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Green’s Relations on Regular Elements of Semigroup of

Relational Hypersubstitutions

for Algebraic Systems of Type ((m), (n))

Jukkrit Daengsaen and Sorasak Leeratanavalee

Abstract. Any relational hypersubstitution for algebraic systems of type

(τ, τ ′) = ((mi)i∈I , (nj)j∈J)

is a mapping which maps anymi-ary operation symbol to anmi-ary term and maps any nj-
ary relational symbol to an nj-ary relational term preserving arities, where I, J are indexed
sets. Some algebraic properties of themonoid of all relational hypersubstitutions for algebraic
systems of a special type, especially the characterization of its order and the set of all regular
elements, were first studied by Phusanga and Koppitz[13] in 2018. In this paper, we study the
Green’s relations on the regular part of this monoid of a particular type (τ, τ ′) = ((m), (n)),
wherem,n ≥ 2.

1 Introduction

Identities are used to classify algebras into collections called varieties, hyperidentities are used to
classify varieties of algebras into collections called hypervarieties. Hyperidentities have an inter-
pretation in the theory of switching circuits and are also closely related to clone theory. The main
tool which is used to study hyperidentities and hypervarieties is the concept of a hypersubstitu-
tion. The concept of hypersubstitutions of a given type τ in universal algebras was first introduced
by Denecke et al.[5] in 1991. On the other hand, to classify algebraic systems into subclasses by
logical sentences we can use the concept of hypersubstitutions for algebraic systems. The con-
cept of hypersubstitutions for algebraic systems of a given type (τ, τ ′) was first introduced by
Denecke and Phusanga[6] in 2008. In 2018, Phusanga and Koppitz[13] introduced a new concept
that generalize the notion of a hypersubstitution of type τ for universal algebras in a canonical
way. Such hypersubstitution is called the relational hypersubstitution for algebraic systems of type
(τ, τ ′). The name was first used in [9]. The algebraic properties of the monoid of all relational
hypersubstitutions for algebraic systems were studied intensively for several types. For examples,
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all regular elements and the order of relational hypersubstitutions for algebraic systems of type
((2), (2)) were determined by Phusanga and Koppitz in [13]. The order of linear relational hy-
persubstitutions for algebraic systems of type ((m), (n)) was characterized by Lekkoksung and
Phusanga in [9]. First of all, we recall the notion of an algebraic system of type (τ, τ ′), which was
first introduced by A.I. Mal′cev in 1951.

Definition 1. [10] Let I, J be indexed sets. An algebraic system of type

(τ, τ ′) = ((mi)i∈I , (nj)j∈J)

is a triple (A, (fi)i∈I , (γj)j∈J) consisting of a nonempty set A, a sequence (fi)i∈I ofmi-ary op-
erations defined on A and a sequence (γj)j∈J of nj-ary relations on A. The pair (τ, τ ′) is called
the type of an algebraic system.

The concept of terms is one of the fundamental concepts of universal algebra. Terms may be
consider as words formed by letters. To define terms we need variables and operation symbols.
Let Xn = {x1, · · · , xn} be a finite set of variables for n ∈ N, where N denotes the set of all
positive integers, and let X = {x1, x2, · · · } be countably infinite. Let {fi : i ∈ I} be the set of
mi-ary operation symbols indexed by I . An n-ary term of type τ = (mi)i∈I is defined in the
usual way by:

(i) Every xk ∈ Xn is an n-ary term of type τ .

(ii) If t1, · · · , tmi are n-ary terms of type τ , then fi(t1, · · · , tmi) is an n-ary term of type τ .

LetWτ (Xn) be the set of all n-ary terms of type τ and letWτ (X) :=
⋃

n≥1Wτ (Xn) be the set
of all terms of type τ .

Definition 2. Let I, J be indexed sets and (τ, τ ′) = ((mi)i∈I , (nj)j∈J) be a type, i.e. we have a
sequence (fi)i∈I ofmi-ary operation symbols and a sequence (γj)j∈J of nj-ary relational sym-
bols. If t1, · · · , tnj aren-ary terms of type τ , thenwewill call γj(t1, · · · , tnj ) is ann-ary relational
term of type (τ, τ ′).

Let rF(τ,τ ′)(Xn) be the set of all n-ary relational terms of type (τ, τ ′). Let

rF(τ,τ ′)(X) :=
⋃
n∈N

rF(τ,τ ′)(Xn)

be the set of all relational terms of type (τ, τ ′). A relational hypersubstitution for algebraic systems
of type (τ, τ ′) = ((mi)i∈I , (nj)j∈J) is a mapping

σ : {fi : i ∈ I} ∪ {γj : j ∈ J} → Wτ (X) ∪ rF(τ,τ ′)(X)
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with σ(fi) ∈ Wτ (Xmi) and σ(γj) ∈ rF(τ,τ ′)(Xnj ). Denote by Relhyp(τ, τ ′) the set of all
relational hypersubstitutions for algebraic systems of type (τ, τ ′). To defined a binary operation
on Relhyp(τ, τ ′), we firstly recall the concept of superposition of terms and superposition of
relational terms.

Let m,n ∈ N. The superposition of terms Sm
n : Wτ (Xm) × (Wτ (Xn))

m → Wτ (Xn)

defined inductively by the following steps (see [11], pp.258):

(i) If t = xk ∈ Xm and u1, · · · , um ∈ Wτ (Xn), then Sm
n (t, u1, · · · , um) := uk.

(ii) If t = fi(t1, · · · , tmi) ∈ Wτ (Xm) and u1, · · · , um ∈ Wτ (Xn), then

Sm
n (t, u1, · · · , um) := fi(S

m
n (t1, u1, · · · , um), · · · , Sm

n (tmi , u1, · · · , um)).

Next, the superposition operation of relational terms

Rm
n : (Wτ (Xm) ∪ rF(τ,τ ′)(Xm))× (Wτ (Xn))

m → Wτ (Xn) ∪ rF(τ,τ ′)(Xn)

defined by the following steps (see [11], pp.258 - 259):

(i) If t ∈ Wτ (Xm) andu1, · · · , um ∈ Wτ (Xn), thenRm
n (t, u1, · · · , um) := Sm

n (t, u1, · · · , um).

(ii) If γj(s1, · · · , snj ) ∈ rF(τ,τ ′)(Xm) and u1, · · · , um ∈ Wτ (Xn), then
Rm

n (γj(s1, · · · , snj ), u1, · · · , um) := γj(S
m
n (s1, u1, · · · , um), · · · , Sm

n (snj , u1, · · · , um)).

For any σ ∈ Relhyp(τ, τ ′), we define a mapping

σ̂ : Wτ (X) ∪ rF(τ,τ ′)(X) → Wτ (X) ∪ rF(τ,τ ′)(X)

inductively defined as follows:

(i) σ̂[xk] := xk, for k ∈ N,

(ii) σ̂[fi(t1, · · · , tmi)] := Rmi
m (σ(fi), σ̂[t1], · · · , σ̂[tmi ]) = Smi

m (σ(fi), σ̂[t1], · · · , σ̂[tmi ]),

(iii) σ̂[γj(s1, · · · , snj )] := R
nj
n (σ(γj), σ̂[s1], · · · , σ̂[snj ]).

