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THE PARTIAL INVERSE NODAL PROBLEM FOR DIFFERENTIAL
PENCILS ON A FINITE INTERVAL

YU PING WANG, YITENG HU AND CHUNG TSUN SHIEH

Abstract. In this paper, the partial inverse nodal problem for differential pencils with
real-valued coefficients on a finite interval [0, 1] was studied. The authors showed that the
coefficients (qo(x), q1(x), h, Hp) of the differential pencil Ly can be uniquely determined
by partial nodal data on the right(or, left) arbitrary subinterval [a, b] of [0, 1]. Finally, an
example was given to verify the validity of the reconstruction algorithm for this inverse
nodal problem.

1. Introduction

The differential pencil L¢ = L(qo, g1, h, He) :

ly:=—y"+(qo(x) +2Aq1(x)y = A%y, x€(0,1), (1.1
Uy):=y'(0)—hy0) =0, (1.2)
Ve(y):=y' () +Hey(1) =0 (1.3)

is considered, where h, H; € R, Hy # H1, q¢(x) is a real-valued function, g € WZ‘( [0,1],¢é=0,1.
We assume that g; (x) # const and Q; (1) = 0, where

Q1(%):= fox qi()dt.
Denote 7 = [ImAl, ¢(x,A) and y¢(x, A) the solutions of (1.1) associated with initial conditions
pON=1, ¢OMN=h w:QLV=1 y.(1,1)=-H.
According to [6, 8], we have the following asymptotic formulae

{(p(x,m = cos(Ax— Q1 (x) +0 (&7, 04

@'(x,4) = —Asin(Ax — Q1 (x)) + O(e™),
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and

{Wf(x, 1) =cos(A1 -0 + Qi (1) + O (<), s

W:x (x,A) = Asin(A(1 — x) + Q; (x)) + O(e*1=%)

uniformly with respect to x € [0,1] for sufficiently large |A|. It is easy to obtain the following
equality:

1
fo Well@) —@lye) =<we, @ > (1L,A)— <yeg @ >(0,1),

where < y¢, ¢ > (x,A) := ye(x, AN (x, L) — W:r (x,M)p(x,A) is the Wronskian of ¢¢ and ¢. De-
note Ag(A) :=< y¢,¢ > (x,1) which is independent of x. The set of eigenvalues o(L¢) of
L¢ consists of the zeros of the characteristic function Ag(A) which can be enumerated as
{A¢n}tnea(counting with their multiplicities), where A = {0, +1, +2,---}. For sufficiently large
Inl|, A¢p is real and simple, it also satisfies the following asymptotic formula(please refer to
[6, 12] for details)

1 1
Aen = nm+ 28 )+o(—) (1.6)
nim n
as |n| — oo, where N
1
we(x) = h+H;+§fO (qo(1) + g2 (0)d. (1.7)

Suppose that xgn are the nodal points of the eigenfunction ¢(x,A¢,) of the pencil L, i.e.

(p(xén,/lgn) = 0. Gasymov and Guseinov [12] showed that the differential pencil Ly has a dis-
crete spectrum consisting of simple and real eigenvalues with finitely many exceptions, and

the n-th eigenfunction u(x, A¢;,) has exactly || nodes in the interval (0, 1) for sufficiently large

J

|n|. Then x; satisfy the following relations:
én

2 o< x!
i< <X

1 n
0<x5n<x 5n<"'<x€n<1’ for n>0,

0<xgn<xg;<---<x§;1<---<x§’;1<1, for n<o.
and
ol oy . , 1
j J 2 én J Ny _ J _ J—
Xp, = - + p + Ty, (wg(xfn) wg(l)xgn Hy) +0(n2) (1.8)

uniformly with respect to j € Z(refer to Theorem 4 of [6] for details). Denote X; := {xgn}.
Clearly the nodal set X; is dense on [0, 1] for { = 0,1. Buterin [4] firstly showed that (go(x),
q1(x), h, Hy) of Ly can be uniquely determined by the nodal set X,. Analogous result for the
case of Dirichlet boundary conditions was proved in [5]. The related results are also found in
[6]. However, in [33] a more weak statement was established. By using the results in [16], Guo

and Wei [17] proved an alternative result involving specification of nodal points on arbitrarily
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small subintervals having the midpoint. Note that the Guo-Wei’s result in [17] excludes the
case % ¢ (a, b). For the case % ¢ (a, b), one need some additional information to reconstruct the
coefficients (go(x), g1(x), h, Hp) of Ly, for example, in [17], the authors showed all conditions
together with information of eigenfunctions in some interior points can lead to a uniqueness
theorem. To the best of our knowledge, this partial inverse nodal problem for differential
pencils has been not completely solved.

