TAMKANG JOURNAL OF MATHEMATICS
Volume 50, Number 3, 281-291, September 2019
doi:10.5556/].tkjm.50.2019.3355

This paper is available online at http://journals.math.tku.edu.tw/index.php/TKJM/pages/view/onlinefirst

ON THE INTEGRATION OF THE MATRIX MODIFIED
KORTEWEG-DE VRIES EQUATION WITH
A SELF-CONSISTENT SOURCE

GAYRAT URAZBOEV AND A. K. BABADJANOVA

Abstract. In this work we deduce laws of the evolution of the scattering data for the matrix
Zakharov Shabat system with the potential that is the solution of the matrix modified KdV
equation with a self consistent source.

1. Introduction

The inverse scattering transform method was first proposed by Gardner, Green, Kruskal
and Miura (GGKM) [1] in 1967 for solving the Caushy problem for the classical KdV equation

U =06UUy+ Uyyy

Their approach was based on the connection between the KdV equation and the spectral
theory for the Sturm-Liouville operator on the line. Shortly thereafter, Lax [2] pointed out
the general character of the inverse scattering method. A few years later, Zakharov Shabat [3]
managed to solve another important nonlinear evolution equation, the so-called nonlinear
Schrédinger equation, using a nontrivial extension of the methods used in [1], [2]. Thus, a
way was found for construction of several other classes of equations that can be solved by

similar methods.

It was shown that modified KdV equation can be solved by the inverse scattering method
in [4]. The inverse scattering problem for the matrix Schrédinger equation was discussed and

the inverse scattering method was generalized to the matrix form in [5].

The direct and inverse scattering theory of the matrix Zakharov-Shabat system was stud-
ied in [6]. A detailed exposition of the relations between the inverse problems and nonlinear
equations of the mathematical physics is provided, for example, in the monographs [7]-[12].
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There was also given much attention to the soliton equations with self- consistent sources
in the recent literature. Physically, the sources appear in solitary waves with non-constant ve-
locity and lead to a variety of dynamics of physical models. For applications, these kinds of
systems are usually used to describe interactions between different solitary waves and are
relevant in some problems related with, among others, hydrodynamics, solid state physics or
plasma physics [13]-[17]. Different techniques have been used to construct their solutions,
such as inverse scattering [14, 15, 18, 19, 20].

The multisoliton solutions of the matrix KdV equation was considered by Goncharenko
[21] and the matrix KdV equation with self-consistent source was studied in [22]. The ma-
trix modified KdV equation was studied in [23]. In this work we study the matrix modified
Korteweg-de Vries equation with self-consistent source and give the representations for the
evolution equations of the scattering data.

We consider the integration of the following problem

U; +3U%U, +3U,U? + Uyyy
N
=2) (@1,u(An, %, QD] (~Ap, X, 1) + P y(Ap, X, 1) @Dy, (= Ay, X, 1), 6))
n=1
—iJ®, - Vd, =1,0, n=1,2,...,2N, )

under the initial condition

Ult=0 = Up(x), 3)
with the normalizing conditions
oo A
f oL(x, )@, (x,hdx=a’(t) n=1,2,...,2N. (4)
—00
()
Here U = Ul(x, t) is a real symmetric m x m matrix U = UT; ®, = Ln , @1, € R and
2,n
. I . . .
®, ;,, € R™are column vector functions ®, = ®(A,, x,1); J = , I, is the unit matrix;
—Im
. 0 UM, . 0 I,
the potential V = is 2m x2m) matrix; Y(x,t) =oY(x,t) and 0 = ;
~U(x) 0 Iy O

afl(t), n=1,2,...,2N are nonzero continuous scalar functions.

The matrix function Uy (x) satisfy the following properties:

L % (1+|x]) |Up(x)ll dx < 0o, where || X|| = m]axzkm:1 |k, X = (xjk);szl;

2. Operator L(0) = —iJ % —V(x) possess exactly 2N simple eigenvalues 1, (0), A2(0),..., 125 (0)
in the orthogonal direct sum of 2m copies of L?(R) if the potential U(x) have entries in
L'(R).
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Our purpose is to find the solution of the problem (1)-(4) which is a collection
{U(x,1), D1(x, 1), P2 (x, 1), ..., Pon(x, 1)},

satisfying the problem (1)-(4) and the following conditions:

1. Forall t>0,

3 oo
Yol a+ixh

r=0J—00

dx < oo; 5)

ar
’ ~ U0

2. Operator L(t) = —i] % — V(x, 1) possess exactly 2N simple eigenvalues A, (), A2(),...,
Aon (1) on the orthogonal direct sum of 2m copies of L?(R) if the potential U(x, t) have
entries in L} (R);

3. The column vector functions ®,(x, t) for n = 1,2,...,2N belong to the domain of L?(R)

corresponding to the eigenvalue A,,.

