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PROPERTIES OF HARMONIC FUNCTIONS
WHICH ARE CONVEX OF ORDER f
WITH RESPECT TO SYMMETRIC POINTS

AINTJANTENG AND SUZEINI ABDUL HALIM

Abstract. Let . denote the class of functions f which are harmonic and univalent in the open unitdisc D = {z:|z| < 1}.
This paper defines and investigates a family of complex-valued harmonic functions that are orientation preserving
and univalent in 2 and are related to the functions convex of order (0 < < 1), with respect to symmetric points.
We obtain coefficient conditions, growth result, extreme points, convolution and convex combinations for the above

harmonic functions.

1. Introduction

A continuous complex-valued function f = u+iv defined in a simply connected complex
domain E is said to be harmonic in E if both © and v are real harmonic in E. There is a
close inter-relation between analytic functions and harmonic functions. For example, for real
harmonic functions uz and v there exist analytic functions U and V so that u = Re (U) and
v=Im (V). Then

f(2) = h(z)+g(2)

where h and g are, respectively, the analytic functions (U + V)/2 and (U — V)/2. In this case,
the Jacobian of f = h + g is given by

Jr =111 -1g' ()%

The mapping z — f(z) is orientation preserving and locally one-to-one in E if and only if
Jr > 0in E. The function f = h+7g is said to be harmonic univalent in E if the mapping
z— f(z) is orientation preserving, harmonic and one-to-one in E. We call / the analytic part
and g the co-analytic partof f =h+g.

Let A denote the class of functions f = h + g which are harmonic and univalent in 2 the
unit disc with the normalization

o0 o0
h(z)=z+ ) anz", g(z)=) byz", |bil<Ll. @
n=2 n=1
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There have been rigorous works conducted on the class of complex harmonic functions /.
In [2], Sheil-Small and Clunie obtained properties for functions in this class. Since then, there
have been other subclasses of .#” that were developed. These include the class of harmonic
functions starlike in the unit disc 2 (see Jahangiri [6]) and convex harmonic functions in 2
(see Kim et al. [7]). Other related works also appearin [1], [5] and [10]. Silverman in [9] formed
the class 7, a subclass of s which consists harmonic functions with negative coefficients.
The class # is defined below.

Let 7 be the subclass of # consisting of functions f = h+ g so that the functions & and
g take the form

(o) (o)
h(z)=z-)_lanlz", gz)=—)_ |bulz", b1l <1. @)
n=2 n=1
Another interesting class of functions is the class of functions starlike with respect to symmet-
ric points, first introduced by Sakaguchi in [8], whereby it was proven that this class forms a
subclass of the univalent class of functions. Das and Singh [4] further generalised this idea
and introduced the class of functions which are convex with respect to symmetric points. The
authors, by combining defined the new class of functions as follows :

Definition 1.1. Let f € #. Then f € /%€(p) is said to be harmonic convex of order S,
with respect to symmetric points, if and only if, for0< f < 1,

2 [zz W' (z)+zh (z) + Z22g"(2) + zg’(z)]
Re = . 3)

zh (2) —zg'(2) + zh'(-2) — 2g' (- 2)

Also, we let Z£€5(B) = HE5() N .

In this paper, the authors are motivated to determine properties of this new class which
include coefficients results, growth bounds, extreme points and convolution properties.

The following theorem proved by Darus et al. in [3] will be used throughout in this paper.

Theorem 1.1.([3]) Let f = h+ g with h and g of the form (1). If

© 2n-p(1- (1" © 2n+p(1- (1"
2n—p—( )))|n|+z(n pa-(-1")

byl<1, 4
n=2 Z(I_ﬁ) n=1 Z(I_ﬁ) | nl @

then f is harmonic, orientation preserving, univalent in % and f € 8.7} ().

Putting f(—z) = — f(z) gives Jahangiri’s result in [6].
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2. Results
We begin the results with a sufficient coefficient condition for functions in A€ ().

Theorem 2.1. Let f = h+ g be of the form (1). If

X n@2n-pA-(-1") X n2n+pA-(-1")
a-p LT 2a-p

byl =1, (5)
n=2

then f is harmonic, orientation preserving, univalent in 2 and f € 7€ ;(p).

Remark. By putting f(—z) = — f(z), we will obtain the result given by Kim et al. in [7].

. (2n-pa-(=n") n2n-pa-(-10") @n+pa-(=1") n@2n+p-(=D") .
Proof. Since 20 < 20-P) and 20-P < 20 , it fol-

lows from Theorem 1.1 that f € #.5}(f) and hence f is harmonic, orientation preserving
and univalent in 2. Now, we only need to show that if (5) holds then

{ 2 [zzh"(z) +2zh'(2) + 28" (2) + zg’(z)] } A(2)
Re =Re o —
B(2)

p— p— = pP.
zh'(2) —zg'(2) + zh' (-2) — z2g' (- 2) ¢

Using the fact that Re (w) = fif and only if |1 — f+ w| = |1 + f — w], it sufficies to show that
[A(2) + (1 - B)B(2)| —1A(2) - (1 + ) B(2)| = 0, (6)

where
A(z) =2|2*1"(2) + zh (2) + 228" (2) + zg'(2)

and
B(z) = zh' (2) — zg'(2) + zh' (- 2) — zg' (- 2).

Substituting for A(z) and B(z) in (6), we obtain
|A(z) + (1 - B)B(2)| —1A(2) — (1 + B)B(2)|

- ((2+2(1 —pz+ Y ni2n+(1-pA-(=D"]a, 2"
n=2

Mg

n2n-Q1-p 1~ (=D"]1bnz

((2—2(1+ﬁ))z

=
1l
—

M8

n2n—1+p)1-(-1"]a,z" +Z n2n+0+p)1-(-1)"1 b, z"

n:2 =
= 2+2(1-p)lzl- Y nl2n+1-HA-(-D™)]lanl |z|"
n=2

n2n—Q0-pF 1A~ (=D byl lzl" = 201+ f) -2)|z|

M8

n=1
=Y nl2n-Q1+p)A-(=D"]lanllzl" = Y nl2n+1+HA - (=1™M] byl |2I"
n=2 n=1
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© n[2n—ﬁ(1—(—1)”)] ) n[2n+ﬁ(1—(—1)”)] }
>4(1- 1- - b
( ﬁ>|z|{ 3 M - 3 M

>0, by(5).

The harmonic functions

o 2(1- ) L@ 20-8 _ _,
Z h2n—pa-(—nm] e +n; n2n+ pa- (—nm) e

f@)=z+ (7)

where Y07, | x|+ 252, |yn| = 1, show that the coefficient bound given in Theorem 2.1 is sharp.
The functions of the form (7) are in /% ;(B) since

X n2n-pA-(=D") X n@2n+pl-(-D") X o ~
20-P) |ﬂn|+n;1 20-p) Ibnl—’;zlanr;llynl_l.

n=2
Next we show that the bound (5) is also necessary for functions in .46 ().

Theorem 2.2. Let f = h+g with h and g of the form (2). Then f € 7€ s(B) ifand only if

X n@2n-pA-(-1") X n2n+pA-(-1™)
bnl < 1. 8
ngz 20 B la”Hn; 20-F) |bnl ®)

Proof. In view of Theorem 2.1, we only need to show that f is not in 7€ s(f) if condition
(8) does not hold. We note that a necessary and sufficient condition for f = h + g given by
(2) to be in A€ 5(P) is that the coefficient condition (3) to be satisfied. Equivalently, we must
have

2 [zz ' (z)+zh' (2) + z2g"(2) + Zg'(Z)]
Re -

zh (z) — zg'(2) + zh! (- z) — 2g' (- 2)

R ZZ—ZflO:ZZnZ lan| z"—Zflo:lZn2 |b,| Z" 5
= e -
2z=Y52, n(1—(=D") |an| 2" + X5 n(1 = (=1)") |bp| 2"
20-p)- X nl2n—pA-(=D")lalz" =2 ¥ nl2n+p-(=1)")]b,lz"""
— Re n=2 n=1
2- % nd-(=D"Mlapl 2" '+ 2 ¥ n(l-(=1") |b,| 2"
n=2 n=1
> 0.

