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AN INVERSE SPECTRAL PROBLEM FOR
STURM-LIOUVILLE OPERATORS WITH SINGULAR POTENTIALS
ON ARBITRARY COMPACT GRAPHS

S. V. VASILIEV

Abstract. Sturm-Liouville differential operators with singular potentials on arbitrary com-
pact graphs are studied. The uniqueness of recovering operators from Weyl functions is
proved and a constructive procedure for the solution of this class of inverse problems is
provided.

1. Introduction

The paper is devoted to the theory of inverse spectral problems for differential opera-
tors on geometrical graphs. The inverse problem consists in recovering the potential from
the given spectral characteristics. Differential operators on graphs are intensively studied by
mathematicians in recent years and have applications in different branches of science and en-
gineering. The inverse problem for the classical Sturm-Liouville operator on the interval has
been studied comprehensively in the papers [3] - [6]. The case of inverse problem for Sturm-
Liouville operators with potentials from the class Wz‘l, which we call the singular potentials,
on an interval was extensively studied in [7]-[9]. The inverse problems for the classical Strum-
Liouville operator on the graphs were investigated in many papers [15]-[21]. The main result
for such operators was obtain in [21], where the arbitrary graph has been considered. The case
of inverse problem for Sturm-Liouville operators with singular potentials on graphs is more
difficult for investigating, and nowadays there are only a few papers in this area. The inverse
problem on star-type graph with such type of potentials has been studied in [33]. Also, some
specific types of graph has been considered in papers [30]-[32]. The inverse spectral problem
for Sturm-Liouville operators with singular potentials on arbitrary graph has not been studied
yet. In this paper we consider the solution of the inverse spectral problem for Sturm-Liouville
differential operators with singular potentials on compact arbitrary graphs. As the spectral
characteristic we consider the Weyl functions, as itiU'j’ done in [33]. A constructive procedure
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for the solution of the inverse problem from the given spectrums are provided. We develop
the ideas of the method of spectral mappings [6] for studying this inverse problem.

Let G be a metric graph with a set of vertices V(G) and a set of edges E(G). We assume
that all edges are the smooth curves which can intersect only in the vertices. Let [, be the
length of the edge e € E(G). We consider each edge e as a segment [0, [,] and parameterize
it by the parameter x, € [0, ,]. Let u be the map, which assigns to each edge an order pair
of vertices e* € V(G): u(e) = [e”, e*], where e” and e* are initial and terminal vertices of e
respectively. It is convenient for us to choose the orientation such that x, = [, corresponds to
the vertex e~ and x, = 0 corresponds to the vertex e*. For every vertex v, we denote by I(v, G)
the set of all the edges incidental to v. The number of elements in I(v, G) is called the valency
of vertex v and is denoted by val(v). The vertex v is called a boundary vertex, if val(v) = 1.
All other vertices are called internal. Let VB(G) be a set of boundary vertices and VI(G) be a
set of internal vertices. The edge e is called a boundary edge, if e* € VB(G) ore” € VB(G). All
other edges are called internal. Let EB(G) be a set of boundary edges and E I(G) be a set of

internal edges.

A chain of edges {ey, ..., e,} is called a cycleif it forms a closed curve. The edge is called
simple, if it is not a part of any cycle. The set of simple edges is denoted by ES(G). Let E€(G)
be the set of edges, which form the set of cycles. For definiteness, we suppose, that set VB(G)
is not empty and contain at least two vertices. Fix some boundary vertex vy and call it the
root. The corresponding edge r € I(vy, G) is called the rooted edge. We agree, thatif e € E S(G),
than e~ is nearer to the root, than e*. For each edge e € EB(G) we define

et, ifeteVB(G),
Hie,G) = { e”, ife eVB(G).

If we contract each cycle to a point, then we obtain a new graph G*, such that E(G*) =
ES(G). Clearly, G* is a tree. Fix some e € G*. The minimal number y, of edges on the G*
between rooted edge and edge e, including e, we called the order of edge e. The order of the
rooted edge ry is equal to zero. The number

= max Y
e€E(G*)

is called the order of the G*. The set of edges of order v is denoted by E™, v=0, y.