We assume that the solution {U(x, t), @, (x, 1), @2 (x, 1), ..., Dan(x, 1)} of the problem (1)-
(4) exists in the sense of described above. The main aim of the work is to derive the represen-
tations for the evolution equations of the scattering data with which it is available to find the
collection of solution of the problem (1)-(4) in the framework of the inverse scattering method

for the operator L(f).

2.The auxiliary statements from the direct scattering theory

In this section we give the brief information about the scattering theory for the matrix

Zakharov Shabat system on the line (—oco < x < 00),
LX=-iJX' -VX=21X, (6)

and the auxiliary equation
-y j+yvTv=py?, @)

2m

where X (1, x) and Y (A, x) are column vector functions X = (x j) 1~ We assume that the en-

tries of V(x) satisfy the required conditions for Uy (x).

Lemma 1. Let X(A,x) and Y (u, x) be solutions of the equations (6) and (7), respectively, then

following relations hold

i+ )Y () XA, x) = TXx), (8)
iA-w¥T(ux)XA,x)=TIx). 9)
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In the proof we use JV + V] =0 and J? = I, Itis easy to check that the X(=A, x) also
satisfy the equation (6).

For A € R the Jost matrix F(A, x) and G(A, x) as the 2m x 2m matrix solutions of (6) satisfy
the following asymptotic conditions [6]:

FA,x) = WA, x) A, x)] — M, x— oo,

_ . (10)
G, x) = [P, x) (A, X)] — eM¥L,,, x— —c0.

Here ¥/(A, x), w(A, x), $(A, x) and ¢(A, x) are the submatrices with m rows and m columns,
respectively, which are usually called Jost solutions. It is easy to show that the matrices F(A, x)
and G(A, x) at any A € R satisfy the integral equations

. x .
G\, x)=eM*¥—iJ f M=y ()G, 2)dz,

00 (11)
F(A,x)=eM*—jj f M=y () F(A, 2)dz.
X
For A € R there exists 2m x 2m matrices A(A) and C(A) such that
G(A, x)=FQA,x)AN),
(12)

F(4,x) =G, x)C(A).

X1 X

Here A(A) and C(A) consist of block matrices such as X = ( ), X5, s=1,2,3,4are mxm

X3 X4
matrices.

Assuming that the potential U(x) have entries in LY(R), we can say that for each fixed x € R
the matrix functions ¥ (A, x)e A% and o, x)eirx (v, x)er and *Q, x)e~ %) can be
continuated to the half-plane ImA > 0 (ImA < 0) and for all ImA > 0 (ImA < 0) the matrix
functions (A, x)e ¥ and o, x) et ( v, x)er and *Q, x)e~ %) are bounded. Invert-
ible matrix function A; (1) (A4(1)) can be analytically continuated to the half-plane ImA >0
(ImA <0) and the equation det A; (A) = 0 (det A4(1) = 0) has exactly a finite number of simple
zeros Aj j=1,2,... N(j=N+1, N+2, ... 2N) which correspond to the simple eigen-
values of the operator L with the requirement of the absence of spectral singularities. The
matrix function (4; (1)) 71 ((A4(1))~1) has simple poles in the points 1;, j =1, 2, ... N. Let
Nj= ﬁe/g(Al an-i, J=12,...,N.Then there are matrices R; such that

A, Nj = i(Aj, )R, j=1,2,... N. (13)

The following matrix for 1 € R

R =-A7' DA, (14)
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is called reflection coefficient.

Theset{R(A), A1, A, ... Aon, R1, Ro,..., Ron } represents the scattering data associated with
the equation (6).

The potential U(x, t) can be determined from the scattering data [5].

