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INVERSE SPECTRAL PROBLEM FOR
THE MATRIX STURM-LIOUVILLE OPERATOR WITH
THE GENERAL SEPARATED SELF-ADJOINT BOUNDARY CONDITIONS

XIAO-CHUAN XU

Abstract. In this work, we study the matrix Sturm-Liouville operator with the separated
self-adjoint boundary conditions of general type, in terms of two unitary matrices. Some
properties of the eigenvalues and the normalization matrices are given. Uniqueness the-
orems for determining the potential and the unitary matrices in the boundary conditions
from the Weyl matrix, two characteristic matrices or one spectrum and the correspond-
ing normalization matrices are proved.

1. Introduction
Consider the matrix Sturm-Liouville equation
-Y"x)+Qx)Y(x) =AY (x), 0<x<a, (1.1)
with the general self-adjoint boundary conditions of separated type
(V)= AlY'(0-BY(0) =0, T(Y):=AY(@+B]Y(@=0, (1.2)

where Y (x) is either an n x n matrix-valued function or a column vector-valued function with
n components, the matrix potential Q(x) satisfies Qx)" =Qx) and every entry in Q belongs
to L?(0,a), A is the spectral parameter, the dagger "+" denotes the matrix adjoint (complex

conjugate and matrix transpose), 0;, denotes the zero matrix or the zero vector, and
1 i .
Aj:E(Uan), Bj:E(Uj—In), ji=12, (1.3)

the matrix U; is unitary, I,, denotes the n x n identity matrix. In order to make the system (1.1)
and (1.2) to be self-adjoint, one can also require the boundary matrices to satisfy [2, 1, 11, 17]

AlB; = BlAj, rank[A; Bjl=n, j=12 1.4)
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or
ta = gt i i -
BlA; = AlB;, AlA;j+BIB;j>0, j=12. (1.5)

It was shown in [1] that the conditions (1.3), (1.4) and (1.5) are equivalent to each other. Here,
for convenience, we use (1.3) in our paper. Denote by L(Q, Uy, U») the problem (1.1) and (1.2).

The A-values for which (1.1) has a non-trivial column vector solution satisfying (1.2) are

called eigenvalues, and the corresponding vector solutions are called eigenvector functions.

The problem L(Q, Uy, U,) with a diagonal potential Q(x) is connected with the spectral
problems on star graph (see, e.g., [4, 6, 10, 20, 21, 27, 29, 31]). The continuity condition and
Kirchhoff’s condition at x = 0 are equivalent to that U; has this form: the diagonal entries are
all —1/3 and the other entries are all 2/3. The separated boundary condition at x = a yields
that U, = —diag{e?'®,...,e*'%} with a j € (0,m]. Some other types of boundary conditions
(such as the d-type condition [18, 25]) are also included here. Many scholars studied the
matrix Sturm-Liouville operator (see 2, 1, 3,5, 7, 8,9, 22, 12, 15, 16, 23, 24, 26, 28, 33] and the
references therein), whereas only a few of them include the problems on star graphs which

are only for noncompact case [2, 1, 15, 16, 26].

The problem considered here is more difficult for investigating. Unlike the case that A;
(j = 1,2) are invertible, I,,v/AsinV/Aa is no longer the global main part of asymptotics for
the characteristic matrix. This causes difficulties in studying the behavior of the spectrum
of L(Q,Up,U,). Furthermore, the boundary conditions (1.3) cause that the Weyl matrix is
no longer O(ﬁ) for large A, which yields that one cannot use the residue theorem as that
used in [32] to prove that the Weyl matrix is uniquely recovered from the eigenvalues and the
normalization matrices. Weyl matrix plays an important role in the spectral theory, which is
from the Weyl function in the scalar case and has been generalized into many cases (see, e.g.,
(14, 30, 31, 33, 34, 35]). In this paper, we give some properties of the Weyl matrix, and show
that the Weyl matrix uniquely determines the potential and the boundary conditions. As a
corollary, we obtain the uniqueness theorems for determining the problem L(Q, Uy, U») from
two characteristic matrices or one spectrum and the corresponding normalization matrices.

The paper is organized as follows. In Section 2, we give some preliminaries, where the no-
tations and some asymptotic estimates of the initial solutions are provided. Section 3 shows
some properties of the eigenvalues and normalization matrices. In this section, we also in-
troduce the so-called Weyl solutions and Weyl matrices, and establish the relations between
the normalization matrices and the Weyl matrices. In the last section, the inverse problem is
considered, where we show that the Weyl matrix uniquely determines the potential and the

matrices in the boundary conditions.
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2. Preliminaries

Let C" be the space of complex column vector with n components. Denote C* = {k € C:
+Imk > 0}, €' =C*uRand Cg :=1{k:0< 8 <argk < m—6}. Let L?((0, a); C"*) be the space of the
column vector-valued functions with each element belonging to L2(0, a). If it does not cause
misunderstanding, we may just use the notation L?(0, ). An overdot used below means the
A-derivative.