A binary operation ◦h on Relhyp(τ, τ ′) is defined by σ ◦h ρ := σ̂ ◦ ρ where ◦ denotes the usual
composition of mappings and σ, ρ ∈ Relhyp(τ, τ ′). Let σid be the relational hypersubstitution
which maps eachmi-ary operation symbol fi to the term fi(x1, · · · , xmi) and maps each nj-ary
relation symbol γj to the relational term γj(x1, · · · , xnj ). Then the structure Relhyp(τ, τ ′) =

(Relhyp(τ, τ ′), ◦h, σid) forms a monoid. In [3], the authors studied the regularity of relational
hypersubstitution for algebraic systems of type ((m), (n)). In this paper, we study the Green’s re-
lations on the set of all regular relational hypersubstitutions for algebraic systems of type ((m), (n)),
for arbitrary natural numbersm,n ≥ 2.
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2 Preliminaries and Notations

Green’s relations of a semigroup S are equivalence relations on the set S which were first defined
by Green. According to such definitions, the L-relation was defined as follows. Let (S, ·) be a
monoid. For any a, b ∈ S,

a L b if and only if S · a = S · b,

or equivalently, a L b if and only if a = x · b and b = y · a for some x, y ∈ S. Furthermore, the
R-relation was defined as follows.

aR b if and only if a · S = b · S,

or equivalently, a R b if and only if a = b · x and b = a · y for some x, y ∈ S. Moreover, the
J -relation was defined as follows.

a J b if and only if S · a · S = S · b · S,

or equivalently, a J b if and only if a = x · b · y and b = u · a · v for some x, y, u, v ∈ S. Finally,
lettingH = L ∩ R and D = L ◦ R, where ◦ is the composition of relations. Since the relations
L andR commute, it follows that L ◦ R = R ◦ L.

Remark 1. Let S be a semigroup. ThenH ⊆ L ⊆ D ⊆ J andH ⊆ R ⊆ D ⊆ J .

Throughout this paper, we focus to the algebraic systems of type ((m), (n)). Let f be an
m-ary operation symbol and let γ be an n-ary relational symbol. For any t ∈ W(m)(Xm) and
F ∈ rF((m),(n))(Xn), we introduce the following notation:

(i) σt := the hypersubstitution of type (m) which maps f to the term t ∈ W(m)(Xm),

(ii) σt,F := the relational hypersubstitution for algebraic systems of type ((m), (n))whichmaps
f to the term t ∈ W(m)(Xm) and maps γ to the relational term F ∈ rF((m),(n))(Xn),

(iii) I(t) := the set of all indices of variables occurring in a term t,

(iv) I(F ) := the set of all indices of variables occurring in a relational term F ,

(v) π(t) := the term such that each xk, k ∈ I(t), is replaced by xπ(k) where π is an injective
map from I(t) into {1, · · · ,m}, i.e. π(t) = Sm

m(t, y1, · · · , ym) with y1, · · · , ym ∈ Xm

and yi := xπ(i) for i ∈ I(t).

(vi) ϕ(F ) := the relational term such that each xk, k ∈ I(F ), is replaced by xϕ(k) where
ϕ is a injective map from I(F ) into {1, · · · , n}, i.e. ϕ(F ) = Rm

m(F, y1, · · · , ym) with
y1, · · · , ym ∈ Xm and yi := xϕ(i) for i ∈ I(F ).
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In 2015, W. Wongpinit and S. Leeratanavalee [16] introduced the concept of the i−most of
terms.

Definition 3. Let t ∈ W(m)(Xm) and 1 ≤ i ≤ m. Then i−most(t) is defined inductively by:

(i) If t is a variable, then i−most(t) = t.

(ii) If t = f(t1, · · · , tm), then i−most(t) = i−most(ti).

Example 1. Let τ = (3) be a type with a ternary operation symbol f .
Let t = f(x2, f(x3, f(x2, x3, x1), x3), f(x3, x1, x1)) ∈ W(3)(X3). Then
1−most(t) = 1−most(x2) = x2,
2−most(t) = 2−most(f(x3, f(x2, x3, x1), x3)) = 2−most(f(x2, x3, x1)) = x3 and
3−most(t) = 3−most(f(x3, x1, x1)) = x1.
Furthermore, we have σ̂x1 [t] = σ̂x1 [f(x2, f(x3, f(x2, x3, x1), x3), f(x3, x1, x1))] =

S3
3(σx1(f), σ̂x1 [x2], σ̂x1 [f(x3, f(x2, x3, x1), x3)], σ̂x1 [f(x3, x1, x1)]) =

S3
3(x1, x2, σ̂x1 [f(x3, f(x2, x3, x1), x3)], σ̂x1 [f(x3, x1, x1)]) = x2 = 1−most(t).

Similarly, we have σ̂x2 [t] = x3 = 2−most(t) and σ̂x3 [t] = x1 = 3−most(t).

Remark 2. By Example 1, we have σ̂xi [t] = i − most(t). Furthermore, we have σ̂xi,F [t] =

i−most(t), where xi, t ∈ W(m)(Xm) and F ∈ rF((m),(n))(Xm).

Lemma 2.1. [3] Let σt,F ∈ Relhyp((m), (n)) where t ∈ W(m)(Xm) and F ∈ rF((m),(n))(Xn).
Let s ∈ W(m)(Xm). If i−most(t) = xj then j −most(s) = i−most(σ̂t,F [s]).

Remark 3. Let σs and σt be hypersubstitutions of type τ = (n). Then I((σs ◦h σt)(f)) ⊆ I(t).

By applying the above remark, we obtain the following result.

Lemma 2.2. Let σt,F , σw,H ∈ Relhyp((m), (n)). Then I((σt,F ◦h σw,H)(f)) ⊆ I(σw,H(f))

and I((σt,F ◦h σw,H)(γ)) ⊆ I(σw,H(γ)).

Proof. It is obvious if w, t ∈ Xm. Let t = f(t1, · · · , tm), w = f(w1, · · · , wm) ∈ W(m)(Xm) \
Xm andF = γ(s1, · · · , sn),H = γ(h1, · · · , hn) ∈ rF((m),(n))(Xn)where s1, · · · , sn, h1, · · · , hn
∈ W(m)(Xn). First, we consider

(σt,F ◦h σw,H)(f) = σ̂t,F [σw,H(f)]

= σ̂t,F [f(w1, · · · , wm)]

= Sm
m(t, σ̂t,F [w1], · · · , σ̂t,F [wm]).

Clearly, σ̂t,F [wk] = σ̂t[wk] for allk = 1, · · · ,m. ByRemark 3, wehave I(σ̂t,F [wk]) = I(σ̂t[wk]) =

I((σt ◦h σwk
)(f)) ⊆ I(wk). Hence I((σt,F ◦h σw,H)(f)) =
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I(Sm
m(t, σ̂t,F [w1], · · · , σ̂t,F [wm])) ⊆

m⋃
k=1

I(wk) = I(w) = I(σw,H(f)). On the other hand, we

consider

(σt,F ◦h σw,H)(γ) = σ̂t,F [σw,H(γ)]

= σ̂t,F [γ(h1, · · · , hn)]

= Rn
n(F, σ̂t,F [h1], · · · , σ̂t,F [hn])

= γ(Sm
n (s1, σ̂t,F [h1], · · · , σ̂t,F [hn]), · · · , Sm

n (sn, σ̂t,F [h1], · · · , σ̂t,F [hn])).

By the same process, we have I(Sm
n (sk, σ̂t,F [h1], · · · , σ̂t,F [hn])) ⊆

n⋃
k=1

I(hk) = I(H). Thus

I((σt,F ◦h σw,H)(γ)) ⊆ I(H) = I(σw,H(γ)) and the proof is complete.