Afunction y on graph Gis considered as y = [ye(Xe)lecE(G), Xe € [0, l]. Let g = [ge(Xe)lecE(G)
be a real-valued function on G such that g, € Wz_1 [0, L], i.e. ge(Xe) = Ug(xe), Oe(xe) € L]0, 1,],
where the derivative is considered in the sense of distributions. Function o = [0.(X¢)]ecE(G)
we call the potential. The Sturm-Liouville differential operator on the edges e € E(G) is de-

fined by the following expression:

[eJ/e = —(yf[;l])/ - O'e(xe)yf[;u - Ui(xe)J/e;
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where yE] = yé —0(Xe) Ye - is a quasi-derivative, and

dom(le) =1ye | ye € W, (0, L], y e W0, L], £ye. € Lo[0, L]}
We consider the Sturm-Liouville equation on e € E(G):
(Ceye)(Xe) = AYe(Xe), Xe €(0,1p), ye € dom(l,). 1)

Atinternal vertex v we consider the following matching conditions MC(v, G):

)’e|v:_Vr|v, e»rEI(U)G)» Z aeye|U:0) (2)
eel(v,G)
where
I, = Ye(0), v=e" Buvel, = 70, v=e*
Yelo= Velle), v=e"" eYelv:= ¥y, v=e"

We denote by M C(G) the matching conditions MC(v,G), v e v%iG).

Fix some k € E€(G). In the case k™ # k™ at internal vertex u = k™ we consider the follow-
ing matching conditions MCy(u, G):

Yelu=yrlu, erelw,GO\Vk, ). 0eyelu=0. (3)
eel(u,G)\{k}
In the case |I(u, G)\{k}| = 1 this matching condition has the form 8, y,.|, =0, e € I(u, G)\{k}.

In the case k* = k™ at internal vertex u = k* we consider the following matching condi-
tions MCy(u, G):

Vilk= = Yelu Yelu=yrlu, e,1 € I(u, G)\{k}, Z OcYelu + 0k yili- =0. (4)
eel(u,G)\{k}

We denote by M Cy(G) the matching conditions MC(v,G), v € VI(G)\{k*} and the matching
condition MCy(k*,G).

Fix some r € EB(G)\{ry}. Let us consider the solution @er of the equation (1) on edge
e € E(G), satisfying MC(G) and the boundary conditions:

ae(,oerl,ug(e,G) =0¢r, €€ EB (G), (5)

where 0., is the Kronecker delta. The function M, (A,G) := Prrlusr,G), T € EB (G)\{ro} we call
the Weyl function for (1) with respect to the edge r € EB(G)\{ry}.

Fix some k € E(G). Let us consider the solution ¢, of the equation (1) on edge e € E(G),
satisfying M Cy(G) and the boundary conditions:

OcPekluse,c) =0, Okprklk-=1, e€EP(G) (6)
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The function My (A, G) := @iili+, k€ E €(G) we call the Weyl function for (1) with respect to the
edge k € E€(G). Denote M (A, G) = [Mc(A, G) pe 5 (G)\rouEC(G)- The vector M (A, G) is called the
Weyl vector. The inverse problem is formulated as follows.

Inverse problem 1. Given the Weyl vector M (A, G), construct the potential o.

Everywhere below if a symbol a denotes an object, related to o, then @ will denote the
analogous object, related to & and & = a —a. Let us formulate the uniqueness theorem for the

solution of Inverse Problem 1.

Theorem 1. IfM(A,G) = M, G), theno = &. Thus, the specification of the Weyl vector M (A, G)

uniquely determines the potential o on G.

The paper is structured as follows. Section 2 contains some auxiliary propositions. Sec-
tion 3 is devoted to the solution the so-called auxiliary inverse problems. In the section 4
we prove Theorem 1, provide the descent procedure and the solution of the global inverse
problem on the graph.

2. Auxiliary propositions

Let us consider the boundary value problem Lq(G), Q < EB(G), for equation (1) with the

matching conditions M C(G) and boundary conditions
OeVelusie,c) =0, e€ EB(GNMQ},  yrlusre) =0, TEQ. @

We define L(G) := Ly (G). Also we consider the boundary value problem L} (G), v=10,1, k €
E€(G) for equation (1) with the matching conditions M Cy(G) and boundary conditions

0eVelusec) =0, e€EP(G), 0}yl =0, (8)

where agyk|k+ = Yklk+ and ak,)/khc* = 0k Yklk+-

Let Co(xe, A), Se(Xe, L), We(Xe, A) and . (x,, A) be the solutions of equation (1) on the edge

e € E(G) under initial conditions

C.(0,1) = 80,1 =1, cM0,1) =S.0,1) =0,
)
(el V) == U ) =1, welle, ) =M (U, 1) = 0.