Together with (1.1), we consider the following equation
-Z"X)+Z(x0)Qx)=AZ(x), x€(0,a), 2.1

where Z(x) is either an n x n matrix-valued function or a row vector-valued function with
n components. Let [Z;Y]:= ZY'— Z'Y denote the Wronskian. It is easy to prove that the
Wronskian [Z(x, A); Y (x, )] does not depend on x. In addition, if Y (x, 1) is a solution to (1.1),

then Y (x, 1) is the solution to (2.1), where 1 means the complex conjugate of A.
Let ¢(x,1),w(x,A),p1(x,A) and ¥;(x,A) be the matrix solutions to (1.1) with the initial
conditions, respectively,
@0,1) = -¢1(0,1) = Ay, 9'(0,1) =91 (0,A) = By, (2.2)
w(a,A) = -y)(a,A) = Ay, v'(a,A) =y1(a,A) = —Bo. 2.3)
The above solutions are all entire matrix-valued functions of A of order 1/2 for each fixed
x€[0,al.

Using (1.3), (2.2) and (2.3), it is easy to show

[ (x, M) 5w, D] = Ty (D) T (D1 = 1o D) 500 =191 (x5, )01 (6, 1)]1=0,, (2.4)
(1 (x5, D)0, D] = (o, )T =1 (6, V)] = [y (6, D) w6, D] = [ (6, D5 =y (x, 1)] = 142.5)

Let A = k% and A = k2 with —k, k € E+. It is known that ¢(x, A1) satisfies the integral equa-
tion

sinkx +fx sink(x—1)
0

A=A kx+B
@(x,A) 1coskx+ By 2 2

QNe(t,N)dt,

from which it follows that as |k| — coin C,

@(x,1) = Ajcoskx+ By

sinkx +fx sink(x—t)coskt
0

ellmklx
2 - QdtA+0|——|, (2.6

k2

X

¢'(x,1) = —A; ksinkx + By cos kx+f

ellmklx
cosk(x—t)costh(t)th1+O( T ) 2.7
0

Using the formula

sinacosf = %[Sin(a + B) +sin(a¢— B)], cosacospf = %[cos(a + ) +cos(a — B)]
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in (2.6) and (2.7), respectively, we obtain that as |k| = co in C,

sinkx sinkx [* ellmklx
@(x,1) = Ajcoskx+ B; + f Q(r)dtA,+o , (2.8)
k 2k Jo k
, . coskx [~ Imk|x
@ (x,1) = —Arksinkx + Bycoskx + 5 Q(ndtAr+o (e ) 2.9)
0

Lemma 2.1. Let F(x) be an n x n continuous matrix-valued function. Then for all x € [0, al
there hold

1

F(x)Aj[ikAjiBj]_l = O(E), k| = o0, keC, j=1,2. (2.10)
1

F(x)Bj[ikBjiAj]_l = O(E), k| - o0, keC, j=1,2. (2.11)

Proof. We only prove (2.10) for j = 1. The other cases can be proved similarly.

Since (1.3) and U, is unitary, there exists an unitary matrix D such that

= 0
D'A\D = diagi¢1, ..., &, 0n-r} = | :
0 0p—r
r 0
DTBID:diag{Ylw-er’_iIn—r}:: ' . )
0 —il,—,
where &(#0) and y; (j =1, s) are constants.
Denote
DED = fi1(x) fiz(x) ,
f21(x) f22(x)

where f1; is a r x r matrix. It follows that as |k| — coin C,

(ikZ,+T)71 0
0 +il,_,

fll(x)Er 0

D'F(x)A;likA+ By 'D=
f21(x)Er 057

of)

which implies (2.10) for j = 1. O

Remark 2.1. From the above proof, we see that, if we use [ikAjJ_rBj]_lF(x)Aj and [ikBj+
A j]_lF (x)B; instead of the left-hand sides in (2.10) and (2.11), respectively, then the results
may not hold.

Using the formulas

. el(l+e—la
sing= —, cosa=——,
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in (2.8) and (2.9), and noting that (ikA; —B; —% JoQ(n)dtA,) is invertible for large k, we have
that as |k| — oo in Cg,

(-1 Ue—ikx

(v) —
v D=

[In+0(1)](ikA1—Bl—%/ Q(t)thl), x€(0,al,
0

which implies from Lemma 2.1 that

(-1) Ue—ikx

Wy 2) = _
N

[I,+o0(M][ikA; - Bi], v=0,1, x€(0,al 2.12)

Similarly, we also have that as | k| — co in Cg,

—ik(a—x)
) _ € ; _
v (x,A) = W[ln+o(l)] likA>—B,], v=0,1, xe€[0,a), (2.13)
(”)(xﬂt)—ﬂ[l +o(D)][ikB;+Ai]l, v=0,1, x€(0,al (2.14)
()0] ’ - Z(ik)l_v n 1 11, -yl y U], .
) e—ik(a—x) )
v (k,x):—W[Inmun [ikBy+Ay], v=0,1, x€[0,a), (2.15)

3. Eigenvalues and normalization matrices

In this section, we give some properties of the eigenvalues and the normalization matri-
ces. The specifical forms of the normalization matrices are presented in terms of the initial

value solutions ¢ and .

Denote
A=y D0 D1=y0, ) B - (0,1 A = Al (@, 1)+ Bl p(a, V), 3.1)
which is called the characteristic matrix. Then we have
AM ' =-1px, W wx V=9 (a, ) A2+ @(a, 1) B,=Bly (0, 1) - ATy (0, 4). (3.2)

Proposition 3.1. A is an eigenvalue of the problem L(Q, Uy, U>) if and only ifker A(Ay) is non-
trivial, i.e., detA(Alg) = 0. Moreover, any eigenvector function must be ¢(x, 1o)¢ (or y(x, Ag)n)
for some nonzero column vector ¢ € ker A(Ay) (orne kerA(/lg)T ). For the eigenvalue Ay, there is
a bijection £ — n between ker A(Ay) and ker[A(Ag)'] insucha way that @ (x, 19)¢ =y (x, Ao)n.

Proof. If detA(Ay) = 0 for some A € C, then there exists at least one nonzero column vector
¢ e ker A(Ap), namely,

0 = [y (x, A0) T 0(x, A0)é] k=0 = AL ' (0, A0)E + Bl ep(0, Ag)é.
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Note that ¢(x, 1¢)¢ satisfies the left boundary condition in (1.2). Thus, ¢(x, 1)¢ is the nonzero
column solution to (1.1) and satisfies (1.2). This implies that A is a certain eigenvalue of the
problem L(Q, Uy, Us).

Assume that A is an certain eigenvalue, and the corresponding eigenvector function is
w(x, o) which satisfies (1.2). From (1.3), (2.2) and (2.3) we see that {¢, ¢} and {y, ¥} are both
the fundamental solutions to (1.1). Thus, there exist column vectors ¢, ¢1,1,171 € C" such that

w(x, o) = @(x,A0)¢ + @1(x,10)¢1 = Y (x, Ao)n + w1 (x, Ao)N1. (3.3)
Since T; (w) =0, = T>(w), we have
n=Al0'(0,40) = Blw(0,40) ==&1, 0, = Al (1, 10) + Blw(m, o) = -m1. (3.4)
From (3.1)-(3.4), we get

0n = ATy (0, A0)n = Blw(0,A0)n = [p(x, 1o) sy (x, Ao)In = —A(Ae) ',
and
n = Abp' (0, 0)E + BJ (0, 10)¢ = [w(x, Ao) s p(x, 20)1E = A(Ag)E,

which imply, respectively, 0,, # n € ker[A(Ag)'] (the following proposition shows A = 1) and
0, # & ekerA(Ag). Thus, detA(Ag) =0. O

Proposition 3.2. The eigenvalues of the problem L(Q, Uy, U>) are all real. Eigenvector functions
related to different eigenvalues are orthogonal in L?((0, a); C").

Proof. Let A; be an certain eigenvalues of the problem L(Q, Uy, U>), and w;(x) be the corre-
sponding eigenvector functions. From the proof of Proposition 2.1, we see w1 (x) = ¢(x, 1)1 =
w(x,A1)n for some 1,17 € C”. By integration by parts and, and using (2.2) and (2.3), we have

a

fo (] ()" + w1 (0T Q)W (x)dx = fo w1 (0w} () + QW)w; (x)1dx,

which implies

A —)‘Ll)f w1 (0w (0dx=0. (3.5)
0

It follows that if A; # A, then w; (x) = 0 a.e. on (0, @). This is impossible.

Let 1, be a different eigenvalue from 1;, and w,(x) be the corresponding eigenvector
functions. Using a similar method to (3.5) and noting A, = 1,, we obtain

(M1 —Az) f w1(x) Wy (x)dx =0, (3.6)
0

which implies foawl ) ws(x)dx=0. O
Let {A} >0 be all the eigenvalues of the problem L(Q, Uy, U>).
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Proposition 3.3. The inverse of the the characteristic matrix A(A)~! has a simple poles at A j
(j =0), namely,

A = N N O A, A A 3.7)
_/1—/1]‘ 0 ]) ]) .

where N_y,; is a nonzero constant matrix.
Proof. Differentiating (1.1) for Y = ¢ with respect to A and evaluating it at A = A ; yield
—¢" (%, 1)) + Q)@ (x, 1) = A@p(x, 1) + @(x, A ). (3.8)

Premultiplying (3.8) by ¢ (x, A j)T, postmultiplying (2.1) for Z = ¢(x, A j)T by ¢(x, A ), taking the
difference, and integrating on [0, a], we get

fo P, AN o)) =[0" (A P, 1)) — p(x, A )T (x, ANIG
=¢'(a, 1) pla, 1)) - A1) ¢ (a ). (3.9)

Here, we have used the fact that ¢(0,1) =0, = ¢'(0,A) forall A € C.