3 Green’s relations onReg(Relhyp((m), (n)))

In this section, we study Green’s relations on regular elements of semigroup of all relational hy-
persubstitutions for algebraic systems of type ((m), (n)).
Let σt,F ∈ Relhyp((m), (n)), we denote

RX := {σt,F | t = xi and F = γ(s1, · · · , sn) with I(F ) = {b1, · · · , bl} such that j −
most(sb′k) = xbk for all k = 1, · · · , l and for some distinct b′1, · · · , b′l ∈ {1, · · · , n} where
j ∈ {1, · · · ,m}},

RT := {σt,F | t = f(t1, · · · , tm) and F = γ(s1, · · · , sn) with I(t) = {a1, · · · , ak} and
I(F ) = {b1, · · · , bl} such that ta′i = xai and sb′j = xbj for all i = 1, · · · , k, j = 1, · · · , l, for
some distinct a′1, · · · , a′k ∈ {1, · · · ,m} and some distinct b′1, · · · , b′l ∈ {1, · · · , n}}.

In [3], the authors showed that Reg(Relhyp((m), (n))) := RX ∪ RT is the set of all regu-
lar elements in Relhyp((m), (n)), but the set Reg(Relhyp((m), (n))) is not a subsemigroup of
Relhyp((m), (n)). We can illustrate it by the following example.

Example 2. Let (τ, τ ′) = ((2), (2)) be a type with a binary operation symbol f and a binary
relational symbol γ. Let σt,F , σu,H ∈ Reg(Relhyp((2), (2))) such that t = f(x1, f(x1, x1)),
u = f(f(x2, x2), x2) and F = γ(x1, f(x1, x1)),H = γ(f(x2, x2), x2). Then

(σt,F ◦h σu,H)(f) = σ̂t,F [f(f(x2, x2), x2)]

= S2
2(f(x1, f(x1, x1)), S

2
2(f(x1, f(x1, x1)), x2, x2), x2)

= S2
2(f(x1, f(x1, x1)), f(x2, f(x2, x2)), x2)

= f(f(x2, f(x2, x2)), f(f(x2, f(x2, x2)), f(x2, f(x2, x2))))
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and

(σt,F ◦h σu,H)(γ) = σ̂t,F [γ(f(x2, x2), x2)]

= R2
2(γ(x1, f(x1, x1)), S

2
2(f(x1, f(x1, x1)), x2, x2), x2)

= R2
2(γ(x1, f(x1, x1)), f(x2, f(x2, x2)), x2)

= γ(f(x2, f(x2, x2)), f(f(x2, f(x2, x2)), f(x2, f(x2, x2)))).

So σt,F ◦h σu,H /∈ Reg(Relhyp((2), (2))). Thus Reg(Relhyp((2), (2))) is not a subsemigroup
ofRelhyp((2), (2)).

We begin with characterizing the Green’s relations when two regular relational hypersubsti-
tutions are elements ofRX as follows.

Theorem3.1. Let σxi,F , σxj ,H ∈ RX . Then σxi,F L σxj ,H if and only if i = j and I(F ) = I(H).

Proof. Let σxi,F L σxj ,H . Then there exist σu,G, σv,O ∈ Relhyp((m), (n)) such that σxi,F =

σu,G ◦h σxj ,H and σxj ,H = σv,O ◦h σxi,F . We have xi = σxi,F (f) = (σu,G ◦h σxj ,H)(f) =

σ̂u,G[σxj ,H(f)] = xj . So i = j. Next, we consider F = σxi,F (γ) = (σu,G ◦h σxj ,H)(γ) and
H = σxj ,H(γ) = (σv,O ◦h σxi,F )(γ). By Lemma 2.2, we have I(F ) ⊆ I(H) and I(H) ⊆ I(F ).
So I(H) = I(F ).

Conversely, let σxi,F , σxj ,H ∈ RX with i = j, F = γ(s1, · · · , sn) andH = γ(h1, · · · , hn)
where I(F ) = {b1, · · · , bl} = I(H). Since σxi,F , σxj ,H ∈ Rx, there exist p, q ∈ {1, · · · ,m}
and the set of all distinct elements {b′1, · · · , b′l}, {b′′1, · · · , b′′l } ⊆ {1, · · · , n} such that p −
most(sb′k) = xbk and q−most(hb′′k ) = xbk for all k = 1, · · · , l. Wewill show that σxi,F L σxj ,H .
First, we define π : {b1, · · · , bl} → {b′1, · · · , b′l} by π(bk) = b′k, for all k = 1, · · · , l, and define
ϕ : {b1, · · · , bl} → {b′′1, · · · , b′′l } by ϕ(bk) = b′′k for all k = 1, · · · , l. Then π and ϕ are bijective
and p−most(sb′k) = xbk = xπ−1(b′k)

and q−most(hb′′k ) = xbk = xϕ−1(b′′k)
for all k = 1, · · · , l.

Choose σxq ,ϕ(F ), σxp,π(H) ∈ Relhyp((m), (n)). Then

(σxq ,ϕ(F ) ◦h σxj ,H)(γ) = σ̂xq ,ϕ(F )[σxj ,H(γ)]

= σ̂xq ,ϕ(F )[H]

= Rn
n(ϕ(F ), q −most(h1), · · · , q −most(hn))

= ϕ−1(ϕ(F )),

since q −most(hb′′k ) = xϕ−1(bk) for all k = 1, · · · , l

and I(ϕ(F )) = {b′′1, · · · , b′′l },

= F = (σxi,F )(γ).

It is obvious that (σxq ,ϕ(F ) ◦h σxj ,H)(f) = xj = xi = (σxi,F )(f). So σxq ,ϕ(F ) ◦h σxj ,H = σxi,F .
Similarly, σxp,π(H) ◦h σxi,F = σxj ,H . Therefore σxi,F L σxj ,H .



134 J. Daengsaen and S. Leeratanavalee

Theorem 3.2. Let σxi,F , σxj ,H ∈ RX . Then σxi,F R σxj ,H if and only if

(i) |I(H)| = |I(F )|.

(ii) H = π(F ) where π is a bijective map from I(F ) to I(H).

Proof. Let σxi,F R σxj ,H where F = γ(s1, · · · , sn),H = γ(h1, · · · , hn) ∈ rF((m),(n))(Xn).
Then there exist σu,G, σv,O ∈ Relhyp((m), (n)) such that σxi,F = σxj ,H ◦h σu,G and σxj ,H =

σxi,F ◦hσv,O whereu, v ∈ W(m)(Xm) andG = γ(g1, · · · , gn),O = γ(o1, · · · , on)∈ rF((m),(n))(Xn).
Then

F = σxi,F (γ)

= (σxj ,H ◦h σu,G)(γ)

= σ̂xj ,H [σu,G(γ)]

= σ̂xj ,H [γ(g1, · · · , gn)]

= Rn
n(H, σ̂xj ,H [g1], · · · , σ̂xj ,H [g1])

= Rn
n(H, j −most(g1), · · · , j −most(gn)),

where sp = Sn
n(hp, j −most(g1), · · · , j −most(gn)), for all p = 1, · · · , n, and

H = σxj ,H(γ)

= (σxi,F ◦h σv,O)(γ)

= σ̂xi,F [σv,O(γ)]

= σ̂xi,F [γ(o1, · · · , on)]

= Rn
n(F, σ̂xi,F [o1], · · · , σ̂xi,F [o1])

= Rn
n(F, i−most(o1), · · · , i−most(on)),

where hp = Sn
n(sp, i−most(o1), · · · , i−most(on)) for all p = 1, · · · , n.

Since σxi,F ∈ Rx, there exists k ∈ {1, · · · ,m} and some distinct b′1, · · · , b′l ∈ {1, · · · , n} such
that k −most(sb′q) = xbq , for all q = 1, · · · , l, where I(F ) = {b1, · · · , bl}. Then

xbq = k −most(sb′q) = Sn
n(k −most(hb′q), j −most(g1), · · · , j −most(gn)).

