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Vector Variational Inequalities In GG-Convex Spaces

Maryam Salehnejad and Mahdi Azhini

Abstract. In this paper, we study some existence theorems of solutions for vector variational
inequality by using the generalized KKM theorem. Also, we investigate the properties of so-
lution set of the Minty vector variational inequality in G-convex spaces. Finally, we prove
the equivalence between a Browder fixed point theorem type and the vector variational in-
equality in G-convex spaces.

1 Introduction

The variational inequality theory, which was introduced by Stampacchia [19], provides very useful
techniques for studying problems in optimization, transportation, economics, contact problems
in elasticity and other branches of mathematics. The existence of solutions and properties of so-
lutions set for variational inequality were studied by many authors in linear topological spaces
(see [14, 15]). These results are dependent on the linear structure of spaces. Since 1987, some
authors have introduced a new concept of convexity on spaces without any linear structure. So,
these problems generalized to nonlinear spaces (see [17, 21, 22]). Xian Wu et al [24] presented
the character of solution sets for nonlinear variational inequalities in H-spaces in 1999. Addi-
tionally, ].Wang [23] proved the existence of solutions of a type of variational inequality for scalar
functions in the framework of F'C-spaces in 2012. Another type of generalizations of variational
inequalities is generalization to vector case. The theory of vector variational inequalities was ini-
tiated by Giannessi [5] in finite dimensional Euclidean spaces. In recent years, vector variational
inequalities have extended because of their broad applications such as vector optimization, vec-
tor equilibria, vector traffic equilibria and other problems of practical interest (see [1, 4, 6]). For
instance, Tran Thi Mai and Do Van Luu [11] in 2018, studied Fritz John necessary conditions for

weakly efficient solutions of nonsmooth vector variational inequality problems with constraints
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in terms of convexificators. Moreover, T. Chen et al [3] in 2019, investigated new existence the-
orems for vector equilibrium by vector variational inequality theorems. Let E be a nonempty
subset of a Hausdorff topological G-convex spaceand f : £ — Vand¢ : E x E — V are
vector valued functions. In this article, we generalize the results presented by X.Wu et al [24] and
J.-Wang [23] to vector valued functions on G-convex spaces. Particularly, we study the existence
of solutions for the following vector variational inequality (in short VVT) by using the generalized
KKM Theorem.

oz, y) + fly) — f(z) e P (1.1)

Additionally, we investigate the Minty type theorem and the properties of the solutions set for
vector variational inequality (1.1) in G-convex spaces. This paper is organized as follows. In sec-
tion 2, we present some preliminaries and definitions which are required. In the third section,
we prove the existence theorem for vector variational inequality problem in G-convex spaces and
also examine the characteristics of the solutions. Finally, in section 4 , we prove the equivalence
between the Browder fixed point Theorem and the vector variational problem (1.1) in G-convex

spaces as an application.

2 Preliminaries

Let X be a topological space and E be a nonempty subset of X. We denote by (E), the family of
all nonempty finite subsets of E. Let A,, be the standard n—simplex (e1, . .., e,) in R""1 If J is
a nonempty subset of {0, 1, ..., n}, we denote by A ; the convex hull of the vertices {e;, j € J}.
The following notion of a generalized convex (or G-convex) space was introduced by Park and
Kim [12]. Let X be a topological space and D is a nonempty set, (X, D;T") is said to be a G-
convex space if for each A = {ag,...,an} € (D), there exists a subset I'(A) = I'4 of X and a
continuous function ¢4 : A,, — I'(A) such that J C A implies p4(A ;) C T'(J).

When D C X, (X, D;T") will be denoted by (X D D;I') and if X = D, we write (X;I') in
place of (E, E;T"). For a G-convex space (X D D;I"),

1. asubset Y of X issaid to be I'-convex if for each N € (D), N C Y implies 'y C Y5
2. the I'-convex hull of a subset Y of X, denoted by I' — Co(Y"), is defined by

I' —Co(Y) = ﬂ{Z C X : Z isaI'-convex subset containing Y }.

There are a lot of examples of GG-convex spaces:

Example 1. Every vector space X with convex hull is a G-convex space. Especially (R, Co) is a

(G-convex space.
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Example 2. If X isa convex subset of a vector space, D C X, and X has a topology such that each
I" 4 is the convex hull of A € (D) equipped with the Euclidean topology, then (X, D;T") becomes

a convex space generalizing the one due to Lassonde [10]. (X, D;I") is a G-convex space.

Example 3. If X = D and I'4 is assumed to be contractible or, more generally, infinitely con-
nected (that is, n-connected foralln > 0)andifforeach A, B € (X), A C BimpliesI'y C I',
then (X;I") becomes an H-space due to Horvath [7, 8]. H-spaces are examples of G-convex

spaces.
Remark 1. It is easily to see:
1. ForanyY C X, Y CT' —Co(Y).
2. Y C XisI'-convex = Y =1 — Co(Y).
3. ForanyY C X, I" — Co(Y) is I'-convex.
4 Y CZCX, T —Co(Y)CT —Co(2).
5. Forany Y C X finite, 'y CT' — Co(Y)).

For further details, see [12, 13].

Definition 1 ([20]). Let Y be a nonempty set and £ be a nonempty subset of a G-convex space
(X,D;T). T :Y — 2Fis called a generalized KKM mapping if for any finite set {30, y1, - - ., Yn } C
Y, there exists {xg,21,...,2,} € (E N D) such that for any subset {x;,,%i,,...,zi; } C
{z0,...,2},0 < k < n, we have

k
F({xiov s 7x2k}) C U T(yij)

Jj=0

Let V be a real vector space, a nonempty subset P of V' is called a convex cone if \P C P
forall A > Oand P + P C P. The cone P is called pointed if P N (—P) = {0}. Also P is solid
if int P # () (where int P denotes the interior of P). The partial order <p on V induced by a
pointed convex cone P is defined by x <p yifand onlyify — x € P for z,y in V. The notation
x <pymeansx <p yand x # y.

The weak order < p on ordered vector space (V, P) with int P is defined as z < y ifand only
ify—x €intPforz,yinV.

Definition 2. Let (X;I") be a G-convex space and E be a nonempty and I'-convex subset of X
and (V, P) be an ordered vector space. Lety € Vand ¢ : E x E — V. Then



150 M. Salehnejad and M. Azhini

1. ¢ is said to be cone-y-quasi-convex (concave) related to the second variant if {y € F :
o(z,y) ¢ v+ P} ({y € E: ¢(x,y) € v+ P})isal'-convex subset of F for any z € E.
We say that ¢ is cone-quasi-convex (quasi-concave) related to the second variant if for

eachy € V and for any x € E, ¢ is cone—y—quasi—-convex (quasi-concave).

2. ¢ is said to be cone-y-generalized quasi-convex (concave) in second variant, if for each
{Y0,..-,yn} C E, there exists a finite subset {z¢,x1,...,2,} C E such that for any
subset {x;,,...,zi,} C {zo,...,zn} and 2* € T' — Co{wi,,...,x;,}, there exists
j €1{0,...,k} such that

o(z% i) Ev+ P
(¢(x*aylj) GV_P)

3. f: E — V is called strongly cone-quasi-convex if f is cone-quasi-convex and for each
v e V,if f(y1) ¢ v+ Pand f(y2) ¢ v + int P implies that f(y) ¢ v + P for all
y €' —Co{yr,y2} \ {y1,y2}-

4. f: E — V is called cone-w-convex iff for each v € V,if f(y1) ¢ v+ P and f(y2) ¢
v + int P implies that f(y) ¢ v+ Pforally € I' — Co{y1,v2} \ {y1, 92}

Theorem 2.1 (KKM Lemma, [9]). Let D be the set of vertices of n—simplex A and F' : D —o Ay

a KKM map with closed (respectively open) values. Then (| F(x) # 0.
zeD

Definition 3. Let X be a topological space. We say that Y C X is compactly closed subset of X,
if for every compact set ' C X, theset K NY is closed in K.

Theorem 2.2. Let E be a nonempty I'-convex subset of a G-convex space (X; ') and G : E — 2%
be such that for any y € E, G(y) is compactly closed. Then:

1. If G is a generalized KKM mapping, then the family of sets {G(y) : y € E} has the finite

intersection property.

2. Ifthe family {G(y) : y € E} has the finite intersection property and I'(z) = {x} for each
x € X, then G is a generalized KKM mapping.

Proof. (1) Let G : E — 2% is a generalized KKM mapping with compactly closed values, and
suppose {yo, . . . , Yn, } be arbitrary finite subset of E. Since G is a generalized KKM mapping, there
exists finite subset {zo, ..., z,} C X such that for any subset {x;,,...,z; } C {zo,...,zn},

k
F({xim e 7x2k}) - U G(Zﬁj)?

J=0
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n
especially, I' ({zo, ..., zn}) C U G(yi). As (X;T') is G-Convex space, there exists a continuous
=0

map ¢, : A, = T ({z0, 21, .. Tmn}) such that

on(Ay) CT(J) VJ C {xo,...,xn}, (2.1)

especially, ¢, (Ay) C T ({zo, z1,...,2n}) € U G(w:)- So,
i=0

An C [ dn! (Gyi) N én(An)). (2.2)
=0

Since G (y;)Nén(Ay,) is closed in the compact subset ¢, (A,,) of T' ({0, - . . , 2 }), then ¢ L (G ()N
¢n(Ay)) is closed in A,,. Note that F : Ay — 247, which is defined by e; — ¢, *(G(y;) N
on(Ap)), by (2.2) is a KKM map.

Hence, by the KKM lemma, we have:

n

(60" (Glyi) N dn(An)) # ¢
=0
which easily shows (] G(y;) # ¢.
i=0
(2) Suppose that {G(y) : y € E} has the finite intersection property, so for yo, ..., yn € E, we
have () G(yi) # ¢. Consider 2’ € [ G(y;) and let x; = 2’ fori = 0, 1,. .., n. For any finite
=0 =0

1=
nonempty subset {z;,, ...,z } C {zo,...,2n}, we conclude

n

k
I ({zip, - .- 7xlk}) = {.%'/} - ﬂ G(yi) C U G(yZ])
i=0 j=0
this means that G : £ — 2% is generalized KKM map. O]

We can easily prove the following result using Theorem 2.2.

Theorem 2.3. Suppose G : E — 2% is a generalized KKM mapping and compactly closed valued
and for some M € (E), (| G(x) is compact, then (| G(z) # ¢.
zeM el

3 Main Results

In sequel, suppose that X is a Hausdorff topological space, (X;I") is a G-convex space and F is
a nonempty I"-convex subset of X. Also, (V, P) is an ordered topological vector space and P is

a closed pointed convex cone such that int P # ¢.
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In this section, we present some existence results for vector variational inequality (1.1) and

then we will consider the Minty type theorem and monotone vector variational inequality.

Theorem 3.1. Supposethat f : E -V, ¢: ExX E — Vandg(xz,y) = ¢(x,y) + f(y) — f(z)

are functions satisfying:

1. g(z,y) is cone-0-generalized quasi-convex in y.
2. Foreveryy € E,{x € E: g(x,y) € P} is compactly closed.

3. There exists a compact subset K of X and y* € EN K such that
g(xz,y*) € —int P forallz € E'\ K.
Then VVI (1.1) has a solution in E N K, i.e., there exists an & € E N K such that
9(z,y) = ¢z, y) + f(y) — f(z) e P forally € E.

Proof. Foreachy € E,let G(y) = {x € E : g(x,y) € P}. Then G is a set-valued mapping
from E into 2.

Condition (1) imply that G is a generalized KKM mapping. Because for any finite set {yo, . . ., yn } C
E, there exists {xo, ..., 2, } C E such that for any subset {z;, ..., z;, } C {zo,...,2,} and any
z* € I' — Co{wi, ..., 74, }, there exists j € {0, ..., k} such that g(z*, y;,) € P. According to the
definition of G, we have x* € G/(y;;).

Asaz* € T' — Co{wi,, ..., z;, } is arbitrary, we have

k
T — Co{aj‘io, ,.Z‘Zk} C U G(ylj)
=0

So, by Remark 1, I'{x;,, ...,z } C T' — Co{ziy,..., x4, } C U?:o G (yi,). This means that G :
E — 2F isa generalized KKM mapping. By assumption (2), G is a compactly closed valued map.
From condition (3) and having P is pointed, we have x ¢ G(y*) forallx € F\ K,so G(y*) C K.
Considering that G is compactly closed valued, then G(y*) is compact. Hence, by Theorem 2.3,

) G(y) # ¢. Therefore, there existan z € (| G(y) C G(y*) C K such that
yeE yekE

g(z,y) € P forally € E,

i.e.
o(z,y) + fly) — f() e P forally € E,

so the solutions of VVI (1.1) isin £ N K. O
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Remark 2. If the condition 3 in theorem 3.1 replaced by the following condition:

(3) Forsome yo € E, {z € E: ¢(x,y0) + f(yo) — f(x) € P} is compact.

Then VVI (1.1) has a solution in E. Because according to the proof of Theorem 3.1, GG is a gener-
alized KKM mapping with compactly closed valued. With regard to condition (3)’ and Theorem
2.3, the result is obtained.

Definition 4 ([18]). A function f : £ — V is said to be lower semi-continuous (upper semi-
continuous) if foreveryy € V,{z € E: f(x) € v — P} ({x € E: f(z) € v+ P}) is closed in
E.

The following is a generalization of Theorem 3.2 of [23] to vector case and for G-convex

spaces.

Theorem 3.2. Suppose f : E — Vand ¢ : E x E — V with ¢(x,z) € P forall x € E and the
following conditions satisfy:

1. There exist a compact subset K of X and y* € E N K such that

oz, y")+ fly*) — f(z) e —intP  forallx € E\ K.

2. f(y) + ¢(x,y) is cone-quasi-convex related to y.

3. f(z) — ¢(x,y) is lower semi-continuous related to x.
Then VVI (1.1) has a solution in E N K.

Proof. We first prove that the set-valued mapping G : E — 2% defined by G(y) = {z €
E : f(y) + ¢(z,y) — f(x) € P} is a generalized KKM mapping. Suppose that this is not, so,
there exist {yo, ..., yn} C E such that for any {zo,...,z,} C E, there exist {z,,..., 2, } C
{zg, ..., x,} such that
k
T{ig, ., 2} ¢ | Glus)-
j=0

If we assume z; = y;, % = 0, ..., n, then there exist {y;,, ..., v, } C {y1,...,yn} such that

k
F{yioa o 7yzk} ¢ U G(y’tj)7
=0
therefore there exist z* € I'{y;,, ..., ¥, } such that z* ¢ G(y;,) for j = 0,..., k. Since f(z) +
¢(z,y) is cone—quasi-convex related to y and {vi,,..., v, } C {y € E; f(y) + ¢(z*,y) ¢
f(@*) + P} then T{yig, - wi } C {y € E; f(y) + (2™, y) & f(«") + P}.Soz" e {y € E



154 M. Salehnejad and M. Azhini

f(y) +o(a*,y) ¢ f(2¥) + P}. Hence f(2") + (27, 27) ¢ f(27) + Pie ¢(z*,2%) ¢ P, this
contradicts ¢(x,z) € P forall z € E. Therefore, G is a generalized KKM mapping.

According to assumption (1), x ¢ G(y*) forallz € E \ K, so G(y*) C K, ie. G(y*)is
a compact subset of X. On the other hand, because f(x) — ¢(z,y) is lower semi-continuous

related to x, G(y) is a closed subset of X for y € E. Theorem 2.3 implies ()| G(y) # ¢ and
yer
since (| G(y) C G(y*) C K,so VVI(1.1) has a solution in £ N K. O
yelE

The following theorem has been proved by S. Park [16] for scalar functions in compact G-
convex spaces. In addition to extending to vector mode, we have eliminated the condition of

compactness from space.

Theorem 3.3. Let (X;I') be a G-convex space and ¢, : E X E — Vand f : E — V are
functions satisfying

1. ¢(x,y) € Y(x,y) + P foreach (x,y) € E x Eand(z,z) € P forallx € E.
2. Foreachx € E, Y (x,y) + f(y) is cone-quasi-convex related to y.
3. Foreachy € E, f(x) — ¢(x,y) is lower semi-continuous related to x.

4. There exists a nonempty compact subset K of X and a point y* € X such that
o(z,y")+ fly*) — f(z) € —int P forallz € E'\ K.
Then there exists an € X N K such that
oz, y) + fly) = f(@) e P forally € E.
Proof. We define the set-valued maps 7', G : E — 2¥ as follows

Gly)={z € E:¢(x,y) + fly) — f(x) € P}
T(y) ={r € E:¢Y(z,y) + fly) — f(x) € P}.

According to assumption (1), we have T'(y) C G(y) forally € E.
By a similar argument as in the proof of Theorem 3.2, T' is a generalized KKM mapping. So, G

is a generalized KKM map. It follows from condition (3) that G is closed valued map. Condition
(4) implies that ¢ G(y*) forallz € E \ K, therefore G(y*) C K, then G(y*) is a compact

subset of X. By Theorem 2.3 we have [ G(y) # ). Moreover, (| G(y) C G(y*) C K. So,
yekE yer
the solution of VVI (1.1) isin £ N K. O
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Now, we present a Minty type theorem in G'-convex spaces. The so called Minty vector
variational inequality (in short MVVI) is to find Z € F such that

fly) —é(y,x) — f(z) € P forally € E.

Definition 5. The function ¢ : E x E — V is said to be cone-monotone if ¢(z, y) + ¢(y, x) €
—Pforanyz,yin E.

In addition, if ¢ also satisfies the condition ¢(z,y) + ¢(y,z) = 0 if and only if z = y, then ¢ is
said to be strictly cone-monotone.

We explain the relationships between the solution set of VVI and MV VL.

Theorem 3.4. Suppose that ¢ : E x E — V is a monotone function with ¢(z,z) € P for all
x € Eand f : E — V be a function that the following conditions are fulfilled:

1. foreachy € E, f(-)—¢(-,y) is lower semi-continuous on I" —Co{x1, x2} foreach x1,x2 €
E

2. foreachx € E, f(y) + ¢(x,y) is cone-w-convex in y.
Also, we suppose thatI' — Co{x1,z2} for any x1,xe € E.
Then z € I satisfies

fly) +o(z,y) - f(z)e P foralye B

iff
fly) —o(y,z) - f(z)e P forallye B

Proof. Foreachy € F, let

Gly)={z € E: fy)+ ¢(z,y) — f(z) € P}
H(y) ={r € E: f(y) — ¢(y,z) — f(x) € P}.

It is sufficient to prove that (| G(y) = H(y). First, suppose that (| G(y) # (. For

yEE yEE yeE
z € [\ G(y), we have
yeE

fly)+o(z,y) € f(z)+ P forally € E (3.1)

Since ¢ is monotone then we can deduce —¢(y, z) € ¢(z,y) + P forally € E. So

fly) =y, 7) € fy) + o(z,y) + P forally e E (3.2)
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By (3.1), (3.2) we obtain

f(y)— oy, ) e f()+ P  forallye E.

Therefore (| G(y) C () H(y). We claim that (| H(y) C () G(y). Suppose there exists

yeE yeE yeE yeE
z € () H(y)suchthatz ¢ () G(y),ie.,
yekl yeE
fly)—o(y,z) e f()+ P  forallye E (3.3)

and there exists y € E such that z ¢ G(y), or

@) +o(@,9) ¢ f(z) + P. (3.4)

LetU = {z € I' — Co{z,y} : f(§) + ¢(z,79) ¢ f(z) + P}. Itisclearthatz € Uandy ¢ U
(Note that ¢(y,y) € P). Since f(-) — ¢(-,y) is lower semi-continuous on I' — Co{Z, 3}, then
UisopeninI' — Co{z,y}.

If (T —Co{z,y)\{z,y})NU = 0,thenU = {z} and soisclosedinI' —Co{z, y}. It contra-
dicts the connectedness of I' — Co{Z, i }. Therefore, there exists z* € (I' — Co{z, 7} \ {Z,5})N
U,ie,z* €' —Co{z,y}\ {z,y} and

f@)+9(z",9) ¢ f(z") + P. (3.5)
Setting y = 2* in (3.3), we have
fz") —¢(z", %) € f(z)+ P

ie.
f(@)+ (=%, 7) € (") = P.
Since P is pointed, so (int P) N (—P) = (), then

f(@) + o(z*,z) ¢ f(z%) + int P. (3.6)
According to condition (2) together with (3.5) and (3.6), we have
fx)+o(z*2) ¢ f(z")+ P forallz € I' — Co{z,y}.

Hence, ¢(z*, z*) ¢ P, a contradiction. So (| H(y) C () G(y).
yey yeE
If N G(y) = 0, by the above argument it is easy to see that (| H(y) = (0 and so the proof is
yer yekr
complete. O
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The following is an extension of Theorem (3) in [24]. Note that theorem 3.3 has been proved
for scalar valued functions on H-spaces. We have generalized it to vector valued functions on
G-convex spaces.

Theorem 3.5. Let ¢ : E x E — V be a monotone function with ¢(x,x) € P forallx € E and
[+ E =V be a function. Suppose that the following conditions are fulfilled:

1. there exists a point y* € X and a compact subset K of X such that

o(z,y")+ f(y") — f(x) € —int P forallx € ENK
2. foreachx € E, f(-) + ¢(z, -) is strongly cone-quasi-convex,

3. foreachy € E, f(-) — ¢(-,y) is lower semi-continuous.
Also, we suppose that ' — Co{x1,z2} for any x1,x9 € E.

Then the solutions set of the vector variational inequality (1.1) and MVVI is a nonempty
compact subset of X. Furthermore, if ¢ is strictly cone-monotone, then the solution of VVI
(1.1) and MVVI is unique in E N K.

Proof. Suppose that S is the solution set for VVI (1.1) in £ N K. From Theorem 3.4, we have

QEG(y) = DEH(y),where G(y) and H(y) are definedby G(y) = {x € E : f(y) + ¢(x,y) —

f(z)e PLH(y)={x € E: f(y) — ¢(y,z) — f(x) € P}. By Theorem 3.2, it is clear that .S is
nonempty and S = [ G(y). We show that S is compact subset of X in F N K. According to

yeE
the assumption (3), G(y) is closed forally € E,so0, S = [ G(y) is closed. Given the condition
yeE
(1) and that P is pointed, we have S = () G(y) C G(y*) C K. Therefore, S is nonempty

yeE
compact subset of X in £ N K.

We now prove that the solution VVI (1.1) is unique in E'N K if ¢ is strictly cone-monotone.
Suppose that x1, 22 € E N K be two solutions of VVI (1.1) with 21 # x2. Then

fW)+ ¢(z1,y) — f(x1) € P forally e E (3.7)
and
f(y) + é(z2,y) — f(z2) € P forally € E. (3.8)
Putting y = 2 in (3.7) and y = 21 in (3.8), respectively, we have:
f(x2) + o(x1,22) — f(21) €P (3.9)
f(x1) + ¢(x2,21) — f(x2) € P (3.10)

By (3.9) and (3.10) we obtain ¢(x1,x2) + ¢(x2,21) € P. Now, by monotonicity of ¢, we have
d(x1,22) + ¢(z2,21) = 0,50 1 = 2. O
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4 Applications

As applications, we now extend the Browder fixed point theorem, which is presented for set-
valued functions in Hausdorft topological vector spaces by Browder [2], to G-convex spaces by
using Theorem 3.2 and prove the equivalent relation between the Browder fixed point theorem
and vector variational inequality in G-convex spaces without linear structure.

Theorem 4.1. Let (X ;") be a G-convex space and E be a compact I"-convex subset of X. Suppose
that T : E — 2% is a set-valued mapping satisfy

(I) for each x € E, T(x) is a nonempty I'-convex subset of E and for each y € E, T(y) is
an open subset of E;

Then T has a fixed point in E.

Proof. Suppose that the condition (I) is satisfied and 7" has no fixed pointin E. So foreachx € F,
x ¢ T(x). