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Certain Laguerre-based Generalized Apostol Type

Polynomials
Nabiullah Khan, Talha Usman and Junesang Choi

Abstract. A variety of polynomials, their extensions and variants have been extensively in-
vestigated, due mainly to their potential applications in diverse research areas. In this paper,
we aim to introduce Laguerre-based generalized Apostol type polynomials and investigate
some properties and identities involving them. Among them, some differential-recursive re-
lations for the Hermite-Laguerre polynomials, which are expressed in terms of generalized
Apostol type numbers and the Laguerre-based generalized Apostol type polynomials, an im-
plicit summation formula and addition-symmetry identities for the Laguerre-based general-
ized Apostol type polynomials are presented. The results presented here, being very general,
are pointed out to reduce to yield some known or new formulas and identities for relatively
simple polynomials and numbers.

1 Introduction and preliminaries

The two variable Laguerre polynomials L, (x, y) are defined by the generating function (see [7];
see also [15, 16, 17, 18])

[e.e]
tTL
eyt CO(:Bt) = ZLn(xﬂJ)Ea (11)
n=0
where Cy() is the 0-th order Tricomi function (see, e.g., [30])
&y
From (1.1) and (1.2), it is easy to derive the following finite series
"L onl(=1)5y" S
Ln(x¢y) = Z % (TL € NO) . (13)

—~ (n—s) (s!)?
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Here and in the following, let C, R, R, and N be the sets of complex numbers, real numbers,

positive real numbers, and positive integers, respectively, and let Ny := N U {0}.

The generalized Bernoulli polynomials B (x) of order v € C, the generalized Euler poly-
nomials E,(La)(a;) of order o € C, and the generalized Genocchi polynomials G\ (x) of order
a € Care defined, respectively, by the following generating functions (see, e.g., [8, p. 253 et seq.],

[21, Section 2.8], [23], [32, Section 1.7])

et —1

< ! > et = ZB%Q)(Q:)Z—T: (It| < 2m; 1% :=1), (1.4)

n=0

2 “ T G « tn «
(et_|_ 1) e =Y B (x) s (|t <m1i=1), (1.5)

n=0
2t )O‘ PN "
) =Y G (< w1 = 1), (L6)
<et+1 s n!

A large number of interesting properties and relationships involving those polynomials in (1.4),
(1.5) and (1.6) have been presented (see, e.g., [1, 3, 5, 8, 9, 28])

The generalized Apostol-Bernoulli polynomials B (x; ) of order a € C (see [22, 25]),
the generalized Apostol-Euler polynomials Efla) (z; \) of order v € C (see [22]) and the gener-
alized Apostol-Genocchi polynomials Gﬁ{” (z; \) of order v € C (see [23, 24, 27]) are defined,

respectively, by the following generating functions

t “ X - (0% tn (0%

2 ae“ = Eoo E(a)(:c-)\)ﬁ (Jt+In X\ < m; 1% :=1) (1.8)
Aet +1 — "l T ’ ‘
I R EOO: G<a>(x-A)ﬁ (Jt+In A < 7; 1% := 1) (1.9)
>\6t+ 1 n_o n ) n! ) . . .

Setting z = 0 in (1.7), (1.8) and (1.9), we have
B (0;0) := BN, EQ(0:A) = EM(N), G000 =GN0, (110)

which are called Apostol-Bernoulli number of order «, Apostol-Euler number of order o and

Apostol-Genocchi number of order «, respectively. Clearly,

B (z) = B (z;1), EW(z)=E®(x;1), GW(z) =G (x:1). (1.11)
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Srivastava et al. [33, 34] have introduced and investigated certain extensions of generalized
Apostol-Bernoulli polynomials BY) (z; A\;a,b,c) of order « € C, Apostol-Euler polynomials
Eﬁfd) (z; A;a,b,c) of order o € C and Apostol-Genocchi polynomials Gg{l) (z; A;a,b, c) of order
a € C which are defined, respectively, by the following generating functions

t e oo t
<M> ¢t =% BiM(w: Aa,b, ¢) (1.12)

n=0

<a7 b, c € R" with a # b;

tln(b>+ln)\‘<27r; 1% :=1; xER),
a

n

2 « o0 t
<)\bt+at> = B (x5 X a.b, ) (1.13)
n=0 :

<a, b, c € RT with a # b;

tln<b>—|—ln)\’<7r; 1%:=1; xeR),
a

2t @ - > N n
<M> ¢ ZZG%)(fE;/\;a,b,C)a (1.14)

n=0

<a, b, c € RT with a # b;

tln<b>+ln)\’<7r; 1%:=1; xER).
a

Clearly, the special cases of (1.12), (1.13) and (1.14) when a = 1, b = ¢ = e reduce, respectively,
to (1.7), (1.8) and (1.9).

Lu and Luo [20] have introduced and investigated the generalized Apostol type polynomials
FT(La) (x; A\ p,v) (o € No, A, i, v € C) of order v defined by means of the following generating

function
n

QLY o o o] @y, "
(Aetﬂ) =2 B oy (< og(-A)D, (1.15)

where
E N\, v) o= FS(03 A 1, v) (1.16)

are the Apostol type numbers of order . Note that the generalized Apostol type polynomials
F,(La) (x; A\; i, v) in (1.15) reduce to yield the polynomials in (1.7), (1.8) and (1.9) as follows:

BY) (23 0) = (—1)*F (23 —X; 0, 1), (1.17)
E{™ (x5 \) = F{® (25 \; 1,0), (1.18)

G%O‘) (z;\) = F,(lo‘)(:c; AL L), (1.19)
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The 2-variable Kampé de Fériet generalization of the Hermite polynomials H,,(z, y) is given
by (see, e.g., [2], [15])

5] yrwn72r
Hy(z,y)=n'y 2 1.2
(z,9) =n ; ri(n — 2r)! (1.20)
which are defined by the following generating function
T t"
ettt — ZHn(x,y)E (1.21)
n=0
The particular case of (1.21) wheny = —1and z is replaced by 2 reduces to generate the ordinary

Hermite polynomials H,,(z) (see, e.g., [2], [30]).

The Hermite-Laguerre polynomials r7 L, (x,y, z) are defined by the following generating
function (see [15, Eq. (1.16)])

n
yt+zt2 _ 3
e Co(xt) = ngo HLn(m,y,z)—n! (1.22)

Lu and Luo [20, Eq. (4.5)] introduced the Hermite-based generalized Apostol type polyno-
mials of order o € Ny

oupr \ > tn
( ) D I I L
n=0

Xet + 1 - ([t < llog(=A)]) (1.23)

and
FD (230 1,0) = 1oy, 2 A 1, v). (1.24)

Here, we introduce the Laguerre-based generalized Apostol type polynomials
LF7(LO{) (Oé, x,Y,z;a, bu C, d7 )\a M, V)
in the following definition.

Definition 1. The Laguerre-based generalized Apostol type polynomials of order « LES“) (z,y,z;a,b,c,d; \; u,
are defined by the following generating function

A N N tn
<)\at n bt) I Gy (at) = Z:O LF O (@, y, 25a,b, 050 1, v) — (1.25)

(a, x,y, z, b, v €C; Ae C\ {0};
a, b, c,d € RY with a #b; [t| <|log(—\)|/|log(a/b)|).
Here Cj(x) is the same as in (1.2). Here and throughout, for simplicity, all involved multiple-

valued functions are assumed to take the principal branches. Also let

LF 2y, 26,1, 6,25 M5 1, v) i= LES (2,9, 23 s 1, v). (1.26)
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In this paper, we aim to investigate certain basic properties and identities of the Laguerre-
based generalized Apostol type polynomials L]—'( )(a, x,y, z;a,b,c,d; \; u,v) in (1.25). Also,
we give some differential-recursive relations for the Hermite-Laguerre polynomials, which are ex-
pressed in terms of generalized Apostol type numbers and the Laguerre-based generalized Apostol
type polynomials. Further, by mainly using some formal manipulations of double series to the
generating function, we present an implicit summation formula and various addition-symmetry
identities for the Laguerre-based generalized Apostol type polynomials, which are pointed out to
reduce to yield corresponding formulas and identities for a number of relatively simple known
polynomials and numbers (see, e.g., [6, 11, 12, 13, 14, 15, 16, 17, 18, 19, 26, 29, 31, 36, 37, 38]).