Hence for each q = 1, · · · , l, there exists dq ∈ I(H) such that k −most(hb′q) = xdq then xbq =

j −most(gdq). If there exist dq = dr for some q ̸= r ∈ {1, · · · , l} such that k −most(hb′q) =

xdq = xdr = k −most(hb′r) then xbq = j −most(gdq) = j −most(gdr) = xbr . This is a con-
tradiction with bq ̸= br ∈ I(F ) for all q ̸= r ∈ {1, · · · , l}. Hence we obtain the set of all distinct
elements {d1, · · · , dl} of I(H). It implies that |I(F )| = |{d1, · · · , dl}| ≤ |I(H)|. Similarly, we
can show that |I(H)| ≤ |I(F )|. So |I(H)| = |I(F )| and the proof of (i) is complete. Next, we
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will prove (ii). Without loss of generality, we assume that I(H) = {d1, · · · , dl}. Define a bijective
map ϕ : I(H) → I(F ) by ϕ(dq) = bq for all q = 1, · · · , l. Then j −most(gdq) = xbq = xϕ(dq)

for all q = 1, · · · , l. Since I(H) = {d1, · · · , dl}, we have F = Rn
n(H, j − most(g1), · · · , j −

most(gn)) = ϕ(H). It follows thatH = π(F ) where π = ϕ−1 is a bijective map from I(F ) to
I(H).

Conversely, assume that the conditions hold. Let σxi,F , σxj ,H ∈ RX with H = π(F )

where π is a bijective map from I(F ) to I(H), F = γ(s1, · · · , sn) ∈ rF((m),(n))(Xn), I(F ) =

{b1, · · · , bl} and I(H) = {d1, · · · , dl}.

Choose σxi,P , σxj ,Q ∈ Relhyp((m), (n)) where P = γ(p1, · · · , pn),Q = γ(q1, · · · , qn) ∈
rF((m),(n))(Xn)with j−most(pdk) = xπ−1(dk) and i−most(qbk) = xπ(bk) for all k = 1, · · · , l.
Then

(σxj ,H ◦h σxi,P )(γ) = σ̂xj ,H [σxi,P (γ)]

= σ̂xj ,H [γ(p1, · · · , pn)]

= Rn
n(σxj ,H(γ), σ̂xj ,H [p1], · · · , σ̂xj ,H [pn])]

= Rn
n(H, j −most(p1), · · · , j −most(pn))

= π−1(H),

since I(H) = {d1, · · · , dl} and j −most(pdk) = xπ−1(dk)

for all k = 1, · · · , l,

= π−1(π(F )) = F = σxi,F (γ).

Since (σxj ,H ◦h σxi,P )(f) = xi = σxi,F (f), we have σxj ,H ◦h σxi,P = σxi,F .
Similarly, we have σxi,F ◦h σxj ,Q = σxj ,H . Therefore σxi,F R σxj ,H .

Theorem 3.3. Let σxi,F , σxj ,H ∈ RX . Then σxi,F J σxj ,H if and only if |I(H)| = |I(F )|.

Proof. Let σxi,F J σxj ,H where F = γ(s1, · · · , sn),H = γ(h1, · · · , hn) ∈ rF((m),(n))(Xn).
Then there are σu,G, σv,E , σp,O, σq,R ∈ Relhyp((m), (n)) such that σxi,F = σu,G ◦h σxj ,H ◦h
σv,E and σxj ,H = σp,O ◦h σxi,F ◦h σq,R where u, v, p, q ∈ W(m)(Xm) and E = γ(e1, · · · , en),
G = γ(g1, · · · , gn), O = γ(o1, · · · , on), R = γ(r1, · · · , rn) ∈ rF((m),(n))(Xn). First of all, we
consider σxj ,H ◦h σv,E and σxi,F ◦h σq,R. Then

(σxj ,H ◦h σv,E)(γ) = σ̂xj ,H [E] = Rn
n(H, j −most(e1), · · · , j −most(en)) = γ(h̃1, · · · , h̃n),

(3.1)
where h̃ι = Sn

n(hι, j −most(e1), · · · , j −most(en)), for all ι = 1, · · · , n, and

(σxi,F ◦h σq,R)(γ) = σ̂xi,F [R] = Rn
n(F, i−most(r1), · · · , i−most(rn)) = γ(s̃1, · · · , s̃n),

(3.2)
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where s̃ι = Sn
n(sι, i−most(r1), · · · , i−most(rn)) for all ι = 1, · · · , n.

Next, we consider σxi,F = σu,G ◦h σxj ,H ◦h σv,E . By (3.1), we have

F = (σxi,F )(γ)

= (σu,G ◦h σxj ,H ◦h σv,E)(γ)

= σ̂u,G[(σxj ,H ◦h σv,E)(γ)]

= σ̂u,G[γ(h̃1, · · · , h̃n)]

= Rn
n(G, σ̂u,G[h̃1], · · · , σ̂u,G[h̃n]),

where sι = Sn
n(gι, σ̂u,G[h̃1], · · · , σ̂u,G[h̃n]) for all ι = 1, · · · , n.

Since σxi,F ∈ RX , there exists k ∈ {1, · · · ,m} and some distinct b′1, · · · , b′l ∈ {1, · · · , n} such
that k −most(sb′ρ) = xbρ for all ρ = 1, · · · , l where I(F ) = {b1, · · · , bl}. We obtain that

xbρ = k −most(sb′ρ) = Sn
n(k −most(gb′ρ), k −most(σ̂u,G[h̃1]), · · · , k −most(σ̂u,G[h̃n]))

for all ρ = 1, · · · , l. Without loss of generality, for any ρ = 1, · · · , l, we can assume that k −
most(gb′ρ) = xd′ρ where d′ρ ∈ I(G). Then xbρ = k − most(σ̂u,G[h̃d′ρ ]) for all ρ = 1, · · · , l.
Since k −most(u) exists, we can fix k −most(u) = xα for some α = 1, · · · ,m. By (3.1) and
Lemma 2.1, we have xbρ = k −most(σ̂u,G[h̃d′ρ ]) = α−most(h̃d′ρ) = Sn

n(α−most(hd′ρ), j −
most(e1), · · · , j−most(en)) for all ρ = 1, · · · , l. So, ifα−most(hd′ρ) = xdρ where dρ ∈ I(H)

then xbρ = j−most(edρ). Hence, for any bρ ∈ I(F ), there exists dρ ∈ I(H) such that xbρ = j−
most(edρ). If some pair of distinct elements bρ, bη ∈ I(F )which arisexdρ , xdη ∈ {xd1 , · · · , xdl}
such that dρ = dη , then xbρ = j −most(edρ) = j −most(edη) = xbη which is a contradiction
with bρ ̸= bη ∈ I(F ). So we obtain the set of all distinct elements {d1, · · · , dl} ⊆ I(H). Thus
|I(F )| = |{d1, · · · , dl}| ≤ |I(H)|. Similarly, by using (3.2), we have |I(H)| ≤ |I(F )|. Therefore
|I(H)| = |I(F )|.

Conversely, assume that the conditionholds. Letσxi,F , σxj ,H ∈ RX whereF = γ(s1, · · · , sn)
andH = γ(h1, · · · , hn)with I(F ) = {b1, · · · , bl} and I(H) = {d1, · · · , dl}. There existα, β ∈
{1, · · · ,m} and subsets {b′1, · · · , b′l}, {d′1, · · · , d′l} of {1, · · · , n} such thatα−most(sb′k) = xbk
and β − most(hd′k) = xdk for all k = 1, · · · , l. We will show that σxi,F J σxj ,H . First,
we define π : {b1, · · · , bl} → {d′1, · · · , d′l} by π(bk) = d′k, for all k = 1, · · · , l, and define
ϕ : {d1, · · · , dl} → {b′1, · · · , b′l} by ϕ(dk) = b′k, for all k = 1, · · · , l. Then π, ϕ are bijec-
tive. Choose σxβ ,π(F ), σxα,ϕ(H), σxi,E , σxj ,R ∈ Relhyp((m), (n)) where E = γ(e1, · · · , en),
R = γ(r1, · · · , rn) ∈ rF((m),(n))(Xn) such that j−most(edk) = xbk and i−most(rbk) = xdk
for all k = 1, · · · , l. Next, we want to show that σxβ ,π(F ) ◦h σxj ,H ◦h σxi,E = σxi,F and
σxα,ϕ(H) ◦h σxi,F ◦h σxj ,R = σxj ,H . For convenience, we consider

(σxj ,H ◦h σxi,E)(γ) = σ̂xj ,H [σxi,E(γ)]
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= σ̂xj ,H [γ(e1, · · · , en)]

= Rn
n(σxj ,H(γ), σ̂xj ,H [e1], · · · , σ̂xj ,H [en])

= Rn
n(H, j −most(e1), · · · , j −most(en))

= γ(h̃1, · · · , h̃n)

where h̃p = Sn
n(hp, j −most(e1), · · · , j −most(en)) for all p = 1, · · · , n.

Since β −most(hd′k) = xdk and j −most(edk) = xbk , for all k = 1, · · · , l., we have

β −most(h̃d′k) = β −most(Sn
n(hd′k , j −most(e1), · · · , j −most(en)))

= Sn
n(β −most(hd′k), j −most(e1), · · · , j −most(en))

= Sn
n(xdk , j −most(e1), · · · , j −most(en))

= j −most(edk) = xbk

for all k = 1, · · · , l. Similarly, if we consider σxi,F ◦h σxj ,R then we have (σxi,F ◦h σxj ,R)(γ) =

γ(s̃1, · · · , s̃n) with α−most(s̃b′k) = xdk for all k = 1, · · · , l.
By definition of bijective maps π and ϕ, we obtain β − most(h̃d′k) = xbk = xπ−1(d′k)

and α −
most(s̃b′k) = xdk = xϕ−1(b′k)

for all k = 1, · · · , l. Next, we consider

(σxβ ,π(F ) ◦h σxj ,H ◦h σxi,E)(γ) = σ̂xβ ,π(F )[(σxj ,H ◦h σxi,E)(γ)]

= σ̂xβ ,π(F )[γ(h̃1, · · · , h̃n)]

= Rn
n(σxβ ,π(F )(γ), σ̂xβ ,π(F )[h̃1], · · · , σ̂xβ ,π(F )[h̃n])

= Rn
n(π(F ), β −most(h̃1), · · · , β −most(h̃n))

= π−1(π(F )),

since I(π(F )) = {d′1, · · · , d′l},

= F = σxi,F (γ).

It is obvious that (σxβ ,π(F )◦hσxj ,H◦hσxi,E)(f) = xi = σxi,F (f). Soσxβ ,π(F )◦hσxj ,H◦hσxi,E =

σxi,F . Similarly, σxα,ϕ(H) ◦h σxi,F ◦h σxj ,R = σxj ,H . Therefore σxi,F J σxj ,H .

Theorem 3.4. InRX , J = D.

Proof. It is obvious that D ⊆ J . We will show that J ⊆ D. Let σxi,F J σxj ,H where σxi,F ,
σxj ,H ∈ RX with F = γ(s1, · · · , sn),H = γ(h1, · · · , hn) ∈ rF((m),(n))(Xn). By Theorem
3.3, we obtain that |I(H)| = |I(F )|. We want to show that σxi,F D σxj ,H , i.e. there exists
σp,G ∈ Relhyp((m), (n)) such that σxi,F R σp,G and σp,G L σxj ,H . Since |I(H)| = |I(F )|,
we assume that I(F ) = {b1, · · · , bl} and I(H) = {d1, · · · , dl}. Define π : {b1, · · · , bl} →
{d1, · · · , dl} by π(bk) = dk for all k = 1, · · · , l. Then π is a bijective map. Choose σp,G ∈
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Relhyp((m), (n)) with p = xi andG = π(F ). Then I(G) = I(π(F )) = {π(b1), · · · , π(bl)} =

{d1, · · · , dl} = I(H). By Theorem 3.1, we obtain that σp,G L σxj ,H . Next, we prove that
σxi,F R σp,G. Choose σxi,R, σxi,E ∈ Relhyp((m), (n)) where R = γ(r1, · · · , rn), E =

γ(e1, · · · , en) ∈ rF((m),(n))(Xn) such that i−most(rbk) = xπ(bk) and i−most(edk) = xπ−1(dk)

for all k = 1, · · · , l. Then

(σp,G ◦h σxi,E)(γ) = σ̂xi,π(F )[σxi,E(γ)]

= σ̂xi,π(F )[γ(e1, · · · , en)]

= Rn
n(σxi,π(F )(γ), σ̂xi,π(F )[e1], · · · , σ̂xi,π(F )[en])

= Rn
n(π(F ), i−most(e1), · · · , i−most(en))

= π−1(π(F )),

since I(π(F )) = {d1, · · · , dl},

= F = σxi,F (γ),

(σxi,F ◦h σxi,R)(γ) = σ̂xi,F [σxi,R(γ)]

= σ̂xi,F [γ(r1, · · · , rn)]

= Rn
n(σxi,F (γ), σ̂xi,F [r1], · · · , σ̂xi,F [rn])

= Rn
n(F, i−most(r1), · · · , i−most(rn))

= π(F ),

since i−most(rbk) = xπ(bk) for all k = 1, · · · , l,

= G = σp,G(γ).

It is obvious that (σp,G ◦h σxi,E)(f) = xi = σxi,F (f) and (σxi,F ◦h σxi,R)(f) = xi = p =

σp,G(f). So σp,G ◦h σxi,E = σxi,F and σxi,F ◦h σxi,R = σp,G. It follows that σxi,F R σp,G.
Therefore σxi,F D σxj ,H and the proof is complete.

Theorem 3.5. Let σxi,F , σxj ,H ∈ RX . Then σxi,F H σxj ,H if and only if

(i) I(H) = I(F )

(ii) i = j andH = π(F ) where π is a bijective map on I(F ).

Proof. The proof is completed byTheorem 3.1 andTheorem 3.2.

Next, we study Green’s relations when one element is in RX and another one is in RT . We
obtain thatRX andRT are not related under Green’s relations.
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Theorem 3.6. Any relational hypersubstitution σxi,F ∈ RX is notR-, L-,H-,D- and J -related
to any relational hypersubstitution inRT .

Proof. Let σxi,F ∈ RX and σw,H ∈ RT wherew ∈ W(m)(Xm)\Xm. ConsiderJ -class, assume
that σxi,F J σw,H . There are σu,G, σv,E , σp,O, σq,R ∈ Relhyp((m), (n)) such that σxi,F =

σu,G ◦h σw,H ◦h σv,E and σw,H = σp,O ◦h σxi,F ◦h σq,R. Then

w = σw,H(f)

= (σp,O ◦h σxi,F ◦h σq,R)(f)

= σ̂p,O[σ̂xi,F [σq,R(f)]]

= σ̂p,O[σ̂xi,F [q]]

= σ̂p,O[i−most(q)]

= i−most(q) ∈ Xm.

This contradicts with w ∈ W(m)(Xm) \ Xm. So (σxi,F , σw,H) /∈ J for all σxi,F ∈ RX and
σw,H ∈ RT . SinceH ⊆ R ⊆ D ⊆ J andH ⊆ L ⊆ D ⊆ J , it also implies that (σxi,F , σw,H) /∈
R,L,H andD for all σxi,F ∈ RX and σw,H ∈ RT . Therefore, we can conclude that any σxi,F ∈
RX is notR-, L-,H-,D- and J -related to any other relational hypersubstitution inRT .

