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INVERSE PROBLEM FOR STURM-LIOUVILLE OPERATORS
ON A CURVE

ANDREY ALEXANDROVICH GOLUBKOV AND YULIA VLADIMIROVNA KURYSHOVA

Abstract. The inverse spectral problem for the Sturm-Liouville equation with a piecewise-
entire potential function and the discontinuity conditions for solutions on a rectifiable
curve y c C by the transfer matrix along this curve is studied. By the method of a unit
transfer matrix the uniqueness of the solution to this problem is proved with the help of
studying of the asymptotic behavior of the solutions to the Sturm-Liouville equation for
large values of the spectral parameter module.

1. Introduction and main results

Inverse problems for the classical Sturm-Liouville equation
u"(2)+(Q2) ~ A u(z) = 0 (1)

in the case when z is real are well studied in various statements [1, 2, 4, 3, 5, 6]. Inverse spectral
problems for the Sturm-Liouville equations with three independent complex-valued coeffi-
cients appear in the spectroscopy of planar inhomogeneous media [7, 8]. These problems
have not been studied enough [9].

The Sturm-Liouville equation with three independent coefficients on a line segment can
be transformed into the classical Sturm-Liouville equation on a curve in the complex plane
by corresponding substitution [10]. Such a transformation could be one of the effective meth-
ods for studying the inverse problems for the Sturm-Liouville equations of different forms on
asegment [11]. Unfortunately, even the direct problems for the Sturm-Liouville equations on
curves are studied in very limited cases [14, 15, 11, 12, 13]. Up to recently among the inverse

problems on curves only the problem of monodromy-free classical Sturm-Liouville equations
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with a integrable potential function on a piecewise smooth closed curve, which is the bound-
ary of a convex bounded domain, has been studied quite fully [16]. However, the requirement
of convexity of a closed curve significantly limits the scope of possible application of the re-

sults obtained in [16].

The first results in removing restrictions on the shape of the curve when considering the
classical Sturm-Liouville operators on the curves were obtained in the paper [17] by constric-
tion of the potential functions class under consideration to piecewise-entire functions, i.e.,
functions that on different parts of the curve coincide with different entire functions of the
complex variable z almost everywhere . This constriction allowed to set the inverse prob-
lem of recovering of the potential function in the classical Sturm-Liouville equation on an
unspecified continuous rectifiable curve of arbitrary shape (including self-intersecting) from
given column or row of the transfer matrix and to formulate the conditions for the unique-
ness of its solution. For this purpose, along with the traditional study of the asymptotic of
solutions to the Sturm-Liouville equation at a large value of the spectral parameter module,

the unit matrix method was used for the first time.

In this paper, the results obtained in [17, 18] are partially generalized to the case where
on an arbitrary continuous rectifiable curve y there exists a finite number of points at which
the solution to equation (1) with piecewise-entire potential function Q and/or the solution
derivative along the curve undergo discontinuities independent of the spectral parameter
p := A2. The case when the curve, the potential function, the position of the solution jump

points on the curve and the transition matrices in them are unknown is considered.

A 10} . 1 0
Denote: I := ,03:= .
01 0 -1

Let a piecewise-entire function Q is defined on a continuous rectifiable curve y < C,
which specified parametrically by the function z = V(¢) (¢ € [f, trl), and points are given at
which the solutions to classical Sturm-Liouville equation (1) and (or) their derivatives have

discontinuities independent of the parameter p := A2.