For each fixed x, € [0, [,] the functions C,(xg, A), Se(xe, 1), CE] (Xe, A), S[e“ (Xe, A) and (p(xe, A),

Wel(Xe, A), CE] (xe, M), W[el] (xe,A), e € E(G) are entire in A. Moreover,

<Ce(xe»/1)»8e(xe»/1)> = 1; <{e(xe;A);We(xe»/1)> = _1;
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where (y, z) := yzm - ymz is the Wronskian of y and z. Let Y = {y.(x.)}ecE(G) be a solution of
equation (1) on graph G. Then

Ye(Xe, A) = MO(A)Se (e, A) + ML) Co (e, ). (10)

Substituting this representation into matching and boundary conditions of the boundary
value problem L in fixed order (analogous to [21]), we obtain a linear algebraic system with
respect to a,(A), b.(1), e € E(G). The determinant A(A, L) of this system is an entire function.
The zeros of A(A, L) coincide with the eigenvalues of L. The function A(A, L) is called char-
acteristic function for boundary value problems L. We denote by Aq := {1qn}n=0 the zeros of
A(A, Lo(G)) and define Ag, = p3,, n=0.

As in the classical case [21] one can show that the functions M,(1), e € EB (G)\{ro}UE G

are meromorphic in A, namely:

AL L(G)
AL LG

A, LY(G))

M,(A) = o
W AL, LHG)

ee EB(G)\{ro}, M,(\)= re ES(G) (1

Let H,, e € E(G), be the classes of functions, which are entire in p for all x € [0, /] and fixed
potential o, such that for n.(x., p,0.) € H, following conditions are valid:
1) ne(xe, p,00) = 0(exp(x.|Impl)) for p — co and any fixed x, € [0, [,] and 0, € L]0, [.].

2) Ne(Xe,,0¢) € Ly(y) for all x, € [0, l,], real T and fixed o, € L»[0, [.], where
Y=7(1):=(-c0+1iT,+00+iT).

3) nel,+,00) € L]0, 1] x ¥y and bounded uniformly on [0, /] x y for any fixed real T and o, €
L2 [0, le]~

4) ne(xe, p,0.) depends continuously on the potential in the following sense: if 0., (x,) —
O¢(xe)in L2 [0, l] as n — oo, then the corresponding 1, (xe, P, 0en) € He cONverges to ne(Xxe, p,0¢) €

H, uniformly as n — co on [0, [,] x y for all 7 > 79 and

max |[[ne(Xe,Ten) —Ne(Xe,+ TellL, ) — 0.
xe€[0, L]

Obviously, if n,(xe, p,0¢), N (Xe, p,0¢) € He, than ne(xe, p,0¢) + 1, (Xe, 0,0¢) € Hp.

Define A.(1¢) :={p: Imp = 0,dist(p,Z) > €}, where Z c {p:0 < Imp < 7¢} is countable
set with constrained number of points in Rep € [¢,t+ 1], Imp € [0,7¢]. Let K be the class of
meromorphic functions, such that for x(p, o) € K following conditions are valid:

1) x(p,0) = o(1) for p — oo and fixed o € Ly (G), p € A:(1o), where 1¢ depends on .
2) x(-,0) € Lp(y) for all T > 7¢ and fixed o € Ly (G).
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3) x(p,0) depends continuously on o, in the following sense: if 0,(x) — o(x) in Ly(G) as
n — oo, then x(p,0,) € K converges to x(p,0) € K uniformly as n — coon y forall 7 > 7
and

r}l_l:l;O”K('ro-n) - K('r 0)||L2(Y) —0.