3. Evolution of the scattering data

It is easy to show that equation (1) can be represented as a Lax operator equality:

2N
Li=[B,LI-) [/, ®,®®,], [B L =BL-LB, (15)
n=1
where ,
—3(U%)x—6U% L —4TL 3iUy, +6iUc2E
B= . (16)
Bilyy +6iU, L ~3(U%)—6U? & a1
Here, both sides of the equality (15) turn out to be operators of multiplication by a matrix
function.
N )
The eigenvector function @, (x, t)corresponds to the eigenvalue 1, then ®,, = an ) corre-
1,n
sponds to the eigenvalue —A,,.
Let us consider the following system of equations
LFy = AFy,A€R a7
OF n AT
=id,’Fy, n=1,2,...,2N. (18)
0x
Then, the matrix functions
) 2N
Hy=Fy-BFy+ ) ®,®F, (19)
n=1
Hyp=®,"JFo— A=A Fy, n=1,2,..,2N. (20)
satisfy the equality
2N
LHy-AHy= ) ®,® H,.
n=1

In fact, if we take the derivative from equation (17) with respect to ¢
LF() + LF() = AF(),

here, we find LF)

2N
LEy=AEy— LFy=AFy—-BLFy+LBFy- Y [J,®,©®," | F.

n=1
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Using this equality now we calculate LHy

2N 2N
LHy = AEg—ABFy= Y [J,@,9®, | Fo+ Y. L(®, ® Fy),

n=1 n=1

2N 2N . 2N
LHy-AHy=-A) ®,®F,~ ) [J,0,9®,"|Fy+ Y L®,8Fp),

n=1 n=1 n=1

2N 2N . 2N .
LHy-AHy=-1) ®,8F,~ ) J0,8®, F+) @,0d,"JF,

n=1 n=1 n=1

2N 2N 2N
—i Yy JO,®F,—i) J®,®F,-) V®,8F,,
n=1 n=1

n=1

2N 2N . 2N .
LHy-AHy=-1) ®,8F,- ) J0,0d Fy+) @,00,"JF,

n=1 n=1 n=1

2N 2N .
+Y MA@, ®F,+ ) JO,007 ,Fy,

n=1 n=1
2N 2N .
LHy-AHy=-) (A-A,)®,®F,+ ) ®,8d," JF,.
n=1 n=1
According to the Lemma 1, it is easy to see that
0H,
0x
Thus, H, does not depend on x.

dF
-0 1)

=iA=-A)®, Fo—(A-1p) = =
0x

Lemma 2. Let F(A,x,t) and G(A,x,t) be the Jost solutions of equation (17) for x — oo and
X — —oo, respectively. Then the vector functions

X
F, = if ol(x,nGA, x, t)dx,

o (22)
Fp," = —i/ ®T(x, ) F(A, x, dx.
X
satisfy (18), therefore the matrices
] 2N
Hy =F-BF+) ®,®F;,
- : (23)

2N
Hy =G-BG+ ) ®,8F,

n=1

are solutions of equation (17).

Proof. Substituting (10) and (22) into (19) and (20), we define H;;, Hy, H,,, H,,. According
to (21), it is easy to show for n =1,2,...,2N that H,, = H;lr = 0. Therefore, we can conclude
that the matrix functions H(;“ and H,, are solutions of equation (17) as x — oo and x — —oo,
respectively, that LH; —AH; =0and LH; —AHj =0.
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Remark 1. According to (5), (16) and considering the asymptotics (10) and the integral equa-

tion (11) for the solutions in (23), we obtain

e

+ 213
H, —>—4lﬂ( 0 e_MxI

)], as x — oo
i/lxI 0

e
Hy — —4i)t3( .
0 ey

)], as x — —oo.

By the uniqueness of the Jost solutions we get

Hf =—-4iA3F],
(24)
Hy =—-4iA3GJ .
Lemma 3. For all A € R the following equality is valid
R(A) =8iA’R(M). (25)
Proof. We introduce the following function
H=Hy - Hf A\ (26)
Substituting (24) into (26), we receive
H=—-4iA3FAN)J +4iA3FJAA) =4iA3F[J, AV)] 27)
Using the representations (23) in (26), we have
) 2N
H=FAM+ )Y @, (F, - Ff AL).
n=1
Here,
+00 R
F, —F A1) = if ®, Gadx.
—00
Since, @, (x, t) belong to the L,(R) and by virtue of Lemma 1, we find that
+oo (i)T G S
f &, TGdx= 2nJG) | _
—0c0 iA— An) —00
So, we get
H=FAQ\). (28)

Comparing (27) and (28) we find

4iA3 17, A)] = A(A). (29)
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Particularly,

AV =0, Ay =8ir* A1),
As() = -8iA3A5(1), As(1)=0.

(30)
81

Accordingto R(A) = _A1_1 (1) A2 (1) and the assumptions on the block matrices of A; (1) (A4(A))

we can find
A1(A)-RA) =—-As(1)

Taking the derivative respect to t we obtain
AT(MRW) = —-8iA* Ay (A)

and we find that R(1) = —8iA% A1 (1) A2 (1), which is (25).