Let¢ e kerA(Aj) andn e ker[A()Lj)T] such that ¢(x,1;)¢ = w(x,A;)n. It follows from (3.9)
and (3.1) that

a
fo Epln ) o A)Edx =~ A E. (3.10)
Since detA(A;) =0, we have thatas A — A,
A) = AA) +A=ADAMR) +O0(A-1))3), @3.11)
N_p,j N_p+1,j N_y,j
AN = —2L PP T U Ng+O(A—A)), 3.12
) A=Ar T a=app -1, 0+ 0O( ) (3.12)

where {N_g j}f: | are constant matrices and at least one of them is nonzero.

Since AWAWN) ! =1,,, we get thatif p = 2 then
AMAN_p =04 AA)N_ps1,j +AAN_ j =0 (3.13)

It follows that each column in N_ p,j» denoted also by ¢, belongs to ker A(4;). Letn € ker A(A j)T
such that ¢(x, ;)¢ = y(x, A;)n. It follows from nTA()Lj) =0, and (3.13) that

N AQE =0, (3.14)
which implies from (3.10) that ¢ = 0,,. Thus, N_j, ; = 0, if p = 2. The proof is complete. O
Denote

a -1
Cj=P; [ijo o, AN o, A)dxP;+1,-P;| (3.15)
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and
-1

a
Cl,j = Pl,j [Pl’jj(; W(x,/lj)TW(x,/lj)deLj +1, _Pl,j , (3.16)

which are called normalization matrices, where P; and Py ; are the orthogonal projections
onto kerA(A;) and ker[A()Lj)T], respectively, j = 0.

Consider the Weyl solutions ®(x, 1) and ®@; (x, 1) of the problem L(Q, Uy, U,), which satisfy
(1.1) with the conditions T} (®) = I, T>(®) =0, and T3 (D) =0y, To(P;) = I, respectively. Itis

easy to show that the Weyl solutions ® and ®; uniquely exist. Denote
M) := V(@) := Al (0, 1)+ Bl @' (0, 1), M1(1):=V5(@)):= Al @, (a, 1)~ Bl @} (a, ), (3.17)

which are called Weyl matrices. Using (1.3), (2.2), (2.3), (3.1) and (3.2), it is easy to verify

D(x, ) = -wx,A) [A()_L)‘L]_1 =—@1(x,))+@x, )M, (3.18)
M) = -Vi) AT = o) Talp1) = A Tag1), (3.19)
D1 (x,4) = @, VAN ™! = =y (x, 1)+ (x, My (D), (3.20)
Mi(A) = Va(@) AW = Ty ) ' Ti(w) = = [AD T T (). (3.21)

Remark 3.1. From the above discussion, we see that if U; = U, and Q(x) = Q(a — x), then
Ay = Az and By = By, ¢(x,,A) = w(a— x,A). It follows from (3.1) and (3.2) that A(A) = AT,
and so P; = Py j and C; = Cy ;. It also follows from (3.18)-(3.21) that ®(x, 1) = —®;(a— x,A)
and M(A) = —M; (A).

The following theorem gives the relations between the Weyl solutions and normalization

matrices.

Theorem 3.1. For all j =0, the matrices C; and Cy; defined in (3.15) and (3.16) are positive
semi-definite. Moreover, the following equations hold:

Res ®(x,A) = ¢(x,A1;)Cj, Res M(A) = ResV;(®)=Cj, (3.22)
A:/lj Az/lj /I:A]

Res @ (x, 1) = — ,A:)C1i, Res Mj(A) =Res Vo (D)=-Cy ;. 3.23
A:e/ls} 16A) = -y (x,Aj)Cy,j /I:eASj 1(A) A:efj 2(®1) 1,j (3.23)

Proof. We only prove (3.22), and one can prove (3.23) similarly. From (3.7), we have

] Ny
AT = ﬁ+Ng+O(A—Aj), A=A, (3.24)
j
which implies from (3.18) that

1 ATl - t
]F:eAijD(x,ﬂ)— /%Lraljw(x,ﬂ)(ﬂ ANIAA)'] W(x,/l)N_L], (3.25)
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Using (1.3), (3.1) and (3.2), by a direct calculation, one can verify