In other words, let the potential function Q be bounded on the curve y, and there exist

an integer N = 0 and a set of numbers T = {t;}}"" : tp < t; <... < ty41 = 1 such that

Q) % Qm(2), for 2=V (1), t € [ty tyns1] (M=0,N), @)

where all Q,, are entire functions. Furthermore, let the functions u(z) and u'(z) satisfy the
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discontinuity conditions at the points z; := V(¢;) (j =0, N +1) of the curve y:

u(V(to))
u'(V(to))

()]

)

u(V(t+0))
u'(V(ty+0))

u(V (1 +0)) u(V (£, —0))
W (V (1, +0)) W' (V (£, = 0)
( u(V (tn+41) ) _ yven [ 40V (i1 =0) )

W (Vitne) | w(V(tns1—0)

—»n)

(n=1,Nfor N>1), 3)

where transition matrices f)(j) (j = 0,N+1) are independent of the spectral parameter p.
Moreover, if N = 1, then the following conditions are valid for any numbers n € {1,..., N}:

A" #Tor(and) Q, # Qu-1 (n=1,Nfor N=1). )

Definition 1. If the conditions (2) and (4) are valid, equation (1) considered on the contin-
uous rectifiable curve y, supplemented by the conditions (3) of solution discontinuities, will
be called equation of class D on the curve y, and the points z; = V(¢;) (j = 0,N+1) — the
characteristic points of the curve y and equation (1) of class D on the curve . In this case, the
ordered set

W :={N,{z;, 171 {Qmip'} (5)

will be called the set of characteristic data of the curve y and equation (1) of class D on y.

Note that the prime symbol in equation (1) and further denotes the derivative with re-
spect to z along a certain rectifiable curve y given parametrically by the function z = V (1),
i.e., it is assumed that f'(z) = f'(V (1)) := limg_o[f(V(t +8)) — F(VNI/[V(t+6) = V(H)]. In
addition, in the relations (3) f(V(z£0)) :=lims_¢ 550 f(V(££0)). It is easy to make sure that
if the function f(z) is analytic in some domain of the complex plane, then at any point of
that domain it has derivatives along any rectiable curve passing through this point, and these
derivatives coincide with each other and are equal to the usual derivative d f(z)/dz of the
function f(z) at this point.

We emphasize that if the curve y has points (parts) that are passed more than once, that
is, correspond to two or more values (intervals of values) of the parameter #, then such points
(parts) differ in the order of passage, and geometrically coinciding curves with different order
of passage of the parts are considered different.

Definition 2. We will call u(z) the solution to equation (1) of class D on a curve y if the func-
tion u(z) satisfies equation (1) almost everywhere on v, is continuously differentiable at all its
points except possibly characteristic, and satisfies all jump conditions (3).
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Definition 3. Let u;(z), us(z) be solutions to equation (1) of class D on a curve y with charac-
teristic points z; (j =0, N + 1) and

ui(zp) = 1, Uy (2) =0, uz(2p) =0, up(zp) = 1 (zp €y, 2 ¢ {2} for N=1). (6)

The transfer matrix of equation (1) of class D between points z; and z of the curve vy is said to

be the matrix
u1(2) uz(z)

P(y,z,zp) =
V2% 2 (u'l(z) Uy (2)

) (zey, zet{zj}Ilvfoer 1).

The transfer matrix between the start and end points of the curve will be called the transfer

matrix along this curve.

Definition 4. The set of characteristic data (5) of equation (1) of class D will be called regular
if detA® # 0, det7yV*Y # 0, and the following conditions are met

deti™ =1, 7" ¢ {+if3} (n=1,N for N>1), @)

AZp = 2Zms1—2m #0 (m=0,N). 8)

Definition 5. A curve y is called regular if equation (1) of class D with a regular set of charac-
teristic data is given on .

Theorem 1. Each element of the transfer matrix P of equation (1) of class D on a regular curve
is entire function of parameter p of order 1/2 and of normal type.

Theorem 1 is proved in Section 3

Definition 6. The regular set of characteristic data (5) of equation (1) of class D will be called
standard if det7® = 1, #¥) ¢ {+i63} and the following conditions are met

RNy >0, 31120 or ' =0, R >0, 3D} =0 (n=0,N). 9)

Lemma 1. If the matrices f) and )1 satisfy the conditions (7) and (9), then the matrix f]lf]_l

satisfies the conditions (7).

Proof. By virtue of the first condition in (7) we have: det(717~') = det#; / detf) = 1.
Suppose that 17117‘1 = +i03 and hence 7)) = +i63f), i.e,, N1,11 = £iN11, N1,12 = £iNy2. But
the last two relations contradict the fact that both matrices 7) and #); satisfy the conditions (9).

This contradiction proves the Lemma. O

Definition 7. A curve with a given equation (1) of class D with standard set of characteristic

data will be called the standard one.
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The following Theorem contains the main result of the paper.

Theorem 2. Let two equations (1) of class D have, respectively, standard sets of characteristic
data WO, W and transfer matrices PV, P® along two curves yV, y® with a common
starting point. Then P (p) = P®) (p) ifand only ifw® = w®,

The proof of Theorem 2 is given in Section 4

2. Asymptotics of the transfer matrix along a regular curve

Lemma 2. The elements of the transfer matrix P of equation (1) of class D along the curvey are
uniquely determined by specifying the set of characteristic data (5) of this curve; they are entire

. N+l ‘
functions of the spectral parameter p (p = A?); detP = [] detq')) and
j=0

where P := lims_g 550 P(y, V(tms1 — ), V(tm + ) (m € {0,..., N}) is the transfer matrix of
equation (1) between points z,, and z;,+1 of the curvey in the absence of solutions discontinu-
ities. If, moreover, deti’’ #0 (j =0, N + 1), then

P(y, ZN+1,20) =

U (2) —uz(Z))

P(r,20,2) = P71 (y,2,20) =
(7, 20, 2) (7, 2, z0) (_ull(z) u1(2)

Proof. Let u(m) (2) (@ €{1,2}, me{0,..., N}) be entire solutions to the auxiliary Sturm-Liouville

equation
d2 u(m)
dz2
with initial conditions (6) at the point z,,. We define the functions U(S)(Z) (sef{-1,0,...,N}
and v(p ) (2) (pe{-1,0,..., N—1}) by the following recurrent relations

+Qm-2Hu™ =0 (z€C) (11)

vi V(@) = ul (2),
~(m_1)(z) l(xm 1) (Z)
< ~(m 1) (Z) = f](m) dU((xm_D (Z) (m € {0; ey N})r (]_2)
dz dz

d~(m—1)
b (2) = B g™ (g + L B
dz z=2zp

Then, if y,, (m €{0,..., N}) is a part of the curve y connecting the points z;, and z;,+1, then,

(m)
u, (2).

by definition 1, 2, the functions u,(z), such that

u1(zo) = 1, uy(z0) = 0, uz(z9) =0, uy(z9) =1,
Uue(2) := v{"(2), Z€ Ym\Mam Zms1} (MeEO,..., N},
oY)
ua:(ZN+1) _ a(N+1) 1(/]6\[[) (ZN+1)
/ =n dvy '’ (2) ’
Ug(ZN+1) —a =
dz Z=ZN+1

13)
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are solutions to equation (1) of class D on v, satisfying conditions (6) at the point zy. Then
formula (10) follows from definition 3 of the transfer matrix and relations (12), (13), and the
remaining statements of Lemma 2 follow from (10) and the corresponding properties of solu-

tions to linear differential equations with holomorphic coefficients [14] (§2, 24). a

Lemma 3. Forany me {0,...,N} and K € N, there exist positive numbers A, x, Cig)K and two
continuously differentiable solutions Ff_rnl? (z,A) to corresponding equation (11), which for all

A # 0 and z € C can be represented as:

FY = C(z,A) expl£A(z— zm)}, i =+AER (z, ) exp{t Az —zp)},  (14)
C(’I’?(z,/l) = 1+I§1 J_r—)k mk(z)+%, (15)
E(m) 1 gl il)k(c o+ dcm;;(Z)) H(:;(fl /1)’ 16)
where B(m) (z,A), H(m) (z,A) and all C, 1.(2) are entire functions of z, Cy,0(2) := 1,
Conk(Zm) =0, dfi’:" = —% (% + Qm(z)cm,k_l(z)) (k=T1,K). a7

Moreover, if Al = Ak, then F(m (z,A) are linearly independent solutions to equation (11) in C
and the following inequalities are valid for any z € Ly, (L, — the line segment connecting the
pOInts z,, and z;,41):

IBYR (2, M= Cl e, IHIQ (2, M) < Cl . (18)

Proof. Formulas (14) — (17) are checked by substituting into (11), and estimates (18) on the
line segment L, follow from the well-known results on asymptotic expansions of solutions to
equations of the form (11) on a segment of real axis for large values of the parameter A [19].00

The symbols O(1) and O(1) denote, respectively, the functions and matrices of the func-
tions of the parameter A, the form of which is not important to us, bounded for |A| > A,

where A, is a finite value different for different functions and matrices.

Lemma 4. Let P(y,zy1,20) be the transfer matrix of equation (1) of class D along the curve
Y with the set of characteristic data (5) satisfying conditions (7). Then there exists an integer
Ko = 2 such that for any integer K = Ky there exists a finite number Ax > 0 such that for || = A g
the matrix P can be written as

P(y, zn41,20) = gD CH PN FIN-D 7@ 7O 7O JO70) (19)
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where T© := [ (unit matrix),

R AE® (z,1) C%.(20,7

A(O) — _ :to) (_OI)<(Z0 ) _(KO)(ZO ) ’ (20)
DK AE+K(ZO»/1') —C+K(Z0, A)

(N) (N)

o C+(I§D(ZN+1,/1)exp(/1AzN) C_IEAE)ZNH’MeXP(_AAZN) , -
AE g (zn+1,A) exp(AAzy) —AE "} (zn+1,A) exp(=AAzy)
(n) (n)

. t ANzy ) t ANz, E—

T .= %;)eXp( an-1) (‘n)eXp( V) (=T NforNz1), 22)
1, exp(AAzy-1) 1,7 exp(-AAz,-1)

Here Az, (m =0, N) are defined in (8), D' = —A(C"*) (20, ) E¥) (29, 1) + C) (29, ) E%) (20, 1))
=-2A(1+0()/A) #0, andif N = 1, then for t{'l), tﬁ_r") (n=1,N) the followingrelations are valid:

(n)

1 0@ 1 oM mny (1 0Q)
hY =4 A5+ )+( i ;’Q)(T P )i 1 (T A ) @
(n)
1 oM)_ny7 (1 0Q)
iT](ln)A E+T)+%(§+T)+

1 o1 .
tin) = +(n(17i)_n(21é)) E+%)’ f](n) #1: (24)

1\t o) . .

Rl G o

where the integers my, € [0, Ko — 2], the complex numbers 0, # 0 and don’t depend on A.

Proof. By Lemma 3, for any integer K € N and m € {0,..., N} there exist numbers A,, x > 0
such that for |A| = A, x the solutions ugm) (2), uém) (z) to corresponding equation (11) can be
represented as a linear combination of functions Ff_r’? (z,A). Therefore, for

Al = Ak = max{d,, x,m = 0, N}, formula (10) can be written as (19), where the matrices
TW(n=1,Nfor N=1), A®, C) satisfy formulas (20) — (22), and

DY := —MCY (2, ME"Y (2, 1) + C"% (20, VE (2, M),

1" ¢ _ 1 C" (2, VT CUV (2, T +O(1) o5
i " | W CV (2, M CUY (2, M | AR

T = (£ 0 @ ) + A0 0l ) + Aol @ £, @6

T = (200 0D @l ) + A0 ol ) - Aol V@ T, @D

E(n) (z,A) 1
(irg =1+ O(z) (z€{zp, zp+1}). #6)
Cix(z ) A

9l () =

The last equality follows from relations (15) — (18) with K = 1. From formulas (15), (16), (18)

we also have:
o)

DY =21 1+T)¢0 (m=0,N). (29)
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Taking into account conditions (7), we obtain that for N = 1 substitution of formulas (26) —
(29) into relation (25) fully proves formula (23), as well as formula (24) for the case f](") £1
(nefl,...,NY. If f](") = [, then by definition 1 (by virtue of (4)) Q, # Q,-1, and relation (24)
follows from the comparison of formulas (19), (20) of paper [17] with formulas (22), (24) of
this paper. O

Note that the numbers m, and §, included in formula (24) for the case f](") =l (n=
1,N for N = 1) are equal, respectively, to the minimal order of the derivative of the potential
function along the curve vy, which has a jump at the point z,, and the magnitude of this jump
([18], formulas (18), (19))

Lemma 5. Let detf© # 0, deti!™*V # 0. Then the elements Cn ) e (L2} and a ﬁ (x €

{1,2}), respectively, of the matrices C(f Vo= gD WD gnd AY = AO7O for large values of the
parameter A can be represented as

() = exp{~(-1)"AAzy} |n @D 1+—O;1))—(—1)Vn(cﬁ\2’+”/1 1+—(1))]7£0(v€{1,2}), (30)
s o)) (=¥ o(1)

a® g 0)

nKﬁ()L) > (1+_)L )——2/1 172ﬁ(1+—)L );éo (x €{1,2}). (31)

Proof. Taking into account Lemma conditions and relations (15), (16), (18), we find that for-
mulas (30) and (31) follow from formulas (21) and (20), (29), respectively. O

We denote (N + 1)-dimensional vectors by letters with an arrow on top, and their scalar

product by round brackets. For example Az := (Azg, Az, ..., AzN); s := (a(()s),a(ls),..., ax)),

where a(s) €E{x1}(m=0,N), s=1+ Z 1+ a(s))Zm 1 ie, se{l,...,2N"1} (as in the binary
o

number system); (('is,Az): Z a(s)Azm.

The following corollary can be obtained from Lemmas 4, 5.

Corollary 3. Lety be a regular curve. Then, under the conditions of Lemma 4, for K = Ky and

|Al = Ak, all elements of the matrix P(y, zy+1, z0) can be written as:

2N+1

Pag = Z dyy(Vexp(Ahs)  (a,fei1,2)). (32)

s=1

Here the coefficients hg := (Ex s Fz) don’t depend on A and functions d;‘% (A) can be represented

as:
m®
dyy(V) = () "55}5(1 O”);éo (a,fe{l,2},s=1,2N*1),

where integers m(% [-N -1, NKy + 11, complex numbers 6 ExS)ﬁ # 0 and don't depend on A.
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The part of the exponential functions in the right-hand sides of equalities (32) may coin-
cide, and the question arises: are not the exponential functions that are most rapidly growing
with increasing |1| mutually destroyed in (32)? The negative answer to this question for the
elements of the transfer matrix of equation (1) of class D along a regular curve is given by
Lemma 6, similar to Lemma 4 of the paper [18].

Lemma6. Leth,,,, ;= max{|h|,s =1,2N*1}, wherehs = (&S,Ez). In this case there exist at least
two different numbers sy € 11,...,2N*1} such that |h,| = hymayx, and if Az # 0, then hpax > 0.
Moreover, if conditions (8) hold, then the inequality hy, # h; is valid for any coefficient hy, such

that |hg)| = hiayx and for any number s € {1,...,2N+1}\{SQ}.

3. Proof of Theorem 1

By the condition of the Theorem 1, the curve v is regular. Corollary 3 and Lemma 6 im-
ply that in this case there exists at least one straight line passing through zero of the complex
plane of the parameter A (and therefore, at least one ray going out of the zero of the complex

2N+l summands in (32) for each ele-

plane of the spectral parameter p), such that among the
ment of the matrix P there exists exactly one summand having for A — co (p — o) along this
line (ray) the greatest exponential growth with exponent £, > 0. Therefore, each element of
the transfer matrix P along a regular curve is entire function p of order 1/2 and of the normal

type [20] (Chapter I, §1).