Finally, we characterize the Green’s relations onRT as follows.

Theorem 3.7. Let σt,F , σw,H ∈ RT . Then σt,F L σw,H if and only if I(w) = I(t) and I(H) =

I(F ).

Proof. Let σt,F L σw,H . There exist σu,G, σv,O ∈ Relhyp((m), (n)) such that σt,F = σu,G ◦h
σw,H and σw,H = σv,O ◦h σt,F . Then t = σt,F (f) = (σu,G ◦h σw,H)(f) and w = σw,H(f) =

(σv,O ◦h σt,F )(f). By Lemma 2.2, we obtain that I(t) ⊆ I(w) and I(w) ⊆ I(t). It follows that
I(w) = I(t). On the other hand, F = σt,F (γ) = (σu,G ◦h σw,H)(γ) and H = σw,H(γ) =

(σv,O ◦h σt,F )(γ). By Lemma 2.2, we have I(F ) ⊆ I(H) and I(H) ⊆ I(F ). So I(H) = I(F ).

Conversely, assume that the conditions hold. Letσw,H ,σt,F ∈ RT wherew = f(w1, · · · , wm),
t = f(t1, · · · , tm) ∈ W(m)(Xm) andH = γ(h1, · · · , hn),F = γ(s1, · · · , sn) ∈ rF((m),(n))(Xn)

with I(w) = {a1, · · · , ak} = I(t) and I(H) = {b1, · · · , bl} = I(F ). We will show that
σt,F L σw,H , i.e. there exist σu,G, σv,O ∈ Relhyp((m), (n)) such that σu,G ◦h σt,F = σw,H and
σv,O ◦h σw,H = σt,F . Since σt,F , σw,H ∈ RT , there exist subsets {a′1, · · · , a′k}, {ã1, · · · , ãk}
of {1, · · · ,m} and subsets {b′1, · · · , b′l}, {b̃1, · · · , b̃l} of {1, · · · , n} such that wa′i

= xai = tãi
and hb′j = xbj = s

b̃j
for all i = 1, · · · , k and j = 1, · · · , l. Define π1 : {a1, · · · , ak} →

{ã1, · · · , ãk} by π1(ai) = ãi for all i = 1, · · · , k,
π2 : {a1, · · · , ak} → {a′1, · · · , a′k} by π2(ai) = a′i for all i = 1, · · · , k,
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ϕ1 : {b1, · · · , bl} → {b̃1, · · · , b̃l} by ϕ1(bj) = b̃j for all j = 1, · · · , l and
ϕ2 : {b1, · · · , bl} → {b′1, · · · , b′l} by ϕ2(bj) = b′j for all j = 1, · · · , l.
Then π1, π2, ϕ1 and ϕ2 are bijective. First, consider the mapping π1, we have ai = π−1

1 (ãi) for all
i = 1, · · · , k. Then tãi = xai = xπ−1

1 (ãi)
for all i = 1, · · · , k. Similarly, we have wa′i

= xπ−1
2 (a′i)

,
s
b̃j

= x
ϕ−1
1 (̃bj)

and hb′j = xϕ−1
2 (b′j)

for all i = 1, · · · , k and j = 1, · · · , l.

Choose σu,G, σv,O ∈ Relhyp((m), (n)) with u = π1(w), v = π2(t), G = ϕ1(H) and
O = ϕ2(F ). Then I(u) = {ã1, · · · , ãk}, I(v) = {a′1, · · · , a′k}, I(G) = {b̃1, · · · , b̃l} and
I(O) = {b′1, · · · , b′l}. We have

(σu,G ◦h σt,F )(f) = σ̂u,G[σt,F (f)]

= σ̂u,G[f(t1, · · · , tm)]

= Sm
m(u, σ̂u,G[t1], · · · , σ̂u,G[tm]),

since σ̂u,G[tãi ] = xπ−1
1 (ãi)

for all i = 1, · · · , k,

= π−1
1 (u) = π−1

1 (π1(w)) = w = σw,H(f),

(σu,G ◦h σt,F )(γ) = σ̂u,G[σt,F (γ)]

= σ̂u,G[γ(s1, · · · , sn)]

= Rn
n(G, σ̂u,G[s1], · · · , σ̂u,G[sn]),

since σ̂u,G[sb̃j ] = x
ϕ−1
1 (̃bj)

for all j = 1, · · · , l,

= ϕ−1
1 (G) = ϕ−1

1 (ϕ1(H)) = H = σw,H(γ).

Similarly, we have (σv,O ◦h σw,H)(f) = t = σt,F (f) and (σv,O ◦h σw,H)(γ) = F = σt,F (γ). It
follows that σu,G ◦h σt,F = σw,H and σv,O ◦h σw,H = σt,F . Therefore σt,F L σw,H .

Theorem 3.8. Let σt,F , σw,H ∈ RT . Then σt,F R σw,H if and only if

(i) |I(w)| = |I(t)| and |I(H)| = |I(F )|,

(ii) w = π(t) andH = ϕ(F ) where π : I(t) → I(w) and ϕ : I(F ) → I(H) are bijective.

Proof. Let σt,F R σw,H where t = f(t1, · · · , tm), w = f(w1, · · · , wm) ∈ W(m)(Xm) and F =

γ(s1, · · · , sn),H = γ(h1, · · · , hn)∈ rF((m),(n))(Xn). There existσu,G,σv,O ∈ Relhyp((m), (n))

such that
σt,F = σw,H ◦h σu,G, (3.3)

σw,H = σt,F ◦h σv,O. (3.4)
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where u = f(u1, · · · , um), v = f(v1, · · · , vm) ∈ W(m)(Xm) and G = γ(g1, · · · , gn), O =

γ(o1, · · · , on) ∈ rF((m),(n))(Xn). Consider

t = σt,F (f)

= (σw,H ◦h σu,G)(f)

= σ̂w,H [σu,G(f)]

= σ̂w,H [f(u1, · · · , um)]

= Sm
m(w, σ̂w,H [u1], · · · , σ̂w,H [um])

where tp = Sm
m(wp, σ̂w,H [u1], · · · , σ̂w,H [um]) for all p = 1, · · · ,m. Clearly, if tp ∈ Xm then

wp ∈ Xm. Since σt,F ∈ RT , there are all distinct a′1, · · · , a′k ∈ {1, · · · ,m} and b′1, · · · , b′l ∈
{1, · · · , n} such that ta′1 = xa1 , · · · , ta′k = xak and sb′1 = xb1 , · · · , sb′l = xbl where I(t) =

{a1, · · · , ak} and I(F ) = {b1, · · · , bl}. So wa′1
, · · · , wa′k

∈ Xm. If wa′i
= wa′j

= xd for some
i ̸= j then

xai = ta′i = Sm
m(wa′i

, σ̂w,H [u1], · · · , σ̂w,H [um])

=σ̂w,H [ud] = Sm
m(wa′j

, σ̂w,H [u1], · · · , σ̂w,H [um]) = ta′j = xaj .

This contradicts with xai ̸= xaj for all i ̸= j. Thus wa′i
̸= wa′j

for all i ̸= j ∈ {1, · · · , k}.
It implies that |I(t)| = |{wa′1

, · · · , wa′k
}| ≤ |I(w)|. Similarly, by using (3.4), we have |I(w)| ≤

|I(t)|. So |I(w)| = |I(t)|. By using (3.3) and (3.4) again, we have |I(H)| = |I(F )| and the proof
of (i) is complete.