AUS[p(a,A)+ig (@, APIP; = [iAA))+@(a, A))P; = p(a,A))P;,
{ ~BoUj[p(a, A ) +i¢' (@, AP} = [-AA)+¢' (a,1))1P} = ¢(a,A})P}, 20
which implies from (2.3) that
W(x, ANUS[p(a, 1)) +ip'(0,A))]P; = ¢p(x, 1)) P;. (3.27)
Note that [¢(x, N ¢@(x, )] = 0y,. It follows from (3.26) and (3.2) that
AP UTp(a, A +ig'(a,A)IP; =0, (3.28)
From (3.7) and (3.11), and noting AAAN) L =1, we have
AAPN-1,; =0, Ny AQYT+ N AT =1, (3.29)
It follows from the first equation in (3.29) that P;N_; j = N1 ;, or equivalently,
N', ;Pi=N!, .. (3.30)

Using (3.28) and the second equation in (3.29), together with (3.1), (3.9) and (3.26), we get
Ullp(a,Ap)+ig'(a,A))1P; :NiLjA(Aj)UZT [p(a,Ap)+ig (a,A))]P;
=N', 19/ (@, A" A+ (@, 1)) Ba U [ga, A +ig' (a, 1)) P;
=NT 1@, A p(a, 1) - pa, A ' (a,A)1P;
:—Nflyjfoa<p(x,)tj)*<p(x,1j)dxpj. (3.31)
Going back to (3.27), and using (3.31) and (3.30), we obtain

a
@(x,A))P; = —w(x, )Lj)NILij ot A0 @6, ApdiP; = —y(x, APN' | . F, (3.32)

where Fj = P; foa (t, /lj)T(p(t, Aj)dtPj+I,— Pj, and we have used

il N=nT L —
NI, (I,—Pp =N .—N' P;j=0,

It is obvious that F; is positive definite, and satisfies FjP;=PjF;=P;F;P;. Hence Pij_1 =
F].‘1P =P ij‘lP i = Cj, which is obviously positive semi-definite. It follows from (3.32) that

@, A))Cj = —w(xAPN' |

which, together with (3.25) and (3.19), implies (3.22).

Using a similar method, one can prove (3.23). The proof is complete. O
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4. Inverse problems

In this section, we consider the inverse problem. We will show that the Weyl matrix
uniquely determines the potential and the boundary conditions. Under the additional infor-
mation on the the boundary conditions (see (4.1) or (4.2)), we show that the eigenvalues and
the normalization matrices uniquely determine the potential and the matrices in the bound-
ary conditions. If A; (or Ay) is known to be invertible or to be zero matrix like the cases con-
sidered in [7, 8, 9, 24, 22, 23], then the addition conditions (4.1) (or (4.2)) obviously holds.

However, it is not clear that whether the results hold without these restrictions.

Together with the problem L(Q, Uy, U,), we consider the problem L((j, U, U>) of the same
form but with different Uy, U, and Q(x). We agree that if a certain symbol § denotes an object
related to L(Q, Uy, Us), then 5 will denote an analogous object related to L((j, (71, 172).

Lemma 4.1. If M(A) = M(A) then as |k| — oo ian,

likAy - ByllikA; - B =0, [ikAl- Bl ikAl - B1 = 0(1). 4.1)
If My (A) = My (M) then as |k| — oo in Cg,

likAy - BollikA2 — Bo) ™' = 0(1), [ikA]-BJ17'[ikA] - B]1= 0. (4.2)

Proof. We agree that the following "o(1)" and "O(1)" are under |k| — oo in C3. With the help
of (2.12) and (3.1), we get

e—ika
A = S— [ikA;-Bg] [, +0()][B; — ikA;]. 4.3)
2ik
It follows from (2.14) and the last equation in (3.19) that
M) = [ikAl—Bl]_l[In+0(1)][A1+ikB1]. (4.4)
Similar, we also obtain

M;(A) = —[ik Ay — Bo] " I, + 0(1)][As + i kBs). (4.5)

We only prove (4.1) with the help of (4.4). Using (4.5), one can also prove (4.2).
Since (4.4), and M(A) = M(A), we have

[ikAy - B11 7 (I, + o)][Ay + ikBy] = [ik A, — B1] 7' [I, + o)][A, +ikBy],
which implies

I,+0Q) =[ikA; —Bl[ikA; — By] ', + o(D][A; + ikBy][A; + i kB L. (4.6)
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Since A; and By has the form of (1.3), there exists an unitary matrix N such that

+ et e210s 41 900
N'"A|N =diag 2 ey 2 ,It,Op =10 1I; 0{,
0 00,
. . I's0 O
N B RGN R T AL ) , s
N'B; N =diag 3 e > 0 =il =100, 0 |,
00 -ilp

where Hj € (0, Z)uU(%,n) and s+ t+ p = n. The similar equations hold for A~1 and El with éj, 5t
and p satisfying $+ 7+ p = n. It follows that

