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Certain Laguerre-based Generalized Apostol Type
Polynomials

Nabiullah Khan, Talha Usman and Junesang Choi

Abstract. A variety of polynomials, their extensions and variants have been extensively in-
vestigated, due mainly to their potential applications in diverse research areas. In this paper,
we aim to introduce Laguerre-based generalized Apostol type polynomials and investigate
some properties and identities involving them. Among them, some differential-recursive re-
lations for the Hermite-Laguerre polynomials, which are expressed in terms of generalized
Apostol type numbers and the Laguerre-based generalized Apostol type polynomials, an im-
plicit summation formula and addition-symmetry identities for the Laguerre-based general-
ized Apostol type polynomials are presented. The results presented here, being very general,
are pointed out to reduce to yield some known or new formulas and identities for relatively
simple polynomials and numbers.

1 Introduction and preliminaries

The two variable Laguerre polynomials Ln(x, y) are defined by the generating function (see [7];
see also [15, 16, 17, 18])

eytC0(xt) =
∞∑
n=0

Ln(x, y)
tn

n!
, (1.1)

where C0(x) is the 0-th order Tricomi function (see, e.g., [30])

C0(x) =
∞∑
r=0

(−1)rxr

(r!)2
. (1.2)

From (1.1) and (1.2), it is easy to derive the following finite series

Ln(x, y) =

n∑
s=0

n!(−1)syn−sxs

(n− s)! (s!)2
(n ∈ N0) . (1.3)
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Here and in the following, let C, R, R+, and N be the sets of complex numbers, real numbers,
positive real numbers, and positive integers, respectively, and let N0 := N ∪ {0}.

The generalized Bernoulli polynomials B(α)
n (x) of order α ∈ C, the generalized Euler poly-

nomials E(α)
n (x) of order α ∈ C, and the generalized Genocchi polynomials G(α)

n (x) of order
α ∈ C are defined, respectively, by the following generating functions (see, e.g., [8, p. 253 et seq.],
[21, Section 2.8], [23], [32, Section 1.7])(

t

et − 1

)α

ext =
∞∑
n=0

B(α)
n (x)

tn

n!
(|t| < 2π; 1α := 1), (1.4)

(
2

et + 1

)α

ext =

∞∑
n=0

E(α)
n (x)

tn

n!
(|t| < π; 1α := 1), (1.5)

(
2t

et + 1

)α

ext =

∞∑
n=0

G(α)
n (x)

tn

n!
(|t| < π; 1α := 1). (1.6)

A large number of interesting properties and relationships involving those polynomials in (1.4),
(1.5) and (1.6) have been presented (see, e.g., [1, 3, 5, 8, 9, 28])

The generalized Apostol-Bernoulli polynomials B(α)
n (x;λ) of order α ∈ C (see [22, 25]),

the generalized Apostol-Euler polynomials E(α)
n (x;λ) of order α ∈ C (see [22]) and the gener-

alized Apostol-Genocchi polynomials G(α)
n (x;λ) of order α ∈ C (see [23, 24, 27]) are defined,

respectively, by the following generating functions(
t

λet − 1

)α

ext =
∞∑
n=0

B(α)
n (x;λ)

tn

n!
(|t+ ln λ| < 2π; 1α := 1) , (1.7)

(
2

λet + 1

)α

ext =

∞∑
n=0

E(α)
n (x;λ)

tn

n!
(|t+ ln λ| < π; 1α := 1) , (1.8)

(
2t

λet + 1

)α

ext =
∞∑
n=0

G(α)
n (x;λ)

tn

n!
(|t+ ln λ| < π; 1α := 1) . (1.9)

Setting x = 0 in (1.7), (1.8) and (1.9), we have

B(α)
n (0;λ) := B(α)

n (λ), E(α)
n (0;λ) := E(α)

n (λ), G(α)
n (0;λ) = G(α)

n (λ), (1.10)

which are called Apostol-Bernoulli number of order α, Apostol-Euler number of order α and
Apostol-Genocchi number of order α, respectively. Clearly,