Obviously, if k(p,0), k*(p,0) € K, than x(p,0) +x* (p,0) € K and x(p,0)x* (p,0) € K. De-
fine [1]:=1+x(p), x(p) € K. We consider the solutions of equation (1):

fe(xe»/l) = Ce(xe)A)_ ipSe(xe»/l)» Ee(xe»/l) = (e(x»/l) _ipllfe(x»/l)» eEE(G)
Let A= pz, Imp = 0. Analogous to [33], we obtain

EolleyA) = €7 P[], E,(0,4) = e~ iPleq1),
. , (12)
W, 1) = —ipe~iPleq1], EMN(0,1) = ipe”iPle1],

Using Liouville’s formula and (12), we obtain (&, Ee) = 2ipe”iPl[1]. Clearly, that (¢, Ee) # 0
and consequently {€,(xe, A), Ee(xe, A)} is a fundamental system of solutions. We consider the
case of some fixed r € EB(G). Then

Qer (Xe,A) = Aer (M) (Xe, A) + Ber (M) Ee(xe, 1), e € E(G). (13)

Substituting (13) into (2) and (5) in fixed order (analogous to [21]), we obtain the system of
linear equations with variables A, (1) and B,,(1). Determinant of this system we define as
Ag(A,G).

Lemma 1. Define®:={ Y. 0,l,, 6,€1{0,1,2}}. The following representation is valid:
ecE(G)

AL G) = (ip)" Y AlG)e P11, Ajg #0, 14)
le®

wheren = |VI(Q)|+|VEBG),IGl:=2 ¥ I,
e€E(G)
Proof. In the each internal vertex u € V!(G) we define a variable a, and we define the indica-

tor function

. 1, stT=u,
Js(u) = 0 st (15)
Substitute (13) into (2) and (5), we obtain

Eello MAer(M) +Ber(M) = Y, T, (Way, =0,
veV9i(G)

Aer() +Ee(0, ) Ber() = ) Jo (W)ay =0, (16)
veVi(G)

> BP0 By W = ip A )| - I @06 Ue M Ao (1) + ipBer (D]} =0,
eeE(G)
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foree E(G) and u € VI(G) and boundary conditions for k € EB(G)
—ip Ay W) + B 0, Bir (M) = 8y, ik € VE(G),

& U M Agr (V) +ipBy (V) = 8y, iK™ € VH(G),

Using (16), (17) and (12), we obtain

A, G) = (Ip)" Y. AGe P,
le®
where A|g|(G) is the determinant of system

A= Y. J;(ay,=0, ecEG),
veVIi(G)

BerM) = Y, Jiwa, =0, ecE(G),
veVI(G)

Y (A Wz 0+ B W) =0, ueV'(G),
eeE(G)
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(18)

19)

(20)

We denote by P the matrix of this system (18)-(20) and by P}, PZ and P, the rows of the
matrix P, which correspond to the equation (18), (19) and (20) respectively for e € E(G) and

u € VI(G). Transform the matrix P by following equation

Py=Py— Y J;,wPi- Y JiwP: ueviG),
ecE(G) ecE(G)

we obtain, that A (G) is the determinant of system

Aer(A) — Z J,Wa, =0,

veVI(G)
Ber(A)_ Z ];(U)(Xy:(),
veVi(G)
> (Jeaw+7iw)ay=0, ue v

e€E(G)

In each vertex u € VI(G) we denote

N*w):= ) J;w.
ecE(G)

21

Graph G is connected, thus N* (u) + N~ (u) # 0 for each u € v%iG). Consequently, using

(21), we obtain

Ag = l_[ (N*(w)+ N~ (w) #0,
ueVI(G)

Using standard methods [27], we obtain
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Lemma 2. For sufficiently large |p|, such that p € A¢(10), To is some fix number, following
inequality is valid
Cilpl"e 9™ < AR (A, G)] < Calp|" el ™. (22)

Consequently, we obtain for fixed r € EB(G):

Lemma 3. Foreach fixed x, € [0, l,] and for p € A.(1¢), T¢ is some fix number, p — oo, following
representations are valid

Per(Xe,A) = O(%e_mmp), oM (xe, V) = O(e_mmp),

1. (23)
Per(Xe, A) = ;e"’x“ﬁ(p), x(p), K(p) € K.
Proof. Analogous to [21], using (22) and Cramer’s rule, we obtain
1 1
Agp = O(—e‘zh‘lmp), By = O(—e‘lﬁ]mp).,
p p
A 1 5. N 1 . (24)
AN = ;ezml“k(p), B.(\) = ;e””ek(p), x(p), ®(p) € K.
Together with (12) and (13), this yields for each fixed x, € [0, [.] to (23). |

Using the same arguments, one can prove, that Lemma 3 is valid also for some fixed
re EC(G).

3. Auxiliary inverse problem

Fix some edge e € EB (G)\{ro} and consider the following auxiliary inverse problem on the
edge e, which is called IP(e, G):

Auxiliary inverse problem IP(e, G). Given M, (A, G), construct g.(x,), X € [0, [,].

Using properties of functions from class K, analogous to [33] one can prove following
theorem:

Theorem 2. IfM,(A,G) = Me(/l, G), then o ,(x,) = G.(x.) almost everywhere on [0, l,].

In the p-plane consider the contour y = y(r), where 7 > 0 is such that inf{A, U A} > —72.

Let T be the contour in the A-plane which is the image of y under the mapping A = p?. Denote
by D* the image of the half-plane {Imp >t} and D™ := C\D*. We define the sequence of real
numbers 6,, n € N, such that Vn,k e N6, # |pekl, 0n # |Dekl, 6k < Ok+1, and 6, — oo as
n—oo. Let Cy := {|A| =65}, yn =ynip:|pl* = 65}, where Cy, := Cyn D™ be the contours
with clockwise orientation. Denote I'y =I'nintCy, @'y =TIxyUCj. Denote 0? = u. Define
the functions

_ {Celxe, A), Celxe, )

Xe
De(xe»/ly,u) = /1_“ :j(; Ce(t,)L)Ce(t,,u)dt,
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= é )A/ Jé ) Xe = =~
Bl A, ) = e A)_;(Xe ) =f0 Ce(t, M Ce(t, wdr,

re(xe; pre) = De(xer /1; H)eMe(H); 7e(xe; pre) = ﬁe(xe; A»,U)HMe(H)

Everywhere below we chose contour y(t) such that 8 M, () € L (y). It is always possible to
choose such contour because of the properties of functions from class K and (23). Analogous

to [33], one can obtain the main equation
We(xe, p) = ﬁe(xe)\ye(xe»p) +ﬁe(xerp)» (25)
where W, (x., p) := Ce(xe, A) = ée(xe» A,

_ 1 ~ o
Fo(xe,p)1= 5— im_ | De(e, A p) Me(p) Ce e, gt A= 0%, (26)

—00 FN

and for all fixed x, € [0, [,]

~ 1 1
T, (x) () = — f 7o 0,00 fO)d0,  Up(e) f(0) 1= — f ro(e, p, 0) f 0)d6
wi Jy wi Jy

Operator ﬁe(xe) is a Hilbert-Schmidt operator in L, (y). Also from [33] we obtain the validity

of the following theorem:

Theorem 3. For each fixed x, € [0, l,] equation (25) is uniquely solvable in Ly (y).

Using the solution ¥, (x., p) of the main equation (25), one can calculate the function
Ce(xe, 1) and then construct o,.(x,) according to the next theorem [33].

Theorem 4. The solution o.(x,) of the IP(e, G) can be found by the formula

1 ~ A N 1 .

Oe(X)=—— f Ce(xe, 1) Co e, ) Me(Wdp+ — Li.M.n—oo | pCOS2pxM(p*)dp — (27)
i Jr i YN

Thus, the solution of the auxiliary inverse problem IP(e, G) can be constructed by the

following algorithm.

Algorithm 1. Given M, (7).
1) Take & = 0 and calculate C,(x,, 1), Me(ﬂt), 15e(xe,/1,,u) and 7, (x,, p,0).
2) Construct ﬁe(xe, p)) by (26).
3) Find Y. (x,, p) by solving the main equation (25) for each x € [0, /,].
4) Construct o.(x,) using (27), where C‘e(xe,)t) =W(xe, ).
Fix some edge k € E®(G) and consider the following auxiliary inverse problem on the
edge k, which is called IP(k, G):
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Auxiliary inverse problem IP(k, G). Given My(A, G), construct o (xx), xi € [0, Ix].

Fix some k € E€(G). If we unlink the vertex k* = v € VI(G) and move it slightly to new
vertex v; ¢ V(G) without moving other edges and without changing the length of k, we tear
apart the cycle, which contains the edge k, and obtain a new graph G with edge k; instead
of k and with the new vertex v, such that v; # v and k1+ = v;. Moreover, k; ¢ I(v,Gy) and
the edge k; is a boundary edge for G and v; € VB(Gy). For example, if E(G) = {k,ry, 11},
EC(G) = {k,r}, k™ #k*, kt = v e VI(G) and I(v,G) = {k, 1}, then after this procedure we
obtain graph Gj with edge k; instead of k and with the new vertex v, such that kf =1y,
vy # v, I(v1,Gy) = tk1}, I(v, G) = {r1}. Clearly, that in this case r; € E'(G) and r € EB(Gk).

Clearly, inverse problem IP(k, G), k € E(G), is equivalent to the inverse problem IP(k;, Gy).
Therefore, IP(k,G), k € E€(G), is solved by the same arguments as IP(r,G), r € EB(G)\{ro}.

4. Descent procedure. Solution of the inverse problem 1

Consider the solution of the equation (1) on the edges e € E(G), represented by (10). Let
us construct graphs 7 and Q. Fix the edge r € E3(G) n E/(G) U {ro}. Denote v:=r", ve V(G).
The vertex v divide graph G on two parts: G = QU T, where V(Q)nV(T) =v, E(T)nI(v,G) =,
re EB(T) and r ¢ E(Q) n I(v,G). Moreover, the rooted edge roe E(T).

Consider the boundary value problem Lg (Q, v) for equation (1) with the matching con-
ditions MC(u, Q), u € V! (Q)\{v} and boundary conditions

0eVelusec) =0, e€ EP(GOMQ}, yrluyrne) =0, 1€Q, 0,y:1,=0, rel®,Q).

We define L (Q, v) = L(Q, v). Using the Laplace expansion by the columns, corresponding to
Mg(/l), M; (A1), e€ E(T), we obtain two possible cases:

1. The vertex v € VB(Q), I(v,Q) =: e. Clearly, for k € EB(Q) NEB(G)

A, Le(Q)) AL, L(Q)) ) (A(A,L(T)) ) ~ (A(A,L(Gn

A, Lk (Q) AL Li(@Q) |\ AL L(T) ) | A, Lk(G))

Using Cramer’s rule and (11), we obtain

ML T) = Mi(A, DA, L(Q)) +A(A, Lek(Q)). o8)
A, Li(Q) + AL, QY My (A, G)

2. The vertex v e VI(Q). Clearly, for k € EB(Q) NEB(G)

AL L(Q) AA, L(Q, v) ) (A(A,L(T)) ) ~ (A(A,L(Gn

A, Le(Q) AL Li(Q, 0)) J AL L (1)) | AW, Li(G))
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Analogous to the first case, using Cramer’s rule and (11), we obtain

Mi (A, AR, LQ) + A(A, Lk (Q))

M,(A,T) = .
4D A L (Q,v) + AN, L(Q, v)) Mk (A, G)

(29)

Descent procedure. Fix edge r € ES(G)nEl (G U {ro} and suppose, that r € E ™ be a fixed
simple edge of order v. Denote v = r~. The vertex v divide graph G on two parts G=QU T,
where VIQ) NV (T)=v, E(T)NnI(v,G)=r1,T€E EB(T)and r ¢ E(Q)nI(v,G). We consider the
potential o on the graph Q are known. Fix e € EB(GNE (Q). We consider the M,(A,G) is
known.

1. Weyl functions M, (A, T) find from (28) or (29).

2. Solving the inverse problem IP(r, T), we construct o, on r.

We suppose, that M.(1,G), e€ E €(G)UEB(G)\{ry} are known. The solution of the inverse
problem can be found by the following algorithm

Algorithm 2.
1. For each fixed edge k € E€(G) we solve IP(k,G) by the algorithm 1 and find o on the
edge k.
2. For each fixed edge r € EB (G)\{ro} we solve IP(r,G) by the algorithm 1 and find ¢, on the
edge r.
3. Forv=y—1,...,0 we perform the following operations: for each fixed edge r € E MG N
(ES(G) NELG) U {rg}) using the descent procedure, we find o .

The considerations above show that the solution of Inverse Problem 1 is uniquely deter-

mined, and Theorem 1 is proved.
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