[ik0,-T, 0 0 (ik®;-T9' 0 0
likA,—BillikA,-B1"' =N| 0  ikI, 0 [N'N 0 -ik7'L o |NT, @7
|0 0 il, 0 0 -ily
(©:+ikT50 0 ©s+ik[)~ 0 0
(A +ikB[A +ikB))]"'=N| 0o I o [N'N 0 I, o |N' (4.8)
0 0klp 0 0 k71,

Letus firstshow s =5, =, p = p. Indeed, taking the determinants on both sides of (4.6),
and using (4.7) and (4.8), we see that
=7 p-p

k
kp—ﬁ = O(l), kl’—? = O(l)»

which implies ¢ - T= p — p. Since (4.4), we have

(ik®;-Ty)™ 1 0 0 O;+ikl's 0 0
N M)N = 0 —ik7'1, 0 | [,+o0(1)] o I, 0. (4.9)
0 0 —il, 0 0 kI,

Letting |k| — oo in (4.9) for k € C}, we get that the rank of the limit of the matrix M (1) k~lis p.
Since M(A) = M(ﬂt), we conclude p = p,andso t = fand s=3.

Denote
ni1 N2 N3
N'N:= | ny1 ngo nos |,
n31 N3z nss

where 111, n2o and nss are, respectively, s x s, £ x t and p x p matrices. Then we have

N'likA, - BllikA, - Bi]”'N
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[(1k©s —Ty)ni1 (ikOs—Tyniz (ikO;—Tnms| [((kO:=T9 1 0 0

= ikny ikngo iknos 0 —-ik'; 0

ins ingy inss 0 0 —ilp

[(1k©; — T n11(ikOs—T9) ™! =ik~ (ikOs—Ty)niz —i(ik®;—Ts)nis

= ikny (ik®;—T3)™ ! N2 knos3 , (4.10)
in31(ik®@s—T7™! k™1ns; n33

and
NT[A, +ikBy][A; +ikBy] "' N
(@5 + ikTon!, @5+ ikTn), @s+ ikTonl,| [©s+ikT)1 0 0

= nl, nl, ni, 0 Iy 0
knl, knl, knl, 0 0 k7',
(O +ikT9n! | (O +ikT) "L @5 + ikT9nd, k1O +ikT9n,
= nJ{Z(@s +ikly)! ”gz Ic_lng2 . (4.11)
knl,(©;+ikTy)™! knl, ni,

Together with (4.6), (4.10) and (4.11), and letting | k| — oo in Cj, we get n13 = 0,721 = 0, 1123 =
0, which implies from (4.10) and (4.11) that [ikA; — BillikA; — B;1"! = O(1) and [ikAI +
BI] [i k}ﬂ + §I] ~1 = 0(1), respectively. Using a similar method, one can prove the equations in
(4.2). The proof is complete. O

Theorem 4.2. Ifeither M(A) = M(A) or Mi(A) = My (M), then Uy = Uy, Us = Us and Q(x) = Q(x)
a.e. on|0,a)l.

Proof. We only give the proof for M (1), and the proof for M;(A) is similar. Using (2.13) and
(3.2), we get

e—ika
2ik
which implies from (2.13) and (3.18) that

AT =

(Bl —ik A1, + 0] [ikAz—Ba], |kl—o0, keCj, (4.12)

oW (x, 1) = (i) e ™[I, +o[ikA] - B!, xel0,@), v=12. (4.13)

Using (2.4) and (2.5), it is easy to check that
[p(x, )T 0(x, )] = =[x, )50, )] = I, [@(x,)T;@(x,1)] =0,,. (4.14)

This, together with (2.4), implies that

@' (x, )T —d(x, 1)
-0 MY e T |

px, 1) D(x,A)
@' (x, 1) D' (x, 1)

(4.15)
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Define the 2n x 2n matrix

Pux,) P )| _ o) @) | [ & | @16
Po1(x,A) Poa(x, )| @', 1) @' (x, D) | | @' (x, 1) D' (x, 1) '
Using (4.15) in (4.16), we get
P11, A) = o, VP (x, ) =0 (x, V@' (x, 1), w1
Pra(x, 1) = D(x, VP x, D) = px, VB (x, 1), '
It follows from (4.13) and (2.12) that as |k| — oo in Cg,
P11(x, 1) =% (I, +oM][ikA; —ByllikA; - B] " [I,, + o(1)]
+ % [ +oM][ikA] - B ik AT - B1(1,, + o(1)), (4.18)
1 .
Pia(x, ) =5 [+ 0(1) lik Al - B [ik AT - BN (1, + 0(1)]
- ﬁ (I, +o0)[ikA; — B1llikA; — Byl ' I, + o(D)]. (4.19)
On the other hand, using (4.14) and (3.18), we have
M) =M. (4.20)