The aim of this paper is to study a partial inverse nodal problem for differential pen-
cils with real-valued coefficients on a finite interval. The authors show that the coefficients
(go(x), q1(x), h, Hy) are uniquely determined by the partial nodal information on the right (or,

left) arbitrary subinterval [a, b] of [0, 1]. This approach is different from that in [17].

Inverse spectral problems for differential pencils have been studied well(see [6, 9, 12, 13,
15, 16, 20, 21, 25, 37, 38] and references therein). We also note that inverse spectral and nodal
problems for other differential pencils were studied in [1, 2, 7, 8, 31, 32, 35]. Define the Weyl

m-function of L
AT

JA) = .
mxA) @(x,A)

By the known method in [8, 12], one can obtain

Theorem 1.1. The Weyl m-function m(ay, 1) with 0 < ag <1 of the boundary value problem
(1.1)-(1.3) can uniquely determine (qy(x), q1(x)) on the interval [0, ay] and h.

Let Bs = {ng, k}%’:_oo be a strictly increasing sequence in Z for { = 0 and 1 and B¢ be almost

symmetrical with respect to the origin, i.e. that means
ngz, nerz—nEBg,

with finitely many possible exceptions, we may also assume A # 0. The nodal subset

& ne ke
R O /T [ Jk
WBé([(l, b)) := {x&nm : x&n{‘k € Xgr, ne € Bgr, a< x:’nka < b}
is called a twin-dense nodal subset on [a, b], i.e.
j . j+l j-1
1. If X ne € Wpg,(la, b)), then either xfynka € Wpg,([a, b]) or X ne € Wpg,(la, b]),

2. Wg,(la, b)) = a,b].

Denote

Se:= {Af.ns,k 1ng € B, Af,n;_k € O'(L{)}



310 YU PING WANG, YITENG HU AND CHUNG TSUN SHIEH

and define
1,
0<A€'"§ k<t, n;_kGBg
ns, (1) := '
S¢ _ Z 1,
t</15'”.{,k<0’ ngykEBg
A N A
wp,A):=pv. [] (1— )z lim [] [1- . (1.9)
¢ ng k€Be Afvnf,k N—+oo k=—N A/fvng,k
In addition, we assume that the following two conditions
v (1) 20
ns,
lim —— = =%, (1.10)

t—oo t T

(ii) There exist positive numbers fy, €, 6’ and b¢ € Z such that

>20¢[L] +b5+e+0(t‘5'), >ty

. 5 (1.11)
< —20¢[-] +bg—29§+0(|l’| ) I<-1t

ns, (1) =
hold for S¢, where [-] denotes the floor function.

In the next section, we present and prove some uniqueness theorems in this paper.

2. Main Results and Proofs

From now on, we denote Zg = L¢(qo, ¢, h, He) the same form as Lg = L¢(qo, g1, h, He) but
with different coefficients. If a certain symbol { denotes an object related to L¢(qo, 41, h, He),
then the corresponding symbol ¢ with tilde denotes the analogous objectrelated to L¢ (go, 41, h, He),
and E: (- Z At first, we have

Lemma 2.1. The coefficients (qo(x) — 2w¢ (1), q1(x)) on [a, b] can be reconstructed by the given
Wp, ([a, b)) for each & =0, 1.

For each &, ¢ = 0,1, the so-called Wp, (la, b]) = ng([a, b]) means that for any xjk €

&gk
W, ([a, b]), then at least one of two formulae holds, i.e.

T Je¥l i+l

X =X and x = x5
&gk &gk &ong &g i’
. ~7 . _1 ~7 _1
Foo=xf  and xF =X
61k G 1E ke G NE ke G NE ke

where xékr:]k € Wp,([a, b]) and 56],'“7;1 € ng([a, b)) for j =0,+1 in this paper. Denote

My := max {gq;(x)} and mp:= min {g;(x)}.
asx<b asxsb

By using the results in [31], the Weyl m-function and the theory concerning densities of zeros
of entire functions (refer to [22, 23]), we shall show that
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Theorem 2.2. Let% <asco<c; <bs1l. SupposethatWg ([a,c1]) = ng (la, c1]), and Wg, ([co, b)) =
Wgo([co,b]), wi1(1) =w1(1), and (1. 10) and (1.11) hold for each S¢, § = 0,1, where0y =1-b and