2 Elementary properties and identities involving L]%(La) (x,y,z;a,b,¢c,d; \; i, v)

We present some properties and identities involving the Laguerre-based generalized Apostol type

polynomials L]-}(La) (z,y,2;a,b,c,d; \; u, v) in (1.25), which are given in Theorem 2.1.

For easier reference, we recall some formal manipulations of double series in the following
lemma (see, e.g., [4], [16], [30, pp. 56-57], and [35, p. 52]).

Lemma 2.1. The following identities hold:

oo [n/p]

ZZAM:Z Z Agn—pk  (p €N); (2.1)
n=0 k=0 n=0 k=0

oo [n/p] oo 00

Z Z Apn = Z Z Apntpe (P €N); (2.2)
n=0 k=0 n=0 k=0
N_Of(N x+y Zof (m+n —Ty—m' (2.3)

Here, the Ay, ,, and f(N) (k, n, N € Np) are real or complex valued functions indexed by
the k£, n and N, respectively, and x and y are real or complex numbers. Also, for possible rear-

rangements of the involved double series, all the associated series should be absolutely convergent.

Theorem 2.1. Let o, @, y, z, i1, v € Cand A € C\ {0}. Alsoleta, b, ¢, d € RT witha # b.

Then
ak
aiyklzf;ga)(x7 y: zZ;a, b7 C, d7 A? H? V)

(2.4)
_n! log® ¢

=t fqga)k(xy,zabcdku,) (n, k € No; k < n);
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k
;ka( N(@,y,2a,b,¢,d; X; 1, v)
n! logk ¢ (2.5)
= ML]:T(L@%(%Z/’ zya,bye,d; Ay, v)  (n, k € No; 2k < n);
g+t 04k
8yka eLféa)(fB,y,Z;a, b’ C7 d’ )\’ lu’ ) 8 faykL‘F( )(x’y7 Z;aab) C7 d’>\7/’6? Z/)
n! 1ng+€ (@) (2.6)
:mf Ck—20(@ Y, zab e ds A v) (k€€ Nos ke + 20 < n);
@z y ey = S (M) EDT @ |
LEy (x,y, 2 A p,v) = mzz:o <m> (n—m)! gFy (y, z; A p,v)  (n€Np); 2.7)
LE @,y 2 A, v)
o~ () (m) (—o)m (2.8)
m=0 (=0 :
LE) (2, 25 M, v)
n (3] , 09)
nlz o .
-2 (n—m)! (m —20) ¢! Ey2 (1, v) Lin-z(z,y) - (n € No):
m=0 (=0
- n
HLn(2,y,2) <m> T ) LE (2,9, 2 A v) (n € No) (2.10)
m=0
n
n m m .
=22 / v, —2) FS O v) LB (2,1, 25 0, v) (2.11)

3
Il
o
Iy
o

I
3
()
1:

3

3
Il
o
Iy
=)

/\g—\
3
" —
/N N

]z
N\
3 3
N~

FO O pyv) Hyo( =y, —2) LFS (w9, 23 s 1, v)

m —Q [0
(z) F O (O, v) LF,EZ_)K(%%Z; s, v) Hy(—y, —2).
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Proof. Differentiating both sides of (1.25) with respect to the variables y and z, k times, and
equating the coefficients of ¢, we obtain (2.4) and (2.5).

Differentiating both sides of (1.25) with respect to the variables y and z, respectively, £ and
¢ times, and equating the coefficients of t”, we get (2.6).

Applying the left members of (1.2) and (1.23) in (1.26), with the aid of (2.1) for p = 1, we
get (2.7).

Employing the left members of (1.2), (1.16) and (1.21) in (1.26), by a successive use of (2.1)
for p = 1, we have (2.8).