B(α)
n (x) = B(α)

n (x; 1), E(α)
n (x) = E(α)

n (x; 1), G(α)
n (x) = G(α)

n (x; 1). (1.11)
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Srivastava et al. [33, 34] have introduced and investigated certain extensions of generalized
Apostol-Bernoulli polynomials B(α)

n (x;λ; a, b, c) of order α ∈ C, Apostol-Euler polynomials
E

(α)
n (x;λ; a, b, c) of order α ∈ C and Apostol-Genocchi polynomialsG(α)

n (x;λ; a, b, c) of order
α ∈ C which are defined, respectively, by the following generating functions(

t

λbt − at

)α

cxt =

∞∑
n=0

B(α)
n (x;λ; a, b, c)

tn

n!
(1.12)

(
a, b, c ∈ R+ with a ̸= b;

∣∣∣∣t ln
(
b

a

)
+ ln λ

∣∣∣∣ < 2π; 1α := 1; x ∈ R
)
,

(
2

λbt + at

)α

cxt =
∞∑
n=0

E(α)
n (x;λ; a, b, c)

tn

n!
(1.13)

(
a, b, c ∈ R+ with a ̸= b;

∣∣∣∣t ln
(
b

a

)
+ ln λ

∣∣∣∣ < π; 1α := 1; x ∈ R
)
,

(
2t

λbt + at

)α

cxt =
∞∑
n=0

G(α)
n (x;λ; a, b, c)

tn

n!
(1.14)

(
a, b, c ∈ R+ with a ̸= b;

∣∣∣∣t ln
(
b

a

)
+ ln λ

∣∣∣∣ < π; 1α := 1; x ∈ R
)
.

Clearly, the special cases of (1.12), (1.13) and (1.14) when a = 1, b = c = e reduce, respectively,
to (1.7), (1.8) and (1.9).

Lu and Luo [20] have introduced and investigated the generalized Apostol type polynomials
F

(α)
n (x;λ;µ, ν) (α ∈ N0, λ, µ, ν ∈ C) of order α defined by means of the following generating

function (
2µtν

λet + 1

)α

ext =

∞∑
n=0

F (α)
n (x;λ;µ, ν)

tn

n!
(|t| < | log(−λ)|), (1.15)

where
F (α)
n (λ;µ, ν) := F (α)

n (0;λ;µ, ν) (1.16)

are the Apostol type numbers of order α. Note that the generalized Apostol type polynomials
F

(α)
n (x;λ;µ, ν) in (1.15) reduce to yield the polynomials in (1.7), (1.8) and (1.9) as follows:

B(α)
n (x;λ) = (−1)αF (α)

n (x;−λ; 0, 1), (1.17)

E(α)
n (x;λ) = F (α)

n (x;λ; 1, 0), (1.18)

G(α)
n (x;λ) = F (α)

n (x;λ; 1, 1). (1.19)
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The 2-variable Kampé de Fériet generalization of the Hermite polynomialsHn(x, y) is given
by (see, e.g., [2], [15])

Hn(x, y) = n!

[n
2
]∑

r=0

yrxn−2r

r!(n− 2r)!
, (1.20)

which are defined by the following generating function

ext+yt2 =
∞∑
n=0

Hn(x, y)
tn

n!
. (1.21)

Theparticular case of (1.21)when y = −1 andx is replaced by 2x reduces to generate the ordinary
Hermite polynomialsHn(x) (see, e.g., [2], [30]).

The Hermite-Laguerre polynomials HLn(x, y, z) are defined by the following generating
function (see [15, Eq. (1.16)])

eyt+zt2 C0(xt) =

∞∑
n=0

HLn(x, y, z)
tn

n!
. (1.22)

Lu and Luo [20, Eq. (4.5)] introduced the Hermite-based generalized Apostol type polyno-
mials of order α ∈ N0(

2µtν

λet + 1

)α

eyt+zt2 =
∞∑
n=0

HF (α)
n (y, z;λ;µ, ν)

tn

n!
(|t| < |log(−λ)|) (1.23)

and
HF (1)

n (y, z;λ;µ, ν) := HFn(y, z;λ;µ, ν). (1.24)

Here, we introduce the Laguerre-based generalized Apostol type polynomials

LF (α)
n (α, x, y, z; a, b, c, d;λ;µ, ν)

in the following definition.

Definition1. TheLaguerre-based generalizedApostol type polynomials of orderαLF (α)
n (x, y, z; a, b, c, d;λ;µ, ν)

are defined by the following generating function(
dµtν

λat + bt

)α

cyt+zt2 C0(xt) =
∞∑
n=0

LF (α)
n (x, y, z; a, b, c;λ;µ, ν)

tn

n!
(1.25)

(
α, x, y, z, µ, ν ∈ C; λ ∈ C \ {0};

a, b, c, d ∈ R+ with a ̸= b; |t| < | log(−λ)|
/
| log(a/b)|

)
.