0o + 61 = a, and for each x!y xg ~ the corresponding eigenvalues A¢,p, , and If,ﬁé'k satisfy
the inequalities:
Aenee + X{yﬁfyk >2M, forall ng¢jg>0, 2.1
Agyn k+;{€rﬁ{,k <2mqy forall ng¢j<O. ’
Then
q1(x) =q1(x), qo(x) a.e. Go(x) on [0,1], h= h and Hg = H{, &=0,1. 2.2)

Note that the length b—a of the right subinterval [a, b] of [0, 1] is arbitrarily small. Further-
more we establish a uniqueness theorem for the right arbitrary subinterval [a, b] as follows:

Theorem 2.3. Let% <asc<b=s1l. Suppose that Wg,([a,c]) = ng([a, cl), and Wpg,([c, b]) =
Wgo([c, b)), w1(1) = w1(1), and (1.10) and (1.11) hold for each S¢, { = 0,1, where0y =1-b and

0o + 01 = a, and for each xé xé’& the corresponding eigenvalues A¢ ., and )L; fie o SALISSy

(2.1) and qo(x) — go(x) is contznuous at x = c, then (2.2) holds.

Note that 0 <y < 2, then 6, < a for the case 2 < a< b <1. Therefore Theorems 2.2 and
2.3 cannot be valid for the cases S; = @ and 1 3<a< b < 1. In addition, one can obtain an
analogy of Theorem 2.2 and 2.3 for the case 0 < a < b < 1/2 by symmetry. We omit the details
here.

If g1(x) = 0 on [0,1], then the problem (1.1)-(1.3) becomes a classical Sturm-Liouville
operator and such problems are well studied (please refer to (3, 10, 11, 14, 15, 18, 24, 25, 26,
27,28, 29, 30, 34, 36, 38] and the references therein).

In the remaining of this section, we shall present proofs of Theorems 2.2 and 2.3. At first,

we show the proof of Lemma 2.1.

Proof of Lemma 2.1. For each { =0, 1 and each fixed x € [a, b], choose {x!"nr k} such that

. jx
lim x;,

| k|—o0

=X.

By virtue of (1.8), then there exist the following finite limits and the corresponding equalities
hold:
Jk Jk—3

x):= lim ngpm|x -
f{( ) k|00 ¢k ( {,n;_k nf,k

) Q1 (%), (2.3)

. '_l Ql(

k
gg(x)::lkllim n?knz xékn(k_] fn k
—o0 & 21,

ng,k g, k7
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=w¢ (X) —we (1) x — He. (2.4)

Thus we find the functions f: (x) and g¢(x) via (2.3) and (2.4). Moreover we reconstruct (¢o (x)—
2w¢ (1), g1(x)) on [a, b] by

@1 (0) = f{(x), xela,b], (2.5)
qo(x) —2w¢ (1) = 2g§ X -qi(x), x€la,bl, (2.6)
This complete the proof of Lemma 2.1. O

The following are the proofs of our main results.

Proof of Theorem 2.2. Since Wp, (la,c1]) = Wy, (la, c1]), and W, (Ico, b)) = W, ([co, b)), we
have

i@ =f), xelaal 2.7)
fox)=fox), xe€lco,bl, 2.8)
sg1(x)=g ), xelacl, (2.9)
8o(x) =go(x), x€[co, bl (2.10)

Therefore (2.7)-(2.10) together with the assumption w; (1) = @, (1) lead to that
q1(x)=0 on [a,bl],
Go(x) =0 on [a,cil,
Go(x) = 2@0(1) on [co, bl
which together with a < ¢y < ¢; < b imply
Gi(x)=0 on [a,bl, (2.11)
{ Go(x) =0 on |[a,b). (2.12)

Next we shall show A¢ p, , = zf'ﬁé'k for all n¢ . € Be. Note that

jk+1
ek’

{ =" (3 A ne )+ (G000 + 22 ey NP A e ) = AF @ Ag ), (213)

‘P(ngcnf,k’ M) = Qg o Aeng,) = 0, (2.14)

and

jk+1
ek

{ =300 A ) + (G000 + 2 i ONP A i) = A5 5 D6 Aeg),  (2.15)

‘?ﬁ(xg{fn;,k'%fﬁs,k) =¢(x Ae i) =0. (2.16)

Equations (2.13)-(2.16) yield to
jk+1
¢&ng —~ ~ " ~ _ .
i 10 (x0) +2he e 100 = Ag g o 1 (1) = (AF = AZ 5 DI@(X, Agme VP, A 7, )dx = 0.
&ng e