Next, wewill show (ii). Let I(w) = {c1, · · · , ck} and I(H) = {d1, · · · , dl}. Sincewa′1
, ..., wa′k

∈ Xm such that wa′i
̸= wa′j

for all i ̸= j, we can assume that wa′1
= xc1 , · · · , wa′k

= xck .
Then xai = ta′i = Sm

m(wa′i
, σ̂w,H [u1], · · · , σ̂w,H [um]) = σ̂w,H [uci ] for all i = 1, · · · , k. Since

w ∈ W(m)(Xm) \ Xm, it implies uci = xai for all i = 1, · · · , k. Define a bijective map
π : {a1, · · · , ak} → {c1, · · · , ck} by π(ai) = ci for all i = 1, · · · , k. Then uci = xai = xπ−1(ci)

for all i = 1, · · · , k and it implies that σ̂w,H [uci ] = xπ−1(ci) for all i = 1, · · · , k. Since
I(w) = {c1, · · · , ck}, we have t = Sm

m(w, σ̂w,H [u1], · · · , σ̂w,H [um]) = π−1(w). Therefore,
w = π(t) where π is a bijection from I(t) to I(w). Similarly, H = ϕ(F ) where ϕ is a bijection
from I(F ) to I(H).

Conversely, assume that the conditions hold. Let σt,F , σw,H ∈ Rt with I(t) = {a1, · · · , ak},
I(w) = {c1, · · · , ck}, I(F ) = {b1, · · · , bl} and I(H) = {d1, · · · , dl} such that w = π(t) and
H = ϕ(F ) where π : I(t) → I(w) and ϕ : I(F ) → I(H) are bijective. We will show that
σt,F R σw,H , i.e. there exist σu,G, σv,O ∈ Relhyp((m), (n)) such that σw,H ◦h σu,G = σt,F and
σt,F ◦h σv,O = σw,H .

Choose σu,G, σv,O ∈ Relhyp((m), (n)) where u = f(u1, · · · , um), v = f(v1, · · · , vm) ∈
W(m)(Xm) and G = γ(g1, · · · , gn), O = γ(o1, · · · , on) ∈ rF((m),(n))(Xn) such that uci =
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xπ−1(ci), vai = xπ(ai), gdj = xϕ−1(dj) and obj = xϕ(bj) for all i = 1, · · · , k and j = 1, · · · , l.
Then

(σw,H ◦h σu,G)(f) = σ̂w,H [σu,G(f)]

= σ̂w,H [f(u1, · · · , um)]

= Sm
m(w, σ̂w,H [u1], · · · , σ̂w,H [um]),

since σ̂w,H [uci ] = xπ−1(ci) for all i = 1, · · · , k,

= π−1(w) = π−1(π(t)) = t = σt,F (f),

(σw,H ◦h σu,G)(γ) = σ̂w,H [σu,G(γ)]

= σ̂w,H [γ(g1, · · · , gn)]

= Rn
n(H, σ̂w,H [g1], · · · , σ̂w,H [gn]),

since σ̂w,H [gdj ] = xϕ−1(dj) for all j = 1, · · · , l,

= ϕ−1(H) = ϕ−1(ϕ(F )) = F = σt,F (γ).

Similarly, (σt,F ◦h σv,O)(f) = Sm
m(t, σ̂t,F [v1], · · · , σ̂t,F [vm]) = π(t) = w = σw,H(f) and

(σt,F ◦h σv,O)(γ) = Rn
n(F, σ̂t,F [o1], · · · , σ̂t,F [on]) = ϕ(F ) = H = σw,H(γ). Hence σw,H ◦h

σu,G = σt,F and σt,F ◦h σv,O = σw,H . Therefore σt,F R σw,H .

Theorem 3.9. Let σt,F , σw,H ∈ RT . Then σt,F J σw,H if and only if |I(w)| = |I(t)| and
|I(H)| = |I(F )|.

Proof. Let σt,F J σw,H . There are σu,G, σv,E , σp,O, σq,R ∈ Relhyp((m), (n)) such that

σt,F = σu,G ◦h σw,H ◦h σv,E , (3.5)

σw,H = σp,O ◦h σt,F ◦h σq,R. (3.6)

where u = f(u1, · · · , um), v = f(v1, · · · , vm) ∈ W(m)(Xm) and G = γ(g1, · · · , gn), E =

γ(e1, · · · , en) ∈ rF((m),(n))(Xn). First, we consider (3.5). For convenience, let
(σw,H ◦h σv,E)(f) = σ̂w,H [v] = Sm

m(w, σ̂w,H [v1], · · · , σ̂w,H [vm]) = f(w̃1, · · · , w̃m)

where w̃j = Sm
m(wj , σ̂w,H [v1], · · · , σ̂w,H [vm]) for all j = 1, · · · ,m. Then

t = σt,F (f)

= (σu,G ◦h σw,H ◦h σv,E)(f)

= σ̂u,G[(σw,H ◦h σv,E)(f)]

= σ̂u,G[f(w̃1, · · · , w̃m)]

= Sm
m(σu,G(f), σ̂u,G[w̃1], · · · , σ̂u,G[w̃m])
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= Sm
m(u, σ̂u,G[w̃1], · · · , σ̂u,G[w̃m]).

So tj = Sm
m(uj , σ̂u,G[w̃1], · · · , σ̂u,G[w̃m]) for all j = 1, · · · ,m. We know that if tj ∈ Xm then

uj ∈ Xm. Since σt,F ∈ RT , there exist all distinct a′1, · · · , a′k ∈ {1, · · · ,m} and b′1, · · · , b′l ∈
{1, · · · , n} such that ta′1 = xa1 , · · · , ta′k = xak and sb′1 = xb1 , · · · , sb′l = xbl where I(t) =

{a1, · · · , ak} and I(F ) = {b1, · · · , bl}. Similar to the proof of Theorem 3.8, we obtain that
ua′1 , · · · , ua′k ∈ Xm and ua′i ̸= ua′j for all i ̸= j.

Without loss of generality, we can assume that ua′i = xαi for all i = 1, · · · , k (it also implies
that αi ̸= αj for all i ̸= j). Then xai = ta′i = Sm

m(ua′i , σ̂u,G[w̃1], · · · , σ̂u,G[w̃m]) = σ̂u,G[w̃αi ]

for all i = 1, · · · , k. Next, we show that w̃αi = xai for all i = 1, · · · , k. If u = xβ ∈ Xm then,
by (3.5), we have t = (σt,F )(f) = (σu,G ◦h σw,H ◦h σv,E)(f) = σ̂xβ ,G[(σw,H ◦h σv,E)(f)] =

σ̂xβ ,G[f(w̃1, · · · , w̃m)] = β −most(f(w̃1, · · · , w̃m)) = β −most(w̃β) ∈ Xm, a contradiction
with t ∈ W(m)(Xm) \Xm. So u ∈ W(m)(Xm) \Xm. Since xai = σ̂u,G[w̃αi ], w̃αi = xai for all
i = 1, · · · , k. Since xai = w̃αi = Sm

m(wαi , σ̂w,H [v1], · · · , σ̂w,H [vm]), we have wα1 , · · · , wαk
∈

Xm and are all distinct. So |I(t)| = |{wα1 , · · · , wαk
}| ≤ |I(w)|. By (3.6), we can show that

|I(w)| ≤ |I(t)|. Thus |I(w)| = |I(t)|. By (3.5) and (3.6) again, we have |I(H)| = |I(F )|.
Conversely, assume that the conditions hold. Let σt,F , σw,H ∈ RT with