Substituting (3.18) into (4.17) and using M(A) = M(A) and (4.20), we obtain

{Pu(x, ) = =, V@) 6, W+ 01 (6, VP (x, V)T,
P12(x,A) = =1 (6, D@, W)+, M1 (x, D),

which implies that Py, (x, 1) and P2 (x, A) are both entire functions of A of order 1/2. Note that
when k € Cg, we have 1 € {A € C:arg € [26,27m —20]}. From Lemma 4.1, we see that

1
Pr(x,A) =0Q), Plz(x,ﬂ)=0(E), |k| = oo, keCj.

Thus, by the Phragmén-Lindel6f theorem, we conclude Pp; (x, 1) = C and P;»(x, 1) =0, which
implies from (4.16) that ¢(x,A) = Cp(x, 1), here C is some constant matrix. Using (1.3) and
(2.2), we have
Ur+1,=CUO +1p), Ui—I,=CWU -1y,

which implies that C = I, and U; = (71. Thus, p(x,A) = @(x,A) and Q(x) = G(x) a.e. on (0, a).
It follows from (4.16) that ®(x, 1) = ®(x, ). Using the fact that Tg (@) = 0, = T»(®), together
with (1.3), we obtain that

(U] - UD1@'(a,1) - id(a, 1)] =0, (4.21)
It is easy to show that the matrix ®'(a, 1) — i®(a, A) is invertible (cf. [26]). Thus, U, = (72. The
proofis finished. O
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Corollary 4.1. The characteristic matrix of the problem L(Q, U, U>), together with the char-
acteristic matrix of either the problem (1.1) with the boundary conditions T»(Y) = 0, and
Vi(Y) = 0, or the problem (1.1) with the boundary conditions T\ (Y) = 0, and V,(Y) = 0y,
uniquely determines the unitary matrices Uy and U, and the potential Q(x) a.e. on [0, a], where
T;(-) and V;(-) are respectively defined in (1.2) and (3.17), j =1,2.

Theorem 4.3. Ifforall j=0,1; = /Tj and either Cj = Cj and (4.1) holds or Cy,j = 61,]- and (4.2)
holds, then Uy = (71, U, = 172 and Q(x) = Q(x) a.e. on [0, al.

Proof. We only prove this theorem for C; and omit the proof for C; ;. From (4.17), we see that
P11(x,A) and P2(x, A) are analytic in A € C except for the simple poles {1} j>o. Since C; = C j
for j = 0, by Theorem 3.1, we see that (4.17) implies

=4

%{_ells P12(x, 1) = (6, A)Cip(x, A" = p(x, A))Cip(x, 1)) = 0,
=A;

It follows that P11 (x, 1) and P1y(x, 1) are entire matrix-valued functions of A. Following the

proof of Theorem 4.1, we finish the proof of this theorem. a

Acknowledgements

The author acknowledges helpful comments from the referee. The research work was
supported by the Startup Foundation for Introducing Talent of NUIST.

References

[1] T. Aktosun, M. Klaus and R. Weder, Small-energy analysis for the self-adjoint matrix Schrodinger operator on
the halfline, J. Math. Phys., 52 (2011), 102101.

[2] T.Aktosunand R. Weder, High-energy analysis and Levinson’s theorem for the self-adjoint matrix Schrédinger
operator on the half line, J. Math. Phys., 54 (2013), 012108.

[3] N.P. Bondarenko, Inverse scattering on the line for the matrix Sturm-Liouville equation, ]. Differential Equa-
tions, 262 (2017), 2073-2105.

[4] N.P Bondarenko, A partial inverse problem for the Sturm-Liouville operator on a star-shaped graph, Analysis
and Mathematical Physics, 8 (2018), 155-168.

[5] N. P. Bondarenko, An inverse problem for the non-self-adjoint matrix Sturm-Liouville operator, Tamk. J.
Math.,, 50 (2019), 71-102.

[6] S.A. Buterin and G. Freiling, Inverse spectral-scattering problem for the Sturm-Liouville operator on a non-
compact star-type graph, Tamk. J. Math., 44 (2013), 327-349.

[7] R.Carlson, An inverse problem for the matrix Schrodinger equation, J. Math. Anal. Appl., 267 (2002), 564-575.

[8] T.-H. Chang and C.-T. Shieh, Uniqueness of the potential function for the vectorial Sturm-Liouville equation
on a finite interval, Boundary Value Problems, 40 (2011), 8pp.

[9] D. Chelkak and E. Korotyaev, Weyl-Titchmarsh functions of vector-valued Sturm-Liouville operators on the
unit interval, Journal of Functional Analysis, 257 (2009), 1546-1588.