(2.17)
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By virtue of (2.17) together with (2.11) and (2.12), this yields

jr+1
x]k

~ &g, ~ _ ~
(Afrn{,k - Afﬁ:,k) fjk ’ (qu (%) = Af;”{,k - Afﬁ:,k) p(x, Afrnf,k)(p(x’ Afﬁ{,k)dx =0. (2.18)
el ¢

Since both ¢(x, A¢, nex) and @(x:-/'t{,ﬁfyk) have no zero in the interval (xf,’;,xi;';fl) together with

the assumption (2.1), we obtain

jk+1
2000 = Ag gy = Aeig ) 96 Ag g JP(X, A g )dx #0. (2.19)

xf,nscvk

Therefore (2.18) and (2.19) show that
Aengr = AV ng € By (2.20)

For each A¢ ., by (2.17) and (2.20), we get

Ik

1,n ~ —~ ~
f (o) + 201,m, 1 (D) P(x, A1,y JP(X, Ay )X
a

=<@p> G M )- <P 9> (@A), 2.21)

By virtue of (2.14), (2.16), (2.11) and (2.12), then (2.21) implies

<@,¢>(a,An,) =0, Vnyi€B. (2.22)
Applying the same arguments as the proof of (2.22), we obtain

<@,p>(co,Aony) =0, Vng i€ By. (2.23)
By virtue of (2.11), (2.12) and (2.23), this yields

<@,p>(a,Aon,) =0, Vngr€ By. (2.24)
Furthermore (2.11), (2.12), (2.23) and (2.24) show that

<@, p>(a, Af,n:,k) =0, Vng,k € Bg, (2.25)
<P,p> (b, Af,no,k) =0, VYngx€ Byp. (2.26)

Since the functions ¢(x, Ag,n,,) and ¥o(x, Ao n,,) are both eigenfunctions corresponding to
the n ,-th eigenvalue Ag j, , of Lo, there exists a constant (Ao, ,) # 0 such that

WO (xr A/O,novk) = ,BO(AO,nO‘k)(P(x» A/O,novk)r vx € [01 ]-]- (2-27)
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Consequently (2.26) and (2.27) imply
<o, o> (b, Aon,) =0, Vng€ Bo. (2.28)
It is easy to prove
|<@,¢ > (a )] =0*") (2.29)

for sufficiently large A. Define the function

<@, p>(al)
KKA)i=——. (2.30)

! wg, (A wg, (1)

Note that A¢, He satisfy (1.6), and
A A ( A ) ( A
1-— 1-— =|1- 1+
Af,ng_k AE,—n;,k ne 7 +0() ne g7 — O()
A2+0(MA+0(1

=1 ) ) (2.31)

(g +0M) (g —0(1)
Therefore (2.31) implies that the locally uniform convergence of the products (1.9) holds.
Since Hy # Hy, then o(Ly) no (L) = @, which guarantees that

SonNS;=9. (2.32)

Thus (2.25), (1.9) and (2.32) show that the function Kj (1) is an entire function in A. Next we
shall prove K;(A) = 0. By the classical estimate of Levinson in [23] together with the assump-
tions in Theorem 2.2 and (1.9), there exists a constant C¢ such that

1
=0(e 207+ vaeGe, r=|Al (2.33)
wg, )] ( ) “

where € >0, Ge, = A4 _Anf,k| > %Cg, /’tf,ngyk € S¢}. Consequently (2.33) and (2.29) imply
Ki(h)] =0 e 2@ 0-am2er) v e G, MG

for sufficiently large |A|, where ¢ is arbitrary. Since 6y + 68, — a = 0, the maximum modulus
principle shows that

IKi M) < ce®?M 2ec, (2.34)

where ¢, is constant. Therefore (2.34) implies that K;(z) is of zero exponential type. We say
|lws, (1) )wz’;: )|
)wgf(m‘ |WB§UU|

A
wgf()t):p.v. H (1——).

n,{,kEBg nka

that the notation = means that both

are bounded, where
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By Lemmas 2.5-2.7 in [19], for each 6 > 0, we have

|wa W] = |wp, | i A=Al 26, [A-nek

=06 for ne k€ B;.
This implies
lwp (iy)| =lwg, (iy)l, |yl —oo. (2.35)

By calculating(refer to [16, 31] for details), we obtain

. . © ng (1) y?