Applying the left members of (1.1) and (1.21) in (1.26), with the aid of (2.1) forp = 1 and
p = 2, we derive (2.9).

From (1.26), we have

o (2T NS g @y s
e Co(xt) = <)\€t 1 Z;)LF,L (x,y, 2; )\,,u,l/)n! (2.12)
and .
_ —yt—zt2? 20tY “ F(Oc) ). ﬁ 2.1
Colat) = e (m — HZOL N @y, 25 A v) (2.13)

Using (1.22) and (1.16) in (2.12), and (1.2), (1.22) and (1.16) in (2.13), similarly as above,
respectively, we get (2.10) and (2.11).

O]

3 Differential-recursive relations

We establish some differential-recursive relations involving the generalized Apostol type num-
bers Fé“)(/\; p, v) in (1.16), the Hermite-Laguerre polynomials L, (z,y, z) in (1.22), and the

(a)(

Laguerre-based generalized Apostol type polynomials 1 Fy ' (x,y, z; \; i, v) in (1.26), asserted

in the following theorem.

Theorem 3.1. Let o, x, y, z, u, v € Cand X\ € C\ {0}. Then

0
nyHLn_1(m,y, z) + 2”(” - 1) ZHLTL—2(x7y> Z) +x 7HLTL($7 Y, Z)

ox
(3.1)
_nZ < ) O, 0) LS (2, 2 X v) - (n € N\ {1});
aLn—k(z,y,2 Zn: F (A v) o L F (2, y, 2505 ) (3.2)
, ! Clogktm e |

mO
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(n, k€ Ng, k<n);

n

HLn—ok(z,y,2) =

m=0

(=20 p@ .0 O p@ N
m)! (n - m)| Fn—m(A7 H, V) 92k LFm ($, Y, Z; )\, I, l/) (33)
(n, k € No, 2k <n).

Proof. From (1.16) and (1.26), using (2.1) with p = 1, we have

I s "
Quttat? Co(xt) = <) Z LF#“)(x,y,z;)\;u, v) n!
n=0 ’

Aet +1
> t" tm
:ZFéa)()‘huvy)jLFv(na)(wayvzv)HMay)7‘ (34)
n! m
a "
= Z Z ( > F\ (% ) LE (2,9, 25 0 o, v) -
n=0 m=0 n
Differentiating both sides of (3.4) with respect to ¢, we obtain
yt—&—zt2 yt+zt2 yt+zt2 8
ye Co(xt) + 2zte Co(xt) +e aCo(act)
o0 n (@) tn—l (35)
- @ )\,LL, ) Fa(%y,z;)\;%l/) :
>3 (n)n )
Multiplying both sides of (3.5) by ¢ and using
0 0
t aCO(iL‘t) =z 8—00(9615)
we get
yt eVttt O (xt) + 2217 eyitat® Co(xt) +x 88 {eyt“tQ C’o(a;t)}
T
» " (36)
—ZZ ( >F AM,V)LF&“)(:B,y,Z;/\;M,V)( -
n=1 m=0 n= )
Applying (1.22) to the left member of (3.6), we find
0 tn—i—l 0 tn+2 0 8 tn
Y z_;) HLn(x) Y, 2)7 + 2z z_;) HLn(x) Y, 2)7 +x z_;) %HLn(xa Y, Z)E
"= = = (3.7)

N (1) gy (@) ) "
Z ( >Fn_m(>\7H,V)LFm (Iay7z7>\7u)y) (n—l)'

Equating the coefficients of ¢" in both sides of (3.7), we derive (3.1).
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Differentiating both sides of (3.4) with respect to the variable z, £ € Ny times, and using
(1.22), we obtain

oo tn
Ln— b )
;k Lok (@, 4, 2) 50

s w o (3.8)

o "

=3 N (P) E9 i v) o b FS (. 2 A ) .
m 0zk n!
n=0 m=0
Equating the coefficients of ¢ on both sides of (3.8), we get (3.3).