Corollary 1. Since, A1(A) and A4(A) do not depend on t, their determinants det A; (1) and

det A4(A) , itszeros Aj, j =1, 2, ... 2N also do not depend on t.

Lemma 4. The matrix functions R;(t), j =1, 2, ... 2N satisfy the following equations

dR;(1)
dt

—(@i13 L 2 ,
—(817Lj+aj(t))R](t).

Proof. For A; (ImA;>0), j=1, 2,... N we denote

. 2N
hg(Aj,x,)=p—BH+ Y ®,8f,,
n=1
) 2N
h§Aj,x,t) =W —-By+ ) ®,®fr,
n=1
where

f,;m,-,x,r)=if ST (x, (A, x, Ndx,

X
i Ay, x,0 =—if dr (e, nw(Aj, x, Ddx.

We now introduce the following matrix function

hj=hyAj,x,)Nj—ihg(Aj,x,OR;(t), j=1,2,...,N.

And we know that
O(x,n)=y(Aj,x,0cj(r), j=12,...,N.

Here, ¢ j(t) are non-zero column vectors.

Using (33) we can rewrite (35) as

hj = ¢, x, ONj - B, x, )Nj - ir(A}, x, OR; (1)

(32)

(33)

(34)

(35)

(36)
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2N
+iBY(Aj,x, DRj()+ ) P, @ (f, Nj—if Rj(1), j=12,..,N. 37

n=1

Differentiating (13) with respect to # and taking account of the independence of N; from ¢ we
obtain
dj,x, ON; = iy(Aj, x, OR; () +iW(Aj, x, OR; (1), j=1,2,...,N. (38)

Substituting (34) and (38) into (37) we get

2N oo
hjziw(Aj,x,t)Rj(t)—iZ(bn@f dl (e, (A, x, dxR;(t), j=1,2,...,N. (39
n=1 S

If n # j, according to Lemma 1 we get

f D, (x, )P (A}, x,0)dx =0.

—00

In the case of n = j, we receive

hjZi(/_/(Aj,x,t)Rj(t)—i(Dj‘&f @f(x,t)u'/(/lj,x,t)dxl?j(t), j=L12,...,N. (40)

In the second term of the (40) using (36) we have

d>j®f_ooé>]?(x, DY(Aj,x,0dx = (A, x, t)Cj(t)®CjT(t)f_oou_/T(1j,x, Noy(Aj,x, t)dx
= ¥(Aj, x, DP;(1)

Denoting P;(1)
Pi(t)=c;(1) ®ch(t)f ¥, x, oW (A, x, Ddx, 41)

we write (40) in the following form
hj=iyAj,x, OR;(1)— iY(Aj,x, )Pj(OR; (1), j=1,2,...,N. 42)

Using the normalization condition we do the calculation P?(t)

HOE cj(t)®(cf(t)f_oo1pT(Aj,x, Doy (Aj,x, dxc;(t)

®cf(t)f_oowT(ﬂtj,x, Noyd),x, dx

20y _ 2 ‘
P; (1) = a;(0Pj(1) (43)
Via the work of [24] the following equality can be taken

Rj(1) = P,-(t)(Pj(t)f ¥ (Aj,x, DoWA,x, dx Pj(0) + (I - Pj (1) " (44)
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By (43) and (44) we have
Pj(t)Rj(t)za?(t)Rj(t) (45)

Substituting (45) into (42) we obtain
hjzit/‘/()Lj,x,t)Rj(t)—itp(/lj,x,t)ai(t)Rj(t), j=12,...,N. (46)
According (13) and (24) we get
hj=-8A39(A;,x, DR, (1) 47)

Comparing (46) and (47) we arrive at (32) for 1; (ImA; >0), j=1,2,...,N. Analogically, if we
do this process for 1; (ImA; <0), j=N+1,N+2,...,2N we obtain (32).
Thus, we have proved the following theorem.

Theorem 2. If the matrix function U(x, t), &, = ®(A,, x, 1), n=1,2,...,2N form a solution of
the problem (1)-(4), then the scattering data for the operator

L(t) = —i]i -V(x, 1),
dx

acting on the orthogonal direct sum of 2m copies of L*(R) satisfy the relations
Wi o j=1,2..2N
dt - )] — 4, &4 ... )
R(1) =8iAR(A), 1 €R,
dR;(1)
dt

= BiA} +a;(DR;(1),j =1, 2,... 2N.

The obtained relations completely specify the evolution of the scattering data for L(¢)
and this allows using the inverse scattering method to find solutions of the problem (1)-(4).
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