4. Proof of Theorem 2

WO =w® then PV = p? by Lemma 2.
Let PV = p@ and w® .= {N(” {Z(l) A ]) N<1>+1 QW N(“}
w® .= {N(Z) {z. A(]) N(Z)“,{Qm }N( )}. Since the curves Yy and y® are standard, then

detn 20 (j=0, N(U +1) and det# A(] #0(j =0,N® +1). Therefore, by Lemma 2, the transfer
matrix of equation (1) of Class D along the curve y obtained by successive walk first over the

curve y(!) from the point ZU to the point zy, and then over the curve y® from the point z,

N(l) 1

to the point z% will be equal to

N(ZJ %
B = v D pIv N ~-15§0)17(0)( ) (p(O))‘l._.(ﬁ(N‘”))‘l -
(piNm)) l(ﬁ(lN”H)) ! = p@(p)y-1,
On the other hand, by assumption PW = p@ and hence P =1.

By the condltlon of the Theorem 2 z(l) = z(()z) = z9. Therefore, there exists an integer

ip = 0 such that zl. = zgl) =z (i = 0, io), Q(Z) Qil), T’(zl) (1i) (i =0,ip—1 for iy = 1), and
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if iy < min{N"Y, N®}, then the ordered sets {z(z) Q. ,n(zl")} and {z Q(l),n("’)} are differ-

ig+1’
ent. Further, for definiteness, we assume that NV < N (2).

ip+1’

Suppose that ip < N A and the ordered sets {ng),n(zlo }and {le),n(llo } are different. Then
ﬁéi) = 155") (i =0,ip— 1 for ig = 1), and the formula (33) after simplification takes the form:

5 _ (NP +1) 5(NP) o (NZ)) 5i0) 4 (i0) [ (i)} !
=N PN IR L AR (e

S -1 1 -1 -1
5 io) A (NWD) H(ND) A (ND +1)
(A7) (a7 (A7) )
i.e., by Lemma 2, the matrix P will be equal to the transfer matrix along the curve i, which

first coincides with the part of the curve y“) from point e to point z;,, and then with the

Nm+1

part of curve y(z) from point z;, to point 2z Moreover, the transition matrix 'ﬁ(iO) at point

1
zj, is equal to n(l") (n(ll")) , and point z;, is a characteristic point of the curve y,i,, since

N(Z) 1°

ordered sets {Q(z), n(l")} and {Q; ,n(ll")} are different by assumption. Since by the condition of
the Theorem 2 the sets of characteristic data W" and W are standard and, by Lemma 1,
the transition matrix ﬁ(’b) at point z;, satisfies conditions (7), then the curve y,;, is regular,
which by virtue of Theorem 1 contradicts the fact that P = I. So

Q('l) — Q(Z), n(lzo) n(zlo . (34)

0]
Let ip < N, conditions (34) are valid, and z Then, by virtue of (34), point
(1) Z(Z)
ip+1” Tip+1
successive characteristic points. Therefore, the curve y,,;, will be standard and hence regular,

l+1;ézl+1

i, will not be a characteristic point of a curve y,,;,, and various points z; will be its

which contradicts the fact that P = I. Consequently,

zh =22 . (35)

l()+1 ip+1
If iy < min{NW, N®}, then formulas (34), (35) contradict the definition of the number

ip and hence ip = N + 1. If, in addition, NV < N®@, then formula (33), after simplification,

takes the form:
H_ ~(NP+1) 5(ND) 4 (N@) 5NV +1)2(ND +1)
P=1, Py 1, Py n .

) m -1 S .
where 77N+ = V"D (77(1N +1)) . By definitions 4, 6 we have: detfj™"*1 # 0. Thus, in

this case, by virtue of Lemma 2, the matrix P will be equal to the transfer matrix along the
regular curve that coincides with the part of the curve Yy connecting the points Zz\lﬂ)l)+1 =
2 )

Zym,, and zyg, . By virtue of Theorem 1, this contradicts the fact that P =TI and hence
ND =N®@ jo =NV 11, So W = WP, Theorem 2 is proven.
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