I(t) = {a1, · · · , ak}, I(w) = {c1, · · · , ck}, I(F ) = {b1, · · · , bl} and I(H) = {d1, · · · , dl}
where t = f(t1, · · · , tm), w = f(w1, · · · , wm), F = γ(s1, · · · , sn) and H = γ(h1, · · · , hn)
such that ta′i = xai ,wc′i

= xci , sb′j = xbj andhd′j = xdj for all i = 1, · · · , k and j = 1, · · · , l. We
will show that σt,F J σw,H . First, we define π1 : {a1, · · · , ak} → {c′1, · · · , c′k} by π1(ai) = c′i
for all i = 1, · · · , k,
π2 : {c1, · · · , ck} → {a′1, · · · , a′k} by π2(ci) = a′i for all i = 1, · · · , k,
ϕ1 : {b1, · · · , bl} → {d′1, · · · , d′l} by ϕ1(bj) = d′j for all j = 1, · · · , l and
ϕ2 : {d1, · · · , dl} → {b′1, · · · , b′l} by ϕ2(dj) = b′j for all j = 1, · · · , l.
Choose σπ1(t),ϕ1(F ), σπ2(w),ϕ2(H), σu,E , σv,R ∈ Relhyp((m), (n)) with u = f(u1, · · · , um),
v = f(v1, · · · , vm), E = γ(e1, · · · , en) and R = γ(r1, · · · , rn) such that uci = xai , vai = xci ,
edj = xbj and rbj = xdj for all i = 1, · · · , k, j = 1, · · · , l. Next, we will show that σt,F =

σπ1(t),ϕ1(F ) ◦h σw,H ◦h σu,E and σw,H = σπ2(w),ϕ2(H) ◦h σt,F ◦h σv,R. For convenience, we
consider

(σw,H ◦h σu,E)(f) = Sm
m(w, σ̂w,H [u1], · · · , σ̂w,H [um]) = f(w̃1, · · · , w̃m)

where w̃p = Sm
m(wp, σ̂w,H [u1], · · · , σ̂w,H [um]) for all p = 1, · · · ,m,

(σt,F ◦h σv,R)(f) = Sm
m(t, σ̂t,F [v1], · · · , σ̂t,F [vm]) = f(t̃1, · · · , t̃m)

where t̃p = Sm
m(tp, σ̂t,F [v1], · · · , σ̂t,F [vm]) for all p = 1, · · · ,m,

(σw,H ◦h σu,E)(γ) = Rn
n(H, σ̂w,H [e1], · · · , σ̂w,H [en]) = γ(h̃1, · · · , h̃n)
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where h̃p = Sn
n(hp, σ̂w,H [e1], · · · , σ̂w,H [em]) for all p = 1, · · · , n and

(σt,F ◦h σv,R)(γ) = Rn
n(F, σ̂t,F [r1], · · · , σ̂t,F [rm]) = γ(s̃1, · · · , s̃n)

where s̃p = Sn
n(sp, σ̂t,F [r1], · · · , σ̂t,F [rm]) for all p = 1, · · · , n.

Since wc′i
= xci and uci = xai = xπ−1

1 (c′i)
for all i = 1, · · · , k, we have

w̃c′i
= Sm

m(wc′i
, σ̂w,H [u1], · · · , σ̂w,H [um]) = Sm

m(xci , σ̂w,H [u1], · · · , σ̂w,H [um]) = σ̂w,H [uci ] =

xπ−1
1 (c′i)

for all i = 1, · · · , k. Similarly, t̃a′i = xπ−1
2 (a′i)

, h̃d′j = xϕ−1
1 (d′j)

and s̃b′j = xϕ−1
2 (b′j)

for all
i = 1, · · · , k and j = 1, · · · , l. Next, we consider

(σπ1(t),ϕ1(F ) ◦h σw,H ◦h σu,E)(f) = σ̂π1(t),ϕ1(F )[(σw,H ◦h σu,E)(f)]

= σ̂π1(t),ϕ1(F )[f(w̃1, · · · , w̃m)]

= Sm
m(π1(t), σ̂π1(t),ϕ1(F )[w̃1], · · · , σ̂π1(t),ϕ1(F )[w̃m])

= π−1
1 (π1(t)),

since I(π1(t)) = {c′1, · · · , c′k} and

σ̂π1(t),ϕ1(F )[w̃c′i
] = xπ−1

1 (c′i)
for all i = 1, · · · , k,

= t = σt,F (f)

and (σπ1(t),ϕ1(F ) ◦h σw,Hσu,E)(γ) = ϕ−1
1 (ϕ1(F )) = F = σt,F (γ). So σπ1(t),ϕ1(F ) ◦h σw,H ◦h

σu,E = σt,F . Similarly, we can show that σw,H = σπ2(w),ϕ2(H) ◦h σt,F ◦h σv,R. Therefore
σt,F J σw,H .

Theorem 3.10. InRT , J = D.

Proof. It is obvious that D ⊆ J . We will show that J ⊆ D. Let σt,F , σw,H ∈ RT such
that σt,F J σw,H where t = f(t1, · · · , tm), w = f(w1, · · · , wm) ∈ W(m)(Xm) and F =

γ(s1, · · · , sn),H = γ(h1, · · · , hn) ∈ rF((m),(n))(Xn). ByTheorem 3.9, we obtain that |I(w)| =
|I(t)| and |I(H)| = |I(F )|. Let I(t) = {a1, · · · , ak}, I(w) = {c1, · · · , ck}, I(F ) = {b1, · · · , bl}
and I(H) = {d1, · · · , dl}. Since σt,F , σw,H ∈ RT , there are subsets {a′1, · · · , a′k}, {c′1, · · · , c′k}
of {1, · · · ,m} and subsets {b′1, · · · , b′l}, {d′1, · · · , d′l} of {1, · · · , n} such that ta′i = xai , wc′i

=

xci , sb′j = xbj and hd′l = xdj for all i = 1, · · · , k and j = 1, · · · , l. We will show that
σt,F D σw,H , i.e. there isσp,G ∈ Relhyp((m), (n)) such thatσw,H Lσp,G andσp,GRσt,F . Since
|I(w)| = |I(t)| and |I(H)| = |I(F )|, we define bijective maps π : I(t) → I(w) by π(ai) = ci,
for all i = 1, · · · , k, and ϕ : I(F ) → I(H) by π(bj) = dj , for all j = 1, · · · , l. Choose σp,G ∈
Relhyp((m), (n)) such that p = π(t) and G = ϕ(F ). Then I(p) = {π(a1), · · · , π(ak)} =

{c1, · · · , ck} = I(w) and I(G) = {ϕ(b1), · · · , ϕ(bl)} = {d1, · · · , dl} = I(H). By Theo-
rem 3.7, we have σw,H L σp,G. Next, we will show that σp,G R σt,F , i.e. there are σu,E , σv,G ∈
Relhyp((m), (n)) such that σp,G = σt,F ◦h σu,E and σt,F = σp,G ◦h σv,G. Choose σu,E , σv,G ∈
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Relhyp((m), (n)) with u = f(u1, · · · , um), v = f(v1, · · · , vm) ∈ W(m)(Xm) and E =

γ(e1, · · · , en), G = γ(g1, · · · , gn) ∈ rF((m),(n))(Xn) such that uai = xci , vci = xai , ebj = xdj
and gdj = xbj for all i = 1, · · · , k and j = 1, · · · , l. By calculation, we obtain that σp,G R σt,F .
Therefore σt,F D σw,H .

Theorem 3.11. Let σt,F , σw,H ∈ RT . Then σt,F H σw,H if and only if

(i) I(w) = I(t) and I(H) = I(F ),

(ii) w = π(t) andH = ϕ(F ) where π and ϕ are bijective maps on I(t) and I(F ), respectively.

Proof. The proof is completed byTheorem 3.7 andTheorem 3.8.
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