Similarly as in getting (3.3), we derive (3.2). O

4 Addition-symmetry identities

We establish some addition-symmetry identities involving the Laguerre-based generalized Apos-
tol type polynomials LF,§O‘) (x,y, z; A; 1, v) in (1.26) with respect to the order v, and the variables

y and z, which are given in Theorem 4.1.
Theorem 4.1. Let n € Ny, a1, o, T, y1, Y2, 21, 22, i, v € Cand A € C\ {0}. Then
LE) (2, 20 1, v)

=D <n> ES™) (A, v) LFSD) (2,7, 2 A, v)

= \m (4.1)
= <n) F2 (A o v) LFSD (0, y, 20 1, v0);
m
m=0
LE (@, g1 + y2, 23 M5 1, v)
- n
_ n—m F(Oc) z, ,Z;)\; ,V
- n —-m «
=y ( ) Yy LES) (2, ya, 2 A s v);
m=0 m
LE (2,9, 21 + 203\ 1, v)
5] n 2m (@)
= ! m P A
mzzom <2m> <m)22 L n_zm(x>yazl, auﬂy) (43)
5] n 2m
— m! <2m> ( o ) 21" LFffﬁ)zm(w, Yy 223 As 1, V)5
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LEIT0D (1 gy 4y, 25, v)

n n N
=>. <m) F2) (y2; A 1, v) LESD (0,1, 25 o, v) (4.4)

M) (yas A, v) LES) (2,91, 25 X, v)

I
(]
PR
3 3
~—
=L

| 2
32

n n N .
= Z ( ) F( ) (yla)\ w, v )LF1§1 1)($,y272’;)\; M, V)
( >F(a1n)1(ylsk;u,V) LED (2,92, 23 X 1, v);

LFTO) (2 g 21 + 205 As 1, v)

n 7]
n m 20 a o
= 4 <m> <2£> <£> ZS LFé—ln)z(xa% 213)\§M7V)F7Ez_2%g()\§/%’/)

m=0 (=0
n mY (20 )
¢ <m> <2€> <€> 2 LET @y 2 ) BT, (O )

LE (2,91 + ya, 21 + 203 A\ 1, v)

" n (a)
= E F T, Y1, 215 A, V) Hpy (y2, 2
< >L n— m( y Y1, 21 w, v ) (y2 2) (4.6)

(4.5)

m=0 ¢=0

n
<m>LF7S, )m(fE y27zl,)\ M,V )Hm(ylsz)

n (0%
( >LF7(L—)m(xaylszQ)‘;MaV)Hm(y%Zl)

n @
<m> LFT(L—)m(xu Y2, 225 A, V) Hp (Y1, 21);

LFT02) (g g 4y, 21 4 205 A, )
n

_ ( 1) (a2) )
- F ) ) )‘ ) Fm I I )‘7 9
E <m> LB, (s yn, 20 A, v) 1 (Y2, 22; As 1, v) (47)

m=0

n n N .
=2 <m> LEN2) (2,51, 215 0 ) i B (y2, 203 A, v)

m=0



Certain Laguerre-based Generalized Apostol Type Polynomials 69

= Z ( >LF( Y (2,92, 213 s 1, ) D (y1, 205 As 1, v)
:zn: LEC2) (@, g9, 205 A 1, v) HFSD (g2, 215 A 1, v)
m Y2, 213 m, V) HE Y2, 215 A\ V).

m=0

Proof. Choosing to use the involved polynomials, similarly as in the proof of Theorem 2.1, we can

prove the identities here. We omit the details.

O

5 Implicit summation formula

Implicit formulas involving various polynomials have been presented (e.g., [11, 12, 13, 14, 15, 16,
17,18, 19]). Similarly as in the above-cited works, we provide an implicit formula for the Laguerre-

based generalized Apostol type polynomials in (1.25), asserted in the following theorem.

Theorem 5.1. Let n, m € Ny. Also let a, v, z, y, z, i, v € Cand A\ € C\ {0}. Further let
a, b, c, d € R witha # b. Then

L]—"(J)rn(mvzabcd)\u,)

(5.1)
= E E <Z> <m> )S+k log®™ ke ]-"fn_?_n s_plT,v,zia,b,¢,d; Ay, v).
s

k=0 s=0

Proof. Replacing t by ¢ 4+ w in (1.25), we have

d'LL(t + U/)V « z(t+u)2
(/\at+u T bt> ¢ Co(z(t + u))
—y(t+u) (o) . -

Y ZL‘Fn (a:,y,z,a,b,c,d,)\,u,u) n!

Using binomial formula to expand (¢ + u)" in the right member of (5.2), with the aid of (2.2) for

p = 1, we obtain

< d*(t+u)” > ¢ A0 O (2(t + )

Aatte 4 pt
00 () " u™ 53)
oyt ; e
— e o mzn:() fm+n(x’y’Z,a,b,c,da)V/’L?V) E W

We find that the left member of (5.3) is independent of the variable y. In this regard, replacing y
by another variable v in the right member of (5.3) and equating the right members of the resulting
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identity and (5.3), we get

0 £ M
o) N~ FE) (g zsa,b, e ds A ) — )
m,n=0 ’
(5.4)
—Z fm+nxy,zabcd)\u,)‘—'.
m,n=0 m:
Expanding the exponential function and using (2.3), we find
o0 N o0 k+s k+s k,.s
v=y)(tHu) _ )N (t+uw)™ (v—1y)"*5 log" ™ ¢ thu
NZO log c N = kz Tl . (5.5)
= ,s=0

Setting the double series of (5.5) for ¢("=%)(*+%) in the left member of (5.4), we get a quadruple
series. Pairing the quadruple series into two double series with the indices (n, k) and (m, s), and

using (2.1) with p = 1 in the respective double series, we have

© nom _ k+sl kts .
> Z W Og CLF @y zab e d X )
mn=Ok=0 =0 N (5.6)
X (=B (=) —mzn:OL}'m+n(:c v, z;a,b, ¢, d; A\, v) iy
Finally, comparing the coefficients of " u™ on both sides of (5.6), we obtain (5.1).
O

6 Remarks and special cases

The Laguerre-based generalized Apostol type polynomials LF,SO‘) (x,y, z;a,b, ¢, d; \; p, ) in (1.25)
being very general, they can reduce to yield a number of relatively simple polynomials and num-
bers. For example,

LF0,y, 25,1, 6,20 1, 0) = g E) (y, 25 A 1, v);

LFT(LO)([E, y,ze,1,e,2;\1,v) = gLy(x,y, 2);
Lféo)(o,y, zie,1,e,2; N\, v) = Hy(y, 2);
L FO0, 4,056, 1,6, 2: M 1, v) = FO (4 A o, v):
LFO(0,,0:e,1, 6,2 —X; pyv) = (=1)* BE (g5 \);

LF0,9,05¢,1,€,2;X:1,0) = B (y; \);
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LFO(0,y,05e,1,6,2, 01, 1) = GI (y; A)

) =
LFD(0,4,05¢, 16,2 —1;0,1) = (—1)* B (y);

n
LF@(0,y,05e,1,¢,2;151,0) = E@ (y);
L FL(0,y,05e,1,e,2;1;1,1) = G (y);
Lfr(bo)(x,y,(); e, 1,e,2; A\, v) = Ly(x,y);
LF(0,4,050,b,¢,2; -0, 1) = (—1)* B (y; b, a, ¢);
L FL(0,y,05b,a,¢,2; X 1,0) = B (y: As a, b, ¢);
LF(0,9,0:b,a,¢,2:0,1,1) = G (23 X a, b, ¢).
Using these particular cases to the identities in the previous sections, we can get those cor-
responding identities involving various polynomials and numbers. For example, we give an im-
plicit formula for the Hermite-based generalized Apostol type polynomials g F; ) (4,2 A, )

in (1.23), asserted in the following corollary.

Corollary 6.1. Letn, m € Ngand o, v, y, z, A\, u, v € C. Then

-y o (6.1)
- Z (Z) <T:) (v y)s+kHFT(n-i)-n—s—k(U’ 23N 1, V).
k=0 s=0
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