The above condition must hold for all values of z, |z| = r < 1. Upon choosing the values of z
on the positive real axis where 0 < z = r < 1, the above inequality reduces to

20-)~X2, n2n-P—(=D")]|anlr" =X, nl2n + B(1-(=1)")]|bylr"~"
2-3%, n(— (=)™ |an] "1+ L2 n(1 - (=D") |by| 11

=0. (9

If condition (8) does not hold then the numerator in (9) is negative for r sufficiently close to
1. Thus there exists zg = rg 1_n (0,1) for which the quotient (9) is negative. This contradicts the
required condition for f € A€ () and so the proof is complete.
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The growth result for functions in .#€ () is discussed in the following theorem.

Theorem 2.3. If f € A€ then

1- 1
f@n= a8 - ZBim| 2 1= <1
and 1 1
- +
If(z)l2(1—|b1|)r—(Tﬁ_Tﬁ|bl|)r2’ lzl =1 <1.

Proof. Let f € #%€ (). Taking the absolute value of f we have

If(2 < A+IbiDr+ ) (anl+1byl) 1"
n=2

(e o]
< A+IbiDr+ Y. (anl+1bn)) 1
n=2

— 1-8 ¢ 4 4 2
= (+Ihr+— ngz(l_ﬁlanHl_ﬁlbnl)r

<A+ Dr+

1-p n@2n-pBa-(-1") n@2n+p1-(=n") )
nzz( 20— p) lan|+ 20— p) |bnl| T
ﬂ _1+ﬁ )
<A+ Dr+ 2 (1 1= ﬁ|b|
=(1+|b1|)r+(1_ﬁ 1+ﬁ|b|)
4
and
If(@ = A=IbiDr= ) (anl+1byl) "
n=2
> (1 =1bi)r =Y (lanl+ byl 1*
n=2
4
= (- 1byr - - ﬁz( janl+ _ﬁ|bn|)r2
= (1-|bDr-
1-8 & (n2n-p-(-1") nn+p(1-(-1") 2
Zz( 20-p T —aop )T
1- 1+
> (1= Ibir - ﬁ(l——ﬁw |)
B
1- 1+
=(1—|b1|)r—(Tﬁ ﬁ|b |)

The bounds given in Theorem 2.3 for the functions f = h + g of the form (2) also hold for
functions of the form (1) if the coefficient condition (5) is satisfied. The upper bound given
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for f € #€ 5(p) is sharp and the equality occurs for the function

_ 1- 1+ _ 1-
f(2)=z+|b|Z+ Tﬁ—Tﬁwn z% |b1|s—ﬁ

1+6
Next, we determine the extreme points of closed hulls of € s(B) denoted by c! cOTCE€ s(B)

Theorem 2.4. f € clco A€ ¢(B) if and only if f (z) = oo Xnhn + Yngn) where

_ o, 2(1_ﬁ) n _
hi(z2) =z, hp(2) =z n@n—pi-CDm) zZ"(n=2,3,..),
— o 2(1_ﬁ) =n _
gn(z) =z n@n+ pa—(Dm) zZ"(n=1,2,...),

Yo Xn+Yn)=1, X, 20and Y, =0.
Proof. For h, and g, as given above, we may write

@) =Y Xnhn+Yngn)

n=1
=Y Xp+Yn)z- Y 20-p)
n=1

n_ S 2(1_:6) =n
L G- pa-cnm) <t ,l; nen+ pa—(—nm) 2
o 2(1-p) - 2(1-p) i
= n2n-pa-(=nm "

= n@n+pl-(=1)") YnZ
Then

n(2n—ﬁ(1—(—1)”)) e n(2n+ﬁ(1—(—1)"))
+
= 21— ) anl ; 2(1- )
% n(2n—ﬁ(1—(—1)"))( 21-p) )
= X
,;2 2(1-P) n@2n-pa-(-nm) "
[oe) —(—1\" —
£y n@2n+p1-(-1) ))( 21-p)