(11]

(12]

(13]

[16]

(17]

(18]
[19]

(21]

(22]

(23]

[26]

(27]

(28]

INVERSE SPECTRAL PROBLEM FOR THE MATRIX STURM-LIOUVILLE OPERATOR 335

Y. H. Cheng, Reconstruction of the Sturm-Liouville operator on a p-star graph with nodal data, Rocky Moun-
tainJ. Math., 42 (2012), 1431-1446.

Y.-H. Cheng, C.-T. Shieh and C. K. Law, A vectorial inverse nodal problem, Proc. Amer. Math. Soc., 133 (2005),
1475-1484.

G. Freiling and V. A. Yurko, Inverse Sturm-Liouville Problems and Their Applications, NOVA Science Publish-
ers, New York, 2001.

G. Freiling and V. A. Yurko, An inverse problem for the non-selfadjoint matrix Sturm-Liouville equation on the
half-line, J. Inverse Ill-Posed Probl., 15 (2007), 785-798.

G. Freiling and V. A. Yurko, Inverse problems for Sturm-Liouville operators on noncompact trees, Result. Math.,
50 (2007), 195-212.

M. S. Harmer, Inverse scattering for the matrix Schrodinger operator and Schrédinger operator on graphs with
general self-adjoint boundary conditions, ANZIAM J., 44 (2002), 161-168.

M. S. Harmer, Inverse scattering on matrices with boundary conditions, ]. Phys. A: Math. Gen., 38 (2005) 4875—
4885.

V. Kostrykin and R. Schrader, Kirchhoff's rule for quantum wires, J. Phys. A: Math. Gen., 32 (1999), No.4, 595-
630.

P. Kuchment, Quantum graphs. I. Some basic structures, Waves Random Media, 14 (2004), S107-S128.

B. M. Levitan and I. S. Sargsjan, Introduction to Spectral Theory, Nauka, Moscow, 1970; English transl.: AMS
Transl. of Math. Monographs. 39, Providence, RI, 1975.

V. N. Pivovarchik, Inverse problem for the Sturm-Liouville equation on a simple graph, SIAM J. Math. Anal.,
32 (2000), 801-819.

W. Rundell and P. Sacks, Inverse eigenvalue problem for a simple star graph, J. Spectr. Theory, 5 (2015), 363—
380.

C.-L. Shen, Some inverse spectral problems for vectorial Sturm-Liouville equations, Inverse Problems, 17
(2001), 1253-1294.

C.-L. Shen and C.-T. Shieh, Two inverse eigenvalue problems for vectorial Sturm-Liouville equations, Inverse
Problems, 14 (1998), 1331-1343.

C.-T. Shieh, Isospectral sets and inverse problems for vector-valued Sturm-Liouville equations, Inverse Prob-
lems, 23 (2007), 2457-2468.

E Visco-Comandini, M. Mirrahimi and M. Sorine, Some inverse scattering problems on star-shaped graphs, J.
Math. Anal. Appl., 378 (2011), 343-358.

X.-C. Xu and C.-E Yang, Determination of the self-adjoint matrix Schrédinger operators without the bound
state data, Inverse Problems, 34 (2018), 065002 (20pp).

X.-C.Xu and C.-E Yang, Inverse scattering problems on a noncompact star graph, Inverse Problems, 34 (2018),
115004 (12pp).

C.-E Yang, Trace formula for the matrix Sturm-Liouville operator, Analysis and Mathematical Physics, 6
(2016), 31-41.

C.-E Yang, Inverse spectral problems for the Sturm-Liouville operator on a d-star graph, J. Math. Anal. Appl.,
365 (2010), 742-749.

C.-E Yang and V. A. Yurko, Recovering differential operators with nonlocal boundary conditions, Analysis and
Mathematical Physics, 6 (2016), 315-326.

V. A. Yurko, Inverse nodal problems for Sturm-Liouville operators on star-type graphs, J. Inverse Ill-Posed
Probl., 16 (2008), 715-722.

V. A. Yurko, Inverse problems for the matrix Sturm-Liouville equation on a finite interval, Inverse Problems,
22 (2006), No.4, 1139-1149.

V. A. Yurko, Inverse problems for matrix Sturm-Liouville operators, Russian Journal of Mathematical Physics,
13 (2006), 111-118.

V. A. Yurko, Inverse spectral problems for Sturm-Liouville operators on graphs, Inverse Problems, 21 (2005),
1075-1086.



336 XIAO-CHUAN XU

[35] V. A. Yurko, Method of Spectral Mappings in the Inverse Problem Theory, Inverse Ill-posed Probl. Ser., VSB,
Utrecht, 2002.

School of Mathematics and Statistics, Nanjing University of Information Science and Technology, Nanjing, 210044,
Jiangsu, People’s Republic of China.

E-mail: xcxu@nuist.edu.cn


mailto:xcxu@nuist.edu.cn

	1. Introduction
	2. Preliminaries
	3. Eigenvalues and normalization matrices
	4. Inverse problems
	References