Here C0(x) is the same as in (1.2). Here and throughout, for simplicity, all involved multiple-
valued functions are assumed to take the principal branches. Also let

LF (α)
n (x, y, z; e, 1, e, 2;λ;µ, ν) := LF

(α)
n (x, y, z;λ;µ, ν). (1.26)
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In this paper, we aim to investigate certain basic properties and identities of the Laguerre-
based generalized Apostol type polynomials LF (α)

n (α, x, y, z; a, b, c, d;λ;µ, ν) in (1.25). Also,
we give some differential-recursive relations for theHermite-Laguerre polynomials, which are ex-
pressed in terms of generalizedApostol type numbers and the Laguerre-based generalizedApostol
type polynomials. Further, by mainly using some formal manipulations of double series to the
generating function, we present an implicit summation formula and various addition-symmetry
identities for the Laguerre-based generalized Apostol type polynomials, which are pointed out to
reduce to yield corresponding formulas and identities for a number of relatively simple known
polynomials and numbers (see, e.g., [6, 11, 12, 13, 14, 15, 16, 17, 18, 19, 26, 29, 31, 36, 37, 38]).

2 Elementaryproperties and identities involvingLF (α)
n (x, y, z; a, b, c, d;λ;µ, ν)

We present some properties and identities involving the Laguerre-based generalized Apostol type
polynomials LF (α)

n (x, y, z; a, b, c, d;λ;µ, ν) in (1.25), which are given inTheorem 2.1.

For easier reference, we recall some formal manipulations of double series in the following
lemma (see, e.g., [4], [16], [30, pp. 56-57], and [35, p. 52]).

Lemma 2.1. The following identities hold:

∞∑
n=0

∞∑
k=0

Ak,n =
∞∑
n=0

[n/p]∑
k=0

Ak,n−pk (p ∈ N); (2.1)

∞∑
n=0

[n/p]∑
k=0

Ak,n =

∞∑
n=0

∞∑
k=0

Ak,n+pk (p ∈ N); (2.2)

∞∑
N=0

f(N)
(x+ y)N

N !
=

∞∑
n,m=0

f(m+ n)
xn

n!

ym

m!
. (2.3)

Here, the Ak,n and f(N) (k, n, N ∈ N0) are real or complex valued functions indexed by
the k, n and N , respectively, and x and y are real or complex numbers. Also, for possible rear-
rangements of the involved double series, all the associated series should be absolutely convergent.

Theorem 2.1. Let α, x, y, z, µ, ν ∈ C and λ ∈ C \ {0}. Also let a, b, c, d ∈ R+ with a ̸= b.
Then

∂k

∂yk
LF (α)

n (x, y, z; a, b, c, d;λ;µ, ν)

=
n! logk c
(n− k)!

LF (α)
n−k(x, y, z; a, b, c, d;λ;µ, ν) (n, k ∈ N0; k ≤ n);

(2.4)
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∂k

∂zk
LF (α)

n (x, y, z; a, b, c, d;λ;µ, ν)

=
n! logk c
(n− 2k)!

LF (α)
n−2k(x, y, z; a, b, c, d;λ;µ, ν) (n, k ∈ N0; 2k ≤ n);

(2.5)

∂k+ℓ

∂yk∂zℓ
LF (α)

n (x, y, z; a, b, c, d;λ;µ, ν) =
∂ℓ+k

∂zℓ∂yk
LF (α)

n (x, y, z; a, b, c, d;λ;µ, ν)

=
n! logk+ℓ c

(n− k − 2ℓ)!
LF (α)

n−k−2ℓ(x, y, z; a, b, c, d;λ;µ, ν) (n, k, ℓ ∈ N0; k + 2ℓ ≤ n);

(2.6)

LF
(α)
n (x, y, z;λ;µ, ν) =

n∑
m=0

(
n

m

)
(−x)n−m

(n−m)!
HF (α)

m (y, z;λ;µ, ν) (n ∈ N0) ; (2.7)

LF
(α)
n (x, y, z;λ;µ, ν)

=
n∑

m=0

m∑
ℓ=0

(
n

m

)(
m

ℓ

)
(−x)n−m

(n−m)!
Hm−ℓ(y, z)F

(α)
ℓ (λ;µ, ν) (n ∈ N0) ;

(2.8)

LF
(α)
n (x, y, z;λ;µ, ν)

=

n∑
m=0

[m
2
]∑

ℓ=0

n! zℓ

(n−m)! (m− 2ℓ!) ℓ!
F

(α)
n−m(λ;µ, ν)Lm−2ℓ(x, y) (n ∈ N0) ;

(2.9)

HLn(x, y, z) =
n∑

m=0

(
n

m

)
F

(−α)
n−m (λ;µ, ν) LF

(α)
m (x, y, z;λ;µ, ν) (n ∈ N0) . (2.10)

(−1)n xn

n!

=
n∑

m=0

m∑
ℓ=0

(
n

m

)(
m

ℓ

)
Hn−m(−y,−z)F

(−α)
m−ℓ (λ;µ, ν) LF

(α)
ℓ (x, y, z;λ;µ, ν)

=
n∑

m=0

m∑
ℓ=0

(
n

m

)(
m

ℓ

)
F

(−α)
n−m (λ;µ, ν)Hm−ℓ(−y,−z) LF

(α)
ℓ (x, y, z;λ;µ, ν)

(2.11)

=
n∑

m=0

m∑
ℓ=0

(
n

m

)(
m

ℓ

)
F

(−α)
n−m (λ;µ, ν) LF

(α)
m−ℓ(x, y, z;λ;µ, ν)Hℓ(−y,−z).
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Proof. Differentiating both sides of (1.25) with respect to the variables y and z, k times, and
equating the coefficients of tn, we obtain (2.4) and (2.5).

Differentiating both sides of (1.25) with respect to the variables y and z, respectively, k and
ℓ times, and equating the coefficients of tn, we get (2.6).

Applying the left members of (1.2) and (1.23) in (1.26), with the aid of (2.1) for p = 1, we
get (2.7).

Employing the left members of (1.2), (1.16) and (1.21) in (1.26), by a successive use of (2.1)
for p = 1, we have (2.8).

Applying the left members of (1.1) and (1.21) in (1.26), with the aid of (2.1) for p = 1 and
p = 2, we derive (2.9).

From (1.26), we have

eyt+zt2 C0(xt) =

(
2µtν

λet + 1

)−α ∞∑
n=0

LF
(α)
n (x, y, z;λ;µ, ν)

tn

n!
(2.12)

and

C0(xt) = e−yt−zt2
(

2µtν

λet + 1

)−α ∞∑
n=0

LF
(α)
n (x, y, z;λ;µ, ν)

tn

n!
. (2.13)

Using (1.22) and (1.16) in (2.12), and (1.2), (1.22) and (1.16) in (2.13), similarly as above,
respectively, we get (2.10) and (2.11).

3 Differential-recursive relations

We establish some differential-recursive relations involving the generalized Apostol type num-
bers F (α)

n (λ;µ, ν) in (1.16), the Hermite-Laguerre polynomials HLn(x, y, z) in (1.22), and the
Laguerre-based generalized Apostol type polynomials LF

(α)
n (x, y, z;λ;µ, ν) in (1.26), asserted

in the following theorem.

Theorem 3.1. Let α, x, y, z, µ, ν ∈ C and λ ∈ C \ {0}. Then

n y HLn−1(x, y, z) + 2n(n− 1) z HLn−2(x, y, z) + x
∂

∂x
HLn(x, y, z)

= n
n∑

m=0

(
n

m

)
F

(α)
n−m(λ;µ, ν) LF

(α)
m (x, y, z;λ;µ, ν) (n ∈ N \ {1});

(3.1)

HLn−k(x, y, z) =
n∑

m=0

(n− k)!

m! (n−m)!
F

(α)
n−m(λ;µ, ν)

∂k

∂yk
LF

(α)
m (x, y, z;λ;µ, ν) (3.2)
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(n, k ∈ N0, k ≤ n) ;

HLn−2k(x, y, z) =
n∑

m=0

(n− 2k)!

m! (n−m)!
F

(α)
n−m(λ;µ, ν)

∂k

∂zk
LF

(α)
m (x, y, z;λ;µ, ν) (3.3)

(n, k ∈ N0, 2k ≤ n) .

Proof. From (1.16) and (1.26), using (2.1) with p = 1, we have

eyt+zt2 C0(xt) =

(
2µtν

λet + 1

)−α ∞∑
n=0

LF
(α)
n (x, y, z;λ;µ, ν)

tn

n!

=

∞∑
n=0

F (α)
n (λ;µ, ν)

tn

n!
LF

(α)
m (x, y, z;λ;µ, ν)

tm

m!

=

∞∑
n=0

n∑
m=0

(
n

m

)
F

(α)
n−m(λ;µ, ν) LF

(α)
m (x, y, z;λ;µ, ν)

tn

n!
.

(3.4)

Differentiating both sides of (3.4) with respect to t, we obtain

y eyt+zt2 C0(xt) + 2zt eyt+zt2 C0(xt) + eyt+zt2 ∂

∂t
C0(xt)

=

∞∑
n=1

n∑
m=0

(
n

m

)
F

(α)
n−m(λ;µ, ν) LF

(α)
m (x, y, z;λ;µ, ν)

tn−1

(n− 1)!
.

(3.5)

Multiplying both sides of (3.5) by t and using

t
∂

∂t
C0(xt) = x

∂

∂x
C0(xt),

we get

yt eyt+zt2 C0(xt) + 2zt2 eyt+zt2 C0(xt) + x
∂

∂x

{
eyt+zt2 C0(xt)

}
=

∞∑
n=1

n∑
m=0

(
n

m

)
F

(α)
n−m(λ;µ, ν) LF

(α)
m (x, y, z;λ;µ, ν)

tn

(n− 1)!
.

(3.6)

Applying (1.22) to the left member of (3.6), we find

y
∞∑
n=0

HLn(x, y, z)
tn+1

n!
+ 2z

∞∑
n=0

HLn(x, y, z)
tn+2

n!
+ x

∞∑
n=0

∂

∂x
HLn(x, y, z)

tn

n!

=
∞∑
n=1

n∑
m=0

(
n

m

)
F

(α)
n−m(λ;µ, ν) LF

(α)
m (x, y, z;λ;µ, ν)

tn

(n− 1)!
.

(3.7)

Equating the coefficients of tn in both sides of (3.7), we derive (3.1).
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Differentiating both sides of (3.4) with respect to the variable z, k ∈ N0 times, and using
(1.22), we obtain

∞∑
n=2k

HLn−2k(x, y, z)
tn

(n− 2k)!

=
∞∑
n=0

n∑
m=0

(
n

m

)
F

(α)
n−m(λ;µ, ν)

∂k

∂zk
LF

(α)
m (x, y, z;λ;µ, ν)

tn

n!
.

(3.8)

Equating the coefficients of tn on both sides of (3.8), we get (3.3).

Similarly as in getting (3.3), we derive (3.2).

4 Addition-symmetry identities

We establish some addition-symmetry identities involving the Laguerre-based generalized Apos-
tol type polynomials LF

(α)
n (x, y, z;λ;µ, ν) in (1.26) with respect to the orderα, and the variables

y and z, which are given inTheorem 4.1.

Theorem 4.1. Let n ∈ N0, α1, α2, x, y1, y2, z1, z2, µ, ν ∈ C and λ ∈ C \ {0}. Then

LF
(α1+α2)
n (x, y, z;λ;µ, ν)

=
n∑

m=0

(
n

m

)
F

(α1)
n−m(λ;µ, ν) LF

(α2)
m (x, y, z;λ;µ, ν)

=
n∑

m=0

(
n

m

)
F

(α2)
n−m(λ;µ, ν) LF

(α1)
m (x, y, z;λ;µ, ν);

(4.1)

LF
(α)
n (x, y1 + y2, z;λ;µ, ν)

=
n∑

m=0

(
n

m

)
yn−m
2 LF

(α)
m (x, y1, z;λ;µ, ν)

=
n∑

m=0

(
n

m

)
yn−m
1 LF

(α)
m (x, y2, z;λ;µ, ν);

(4.2)

LF
(α)
n (x, y, z1 + z2;λ;µ, ν)

=

[n
2
]∑

m=0

m!

(
n

2m

)(
2m

m

)
zm2 LF

(α)
n−2m(x, y, z1;λ;µ, ν)

=

[n
2
]∑

m=0

m!