L ng, (1) 2  ng, (1) 2
oo b YR+t 1 t y:+t
=20¢|yl+eln|y|+ O(1).
This shows that
|wh G| = y1°e V. (2.36)
Therefore (2.34)-(2.36) show that

IKi(iy)l = O( (2.37)

o)
By the Phragmén-Lindel6f-type result in [22] together with (2.34) and (2.37), we get
Ki(A\)=0, AeC.
This implies
m(a,A) = m(a,A). (2.38)
By virtue of Theorem 1.1 together with (2.38), we have

G1(x)=0, and Go(x) 0 on [0,a] and h=h. (2.39)

Define the function

< {/70»1//0 > (by /1)

= =

) (2.40)

Consequently (2.23), (2.28) and (2.40) show that the function K»(A) is an entire function in A.
Applying the same arguments as the proof of (2.34) and (2.37), we obtain

{ K| <cef™M Aec, (2.41)

1
K(iyl=0 . 2.42
K2 (i y)l (Iylg) (2.42)
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By the Phragmén-Lindelof-type result in [22] together with (2.41) and (2.42) again, we have
K,(A) =0, AeC.

This implies

<Wo,Wo>(MbA)=0, AeC. (2.43)
The function LA
v, (b,
my(bybA)=———, 0<b<l1
(0 wo(b,A)

is called the Weyl m—function of Ly. Thus (2.43) shows that

wob ) b A)

m,(b,A) = = — =m4(b,A), (2.44)
" vob,A)  Tob, )
Similar to Theorem 1.1, then it follows from (2.44)
G1(x)=0, Go(x) =0 on [b1] and Hy= Hp. (2.45)
Moreover we have
H, = H;.
This together with (2.11), (2.12), (2.39) and (2.45) implies Theorem 2.2 holds. O

Next we prove Theorem 2.3.

Proof of Theorem 2.3. By virtue of Wg, ([a,c]) = ng ([a,c]), and Wpg,([c, b]) = Wgo ([c, b]), this
together with Lemma 2.1 and the assumption w; (1) = @; (1) yields

G1(x)=0 on [a,b], (2.46)
Go(x) =0 on [a,cl], (2.47)
Go(x) = 2@0(1) on [c,bl. (2.48)

Therefore (2.47) and (2.48) together with the function gy (x) — go(x) is continuous at x = c, this
yields

wp(1) =0. (2.49)
Consequently (2.47), (2.48) and (2.49) imply that
Go(x) =0 on [a,b). (2.50)
Similar to the proof of (2.20) in Theorem 2.2, we have

Aéner = Aeiicy =0, ¥V nereBe, &=0,1 (2.51)
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Modifying the proof in Theorem 2.2 simply together with (2.46), (2.50) and (2.51), we obtain
G1(x)=0, Go(x) =0 on [0,1], h=h, and Hg=H; &=0,1. 0O

Finally, we shall present an example for reconstruction of (g (x), g1 (x), h, Hp) from the
twin-dense nodal subset Wg, ([0, 1]).

Example 2.4. Let Wp ([0,1]) = {xf,k},Bo C Z, be the twin-dense nodal subset of the pencil
L(qo, g1, h, Hp) and fol qdo(t)dt = 3, where
J :j—% -3 +(j—%)2+wo(xilk)+0 1
e min o ndn (mgm)? '

V1 € By, (2.52)

where
2(j-43 3(-1H?% 23;-1
j=2° 3U-3" 2G-3 |

J
wol(x), )= ,
00X, 3n3 4n2 12n;

reconstruct (go(x), g1 (x), h, Hp).

j'lk ]_%

For each fixed x € [0, 1], we choose Xp, such that klim T =X By (2.52), we have
— 00

N
f(x):= lim ngn (xil’jc _Jk72 )
| k|—o00

Nk
-dm [ Aol
=x2—x=f0x g (xdt,
which implies
q(x)=2x-1, x€[0,1]. (2.53)

By (2.53), we obtain

i Jkm3  J-3 u‘—%)Z)

. 2.2
(x):= lim nin°|x + -
§ lkl—oco K e mdn o mdw

2-1% 3(;-4H2 23;-1
= lim /73 - /73 - /73 +1+0(1)
|k|—o0 3l’lk3 4nk2 121
2 3 2
== - - Tx+1
3 4 1
=wo(x) —wo(1)x — Hy. (2.54)

Therefore (2.54) shows that

h=g0)=1, and Hy=-g(1)=1. (2.55)
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By (2.53)-(2.55) together with [, qo(£)d = 1, we get

1
Go(x) a':e'4+2g’(x)—(2x—1)2+f (2x—1)2dx+% =x, x€[0,1]. (2.56)
0

Thus the coefficients (gy(x), g1 (x), h, Hy) are reconstructed by (2.53), (2.55) and (2.56).
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