceeding as above we obtain F*(Q,0, p) =0 and:

lol™
IF7(Q,x,p)ll < MO (lpx| - l)fO 1Q(Ndr,

that yields
lim sup [F*(Q,x,p)ll=0.

P00 x€(0,00)

Then, for x > 0 one has:

o lpl™! 2
IF7(Q,x, ) L,q) < M{/o 0F(lpxI-1) (/0 IIQ(t)IIdt) dlpl}

00 t1 172 00
stO IIQ(t)II{O dlpl} =Mf0 210w de

= MUIQlIz, 0,1+ 1QllL;1,00)-

1/2

Furthermore, one has:

1/2

00 00 2
||F+(Q,x,-)||L2(z+(RnsM{fR 0+(rx—1)(f0 9‘(rt—1)||Q(t)IIdt) dr} <

RII 1 1/2
st IIQ(t)II{f dr} dr
0 R,

R;!
SMf RN —R)?dt
0

!

RII l/p
= M”Q”L,,(O,R;l) {/0 (t_l -RyP /zdt}

1/p—-1/2 ! '/ 4
= MIIQll, o,r Ry " {f @ -1P ZdT}
0

1/p—-1/2
< MR, 11QllL, 0,00,
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where R, = R, (R, x) := max{R, x~ !} (we take into account that p > 2 > p' and therefore the

integrals converge; we use the same symbol M for denoting possibly different constants that

ylp-1/2

do not depend on x, R, Q). Since sup (R4 (R,x) = RY/P~12 _, 9 as R — oo we obtain

x€[0,00)

lim sup [F*(Q,x)l,u+ &) =0

— O x€[0,00)

for any T € (0,00). Applying Lemma 3.1 completes the proof. O

Lemma 3.5. Suppose that 4 (x, t,p) is some linear operator acting (for any fixed x, t,p) from
L (AC™ to N™C" such that:

1. 4 (x,t,p) is continuous in {(x, t,p) : p E?,Ipl_1 <t<x<oo};

2. 19 (x, t,p)ll <= M, where the constant M does not depend on (x, t, p).

Then for the function:
X
FQxp=0%pxl -1 [ (009t p)Q0 s
ol
the assertions of Lemma 3.4 are true.

Proof. Proceeding as above we note first:
X
IF@x,pl = Moozl [ 1pri~ QN dr
ol

o0
< M|p|‘”2f0 CI21Qol dr
< MipI"2(1Q1 L, 0,1 + 1 QN Ly (1,00))-

In particular, this implies:
lim sup [IF(Q,x,p)ll=0.

P xe(0,00)

Furthermore, one has:

IFQ,x,)L,q < M{/ 1(

1/2

X 2
[ et iewide) dipnl

lpl

X [e¢] 1/2 X
stO {fllptl_ZIIQ(t)llzdlpl} dr=MfO V21000 di
;
= MUQIL,w0,+1QlL,a,00)

and, moreover, for arbitrary R > 0:

1/2

00 X 2
I1F(Q,x, ) ,a+ Ry SM{fR 0+(rx—1)(f0 9+(rt—1)(rt)_1||Q(t)||dt) dr}
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X ) 1/2
st t‘1||Q(t)||{f r_29+(rx—1)0+(rt—1)dr} dt
0 R
= Mf t (R R, D) 21Q0 dt,
0

where (as in proof of the previous lemma) R, (R, t) = max{R, t~1}. Thus, we obtain:

R7! x
IFQ -y =M [ IQuidr+ MR [ iQundr
-1 0o ) llp!
st f”%mmMme*%mhwm{[rﬁdﬁ
0 R1

-1

<M [ QUi+ MRl 000,
Since p > 2 and (as a sequence) | Q0 € L1(0,00) we can conclude now that

im sup [F(Q,x,)l,q+mr) =0.

1
R—00 x¢[0,00)

In view of Lemma 3.1 this completes the proof. a

4. Proofs of the theorems

Proof of Theorem 1. 1) First we observe that

F1(Q,x,p) := (PX)_mﬂ“k(Q,x,p)

' —
- f Z Oa |(Q(XT) Tk(pX‘[)) A 606' (PXT)| éa(PJC) X‘L'“k_”“d]"

aEdnlel

where Ti(x) := éx(x) A--- A é,(x). Since all &(-) are entire functions and Re( ;. — ta) = 0 for
any « € of,_r+1 we can conclude that I, Q,,)eC ([0,00) X ?) Moreover, the arguments
show that 9 (Q, x, -) is analytic in ..

Further, we have
— (e -1 .
wi(Q,x,p) = (px)H* (W"(px)) J1(Q, x,p).

By virtue of the properties of the weight functions Wg(-) the fraction ¢ Bk (&))~! is contin-
uous in .#. Therefore wi(Q,-,-) € C ([0,00) x ?)

Now we note that

Y. Oal|fACu(t,p)|Calx,p)=:Gplx,t,p) f

aesty,
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define some linear operator acting in A" C” and the operator admits also the following repre-

sentations:
G, ,p)f = Y. Xal|f AEa(t,p)|Ealx,p). 3)

aesl,y,
Using the fundamental matrix W (x, p) one can obtain another representation for the operator
Gm(x, t,0):
G, 1,0)f = Y. Xa|fAYal(t,p)|¥Yalx,p). @)

ety
In the sequel for a matrix function V = V(x, p) we denote Vix, p):=V(x, p)(W(px))_l, where
W) :=diag(Wy(C),..., W,(£)). For instance, we set ‘i’(x,p) = ‘I’(x,p)(W(px))_1 that means,
in particular, Wi (x,p) = Wk(px)‘?k(x,p) and WYy (x,p) = W“(px)‘i’a(x,p) for any arbitrary

multi-index a. Using (4) we can write:

X Wk(pt) . o B _ B
we@Q x,p)= ). Xa/ — W PW (o) (QO Ti(t, ) AP o (£, p)| Po(x, p) dt.
aedn7k+l 0 Wk(px)
Since ¥ (x, p) and Ti(x, p) are continuous and bounded on [0, co) x  this yields:
X
lok(@Q x,p)l < M f QI dt )
0

with some absolute constant M. Therefore (in particular) w; € &£ (%ﬁ‘k”,BC( [0,00) x ?)).

2) We split as follows:

wp(@Q,x,p) = 0 (Q,x,0) + 0 (Q,x,p) + 0P (Q,x,p),

where:

0 (Q,x,p) = 07 (Ipx|-1) fo G- (%, 1,0) (QUN Ti(t, ) dt
lpI™! _
0 (Q,x,p) = 0% (Ipx|-1) fo G-k (%, 1,0) (QUN T (1, p) dt,
Wkot
(gn—k+1(x; trp) == (p )Gn—k+1(x; t;P)»
Wk(px)
and .
0(Qx,p) = Y 0 (IpxI-1yaexp(—pxRy) f| | |(Q(0) Tk (t,p)) A Ee (1, p)| Ea(x, p) dt.
aEdnlel p71

Using representation (4) we obtain the estimate
19— k+1(x, xT,0)| =M

for all (x,7,p) € [0,00) x [0,1] x #. Thus, from Lemma 3.4 it follows that wgcv) Q,-,) € PC0(§)
and 0 € & (%,;’_k“,BC([O,oo),Lz(l))), v=1,2.
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Now we consider in details wgcm. Using the expansion

Ty (t,p) = Z TkpEp(t, p)
ﬁe'dnfk+l

we obtain:

0 @Qx,p)= Y Taphap(Qx,p),
a:ﬁedn7k+l

where Iy are also some absolute constants and:

hap(Q,x,p)=t9+(lpxl—l)eXp(—;t)x(ﬁk)f|| |(Q(OEg(L,p)) A Eg (t,p)| Eq(x,p) dt.
pl!

Then we write:
haﬁ(Qr xr p) = hg%(Qr xr p) + ht(xlé(oy x; p);

where:

hfxlé(Q,x,p) :9+(|Px|—1)f|| (08) ' Hap(x, £, 0)Q(1) dt,
ol!

Hyp(x, 1,0)Q(1) = exp(px(Ry — Ry)
+pt(Rg—Ra))pt-|(QDEp(t, p)) A Eg (t,0) — (QU0)fg) Afar| Ealx, p),
hgp(Q,x,p) = 6" (x|~ 1) f| | exp(px(Rg — Ri) +pt(Rg— Ra)) | (Q(0)fp) Afr| Ea(x, 0) dt
pl!
= (hG)(Q,x,p) + App(Q, x, 000" (lp x| = D Eq (x, p).

Here

X

E%(Q, x,p) = f exp(px(Ry — R) + pt(Rs — R)) | (QDfp) Afar|
0
R lol™! —
hgp(Q.x,p) = fo exp(px(Ry — R i)+ pt(Rg— Ra)) |(Q(D)fp) Afur| dt
and we take into account that E, (x, p) = exp(—pXRy) Eq(x, p) if |p]x > 1.
From the asymptotics of Ex(x, p) it follows the estimate:
- - M
[(QEs(t, ) A B (£, 0) — (QD)F) Afar || < ol QI (6)
with some absolute constant M.
Consider the expression px(Ry — E e t(Rﬁ — Ry). We rewrite it as p(x — 1) (Rgq — E 0+
pt(Rg— Ek) and notice that Re (p(x — )Ry — Ek) +pt(Rg— Ek)) <0 forall (x, ¢, p) such that
tef0,x], p € . By virtue of Lemma 3.5 and estimate (6) we have hl%(Q, ) € PCy (A),

(
a

h % e& (%;_k“,BC([O,oo),Lz(l))), while Lemma 3.4 guarantees that the same is true for
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ﬁf}%. Moreover, we see that if & # § then R, — Ek # Rg— R x- Therefore, one can apply Lemma
3.3 and conclude that h}(Q, ) € PCo(F), hg) € £ (srg—kﬂ,BC([o,oo),Lz(l))) provided that
a # B. Now we recall that (Qfs) A for = 0 for any « € of,,_+1 and therefore ilg% =0ifa=p.
Thus, we conclude that h45(Q,-,-) € PCy(S), hop€ L (%;‘k”,BC([O,oo),Lz(l))) for any pair
of multi-indices a, f from <7, 1, therefore (in view of Lemma 3.2) the same is true for wgco)
and for wy. From (5) it follows now that w; € £ (,%;"k“,BC([O,oo), Co (?))). Together with

other results of the first part this completes the proof. O

Proof of Theorem 2. From the identity:

ad . ~
P Q) Ty (t,0)) AN Eg (2, 0) = IT: ((QOTx(t,p)) A Eg (t,p)) — p(Q(1) Ti(t, p)) A Eq/ (£, p),

where « € o, is arbitrary and
Q) := Q' (1) + 7' 1Q(0), A"

it follows the relation: .
p/ Gn—k+1(x» t,P) (Q(I)Tk(t,p))dt:
X

Gnkn1 (%, £,0) QO Ti(2, 0|}, ~ f Gn-k+1(x, £,p) (QUO Ti(t, p)) d't.

Under the conditions of the theorem G,,_ k41 (x, £, 0) (Q(1) Ti.(t, 0)), Gy—+1(x, £, p) (Q(0) T (2, p))
remain bounded as ¢ — 0 (while x, p are fixed) and Q(O) = 0. Therefore, by passing to the limit

as xo — 0 we obtain:
PT%(Q, X, p) = Gps1 (X, X, p) (QUX) Tie(x, p)) = T3 (Q, X, p).

In order to observe the desired representation it is sufficient to use the representations for
Gn-k+1(x, t,p), T (t, p) and Theorem 1. The asymptotics of E, (x, p) yield the asymptotics for
Tr@Q,x, p). O
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