P18

n

|Dnl

Y,
n=1 2(1-p) nn+pA-(-D") ")
=) Xut+ ) Yy

n=2 n=1
=1-X
<1

Therefore f € clco 06 s(f).
Conversely, suppose that f € clco#€ s(f). Set

2n—B(1-(-D"
X, = 2@ zfl(_ﬁg Dl (n=2,3,4,...),
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" @2n+pA-(=1")
nizZn+ — (=
= 2(1-B) bnl, (n=1,2,3,...),
where 377 | (X, + Yn) = 1. Then
f(2) = h(2)+g@
=z=) laglz" =) bal2"
n=2 n=1
o o 2(1-p) L@ 20— )
— 7;2 n(Zn— ﬁ(l — (_ l)n)) an

SN
= n@en+pl—-(=Dm) YnZ

(hn(2)—2)Xn+ ) (8n(2) —2)Yy
n=1

(o]
=z+)
n=2

(Xnhy+Yngn).

18

For harmonic functions f(z) = z— Y5, lay|z" =X, |by|z2" and F(2) = z— Y5, | Aplz" -
>, |1Bulz", we define the convolution of f and F as

(fxF)(2)=z- ) lanAnlz" =) |byB,lZ".
n=2 =

n=1

In the next theorem, we examine the convolution properties of the class A s(B).

__ Theorem 2.5. ForO<a<pf<1,letfe€ J0€s(B) and F € 7€ s(a). Then (f x F) €
HOE s(P) € HE€5().

(10

Proof. Write f(z) = z—Y.52, la,lz" =YX | |bylz" and F(2) = 2—- Y57, |Aylz" = X5 | |BnlZ".
Then the convolution of f and F is given by (10).

(o]

Note that |A,| <1 and |B,| < 1since F € ﬁ%s(a). Then we have

Y nl2n-pA-(=D"anllAnl+ Y. nl2n+ A - (=1)")11byl|Byl
n=2 n=1
< ) nl2n-pA-(=D"lal+ Y nl2n+pA - (=1")]Ibyl.

n=2 n=1

Therefore, (f * F) € #€(B) c A€ (a) since the right hand side of the above inequality is
bounded by 2(1 — ) while 2(1 - ) <2(1 — a).

Now, we determine the convex combination properties of the members of € s(B).
Theorem 2.6. The class 7€ sPB) is closed under convex combination.

Proof. For i = 1,2,3,..., suppose that f; € #%€ s(B) where f; is given by

o0 o0
fi@=z-3layilz" =) |bpilz".
n=2 n=1
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For z;?gl ¢i =1, 0 < ¢; <1, the convex combinations of f; may be written as

(e8] (e8] (o]

oo o0
Y cifild) =cz= ) clanilz" =Y. clbpilz" + 22— Y. clanplz" = Y. colbpalz" -
i=1 n=2 n=1 n=2 n=1
o0 o0 oo o0 o0
ZZZCi_Z(ZCi|an,i|) Z( Ct|bnt|)
i=1 n=2\i=1 n=1\i=1
o0 oo o0 o0
=Z_Z(Zci|an,i|)zn_2(z |bnz|)
n=2\i=1 n=1\i=1

Next, consider

Y (n[Zn—ﬁ(l—(—l)”)] ilan,il )+Z (n[2n+ﬁ(1—(—1)”)] Zci|bn,i|)
n=2 i=1 n=1 i=1

clz 2n-BA - (=D anil++cm Y nl2n—PA - (=" @pml+--
n=2

+c1Zn[2n+ﬁ(1—(—1)”n|bn,1|+ +cmZ n2n+ A - (=D")1byml+--

n=1
=) Ci{z n2n-pA-(=D"anil+ Y. n[2n+ﬁ(1—(—1)n)]|bn,i|}-
i=1 n=2 n=1
Now, f; € #%€ (), therefore from Theorem 2.2, we have
Z 2n—BA— (D lanil+ Y nl2n+pA - (=1D")]Ib,il<2(1-p).
n=2 n=1

Hence

[e.]

Z(n[Zn L= (=1")] chlaml

i=1

ch|bnl|

i=1

)+Z( ni2n+BQA-(-1")]

|

<2(1-p) Z ci
i=1
=2(1-p).

By using Theorem 2.2 again, we have .72, ¢; f; € HE ().
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