(
n

2m

)(
2m

m

)
zm1 LF

(α)
n−2m(x, y, z2;λ;µ, ν);

(4.3)
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LF
(α1+α2)
n (x, y1 + y2, z;λ;µ, ν)

=
n∑

m=0

(
n

m

)
F

(α2)
n−m(y2;λ;µ, ν) LF

(α1)
m (x, y1, z;λ;µ, ν)

=

n∑
m=0

(
n

m

)
F

(α1)
n−m(y2;λ;µ, ν) LF

(α2)
m (x, y1, z;λ;µ, ν)

(4.4)

=
n∑

m=0

(
n

m

)
F

(α2)
n−m(y1;λ;µ, ν) LF

(α1)
m (x, y2, z;λ;µ, ν)

=

n∑
m=0

(
n

m

)
F

(α1)
n−m(y1;λ;µ, ν) LF

(α2)
m (x, y2, z;λ;µ, ν);

LF
(α1+α2)
n (x, y, z1 + z2;λ;µ, ν)

=

n∑
m=0

[m
2
]∑

ℓ=0

ℓ!

(
n

m

)(
m

2ℓ

)(
2ℓ

ℓ

)
zℓ2 LF

(α1)
n−m(x, y, z1;λ;µ, ν)F

(α2)
m−2ℓ(λ;µ, ν)

(4.5)

=

n∑
m=0

[m
2
]∑

ℓ=0

ℓ!

(
n

m

)(
m

2ℓ

)(
2ℓ

ℓ

)
zℓ2 LF

(α2)
n−m(x, y, z1;λ;µ, ν)F

(α1)
m−2ℓ(λ;µ, ν);

LF
(α)
n (x, y1 + y2, z1 + z2;λ;µ, ν)

=

n∑
m=0

(
n

m

)
LF

(α)
n−m(x, y1, z1;λ;µ, ν)Hm(y2, z2)

=
n∑

m=0

(
n

m

)
LF

(α)
n−m(x, y2, z1;λ;µ, ν)Hm(y1, z2)

(4.6)

=
n∑

m=0

(
n

m

)
LF

(α)
n−m(x, y1, z2;λ;µ, ν)Hm(y2, z1)

=

n∑
m=0

(
n

m

)
LF

(α)
n−m(x, y2, z2;λ;µ, ν)Hm(y1, z1);

LF
(α1+α2)
n (x, y1 + y2, z1 + z2;λ;µ, ν)

=

n∑
m=0

(
n

m

)
LF

(α1)
n−m(x, y1, z1;λ;µ, ν)HF (α2)

m (y2, z2;λ;µ, ν)

=
n∑

m=0

(
n

m

)
LF

(α2)
n−m(x, y1, z1;λ;µ, ν)HF (α1)

m (y2, z2;λ;µ, ν)

(4.7)
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=
n∑

m=0

(
n

m

)
LF

(α1)
n−m(x, y2, z1;λ;µ, ν)HF (α2)

m (y1, z2;λ;µ, ν)

=
n∑

m=0

(
n

m

)
LF

(α2)
n−m(x, y2, z1;λ;µ, ν)HF (α1)

m (y2, z1;λ;µ, ν).

Proof. Choosing to use the involved polynomials, similarly as in the proof ofTheorem 2.1, we can
prove the identities here. We omit the details.

5 Implicit summation formula

Implicit formulas involving various polynomials have been presented (e.g., [11, 12, 13, 14, 15, 16,
17, 18, 19]). Similarly as in the above-citedworks, we provide an implicit formula for the Laguerre-
based generalized Apostol type polynomials in (1.25), asserted in the following theorem.

Theorem 5.1. Let n, m ∈ N0. Also let α, v, x, y, z, µ, ν ∈ C and λ ∈ C \ {0}. Further let
a, b, c, d ∈ R+ with a ̸= b. Then

LF (α)
m+n(x, v, z; a, b, c, d;λ;µ, ν)

=
n∑

k=0

m∑
s=0

(
n

k

)(
m

s

)
(v − y)s+k logs+k c LF (α)

m+n−s−k(x, v, z; a, b, c, d;λ;µ, ν).
(5.1)

Proof. Replacing t by t+ u in (1.25), we have(
dµ(t+ u)ν

λat+u + bt

)α

cz(t+u)2C0(x(t+ u))

= c−y(t+u)
∞∑
n=0

LF (α)
n (x, y, z; a, b, c, d;λ;µ, ν)

(t+ u)n

n!
.

(5.2)

Using binomial formula to expand (t+ u)n in the right member of (5.2), with the aid of (2.2) for
p = 1, we obtain(

dµ(t+ u)ν

λat+u + bt

)α

cz(t+u)2C0(x(t+ u))

= c−y(t+u)
∞∑

m,n=0

LF (α)
m+n(x, y, z; a, b, c, d;λ;µ, ν)

tn

n!

um

m!
.

(5.3)

We find that the left member of (5.3) is independent of the variable y. In this regard, replacing y
by another variable v in the rightmember of (5.3) and equating the rightmembers of the resulting
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identity and (5.3), we get

c(v−y)(t+u)
∞∑

m,n=0

LF (α)
m+n(x, y, z; a, b, c, d;λ;µ, ν)

tn

n!

um

m!

=
∞∑

m,n=0

LF (α)
m+n(x, y, z; a, b, c, d;λ;µ, ν)

tn

n!

um

m!
.

(5.4)

Expanding the exponential function and using (2.3), we find

c(v−y)(t+u) =
∞∑

N=0

(v − y)N logN c
(t+ u)N

N !
=

∞∑
k,s=0

(v − y)k+s logk+s c tkus

k!s!
. (5.5)

Setting the double series of (5.5) for c(v−y)(t+u) in the left member of (5.4), we get a quadruple
series. Pairing the quadruple series into two double series with the indices (n, k) and (m, s), and
using (2.1) with p = 1 in the respective double series, we have

∞∑
m,n=0

n∑
k=0

m∑
s=0

(v − y)k+s logk+s c

k!s!
LF (α)

m+n−k−s(x, y, z; a, b, c, d;λ;µ, ν)

× tn

(n− k)!

um

(m− s)!
=

∞∑
m,n=0

LF (α)
m+n(x, v, z; a, b, c, d;λ;µ, ν)

tn

n!

um

m!
.

(5.6)

Finally, comparing the coefficients of tn um on both sides of (5.6), we obtain (5.1).

6 Remarks and special cases

TheLaguerre-based generalizedApostol type polynomialsLF (α)
n (x, y, z; a, b, c, d;λ;µ, ν) in (1.25)

being very general, they can reduce to yield a number of relatively simple polynomials and num-
bers. For example,

LF (α)
n (0, y, z; e, 1, e, 2;λ;µ, ν) = HF (α)

n (y, z;λ;µ, ν);

LF (0)
n (x, y, z; e, 1, e, 2;λ;µ, ν) = HLn(x, y, z);

LF (0)
n (0, y, z; e, 1, e, 2;λ;µ, ν) = Hn(y, z);

LF (0)
n (0, y, 0; e, 1, e, 2;λ;µ, ν) = F (α)

n (y;λ;µ, ν);

LF (0)
n (0, y, 0; e, 1, e, 2;−λ;µ, ν) = (−1)αB(α)

n (y;λ);

LF (0)
n (0, y, 0; e, 1, e, 2;λ; 1, 0) = E(α)

n (y;λ);
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LF (0)
n (0, y, 0; e, 1, e, 2;λ; 1, 1) = G(α)

n (y;λ)

LF (α)
n (0, y, 0; e, 1, e, 2;−1; 0, 1) = (−1)αB(α)

n (y);

LF (α)
n (0, y, 0; e, 1, e, 2; 1; 1, 0) = E(α)

n (y);

LF (α)
n (0, y, 0; e, 1, e, 2; 1; 1, 1) = G(α)

n (y);

LF (0)
n (x, y, 0; e, 1, e, 2;λ;µ, ν) = Ln(x, y);

LF (α)
n (0, y, 0; a, b, c, 2;−λ; 0, 1) = (−1)αB(α)

n (y;λ; b, a, c);

LF (α)
n (0, y, 0; b, a, c, 2;λ; 1, 0) = E(α)

n (y;λ; a, b, c);

LF (α)
n (0, y, 0; b, a, c, 2;λ; 1, 1) = G(α)

n (x;λ; a, b, c).

Using these particular cases to the identities in the previous sections, we can get those cor-
responding identities involving various polynomials and numbers. For example, we give an im-
plicit formula for the Hermite-based generalized Apostol type polynomials HF

(α)
n (y, z;λ;µ, ν)

in (1.23), asserted in the following corollary.

Corollary 6.1. Let n, m ∈ N0 and α, v, y, z, λ, µ, ν ∈ C. Then

HF
(α)
m+n(v, z;λ;µ, ν)

=

n∑
k=0

m∑
s=0

(
n

k

)(
m

s

)
(v − y)s+k

HF
(α)
m+n−s−k(v, z;λ;µ, ν).

(6.1)
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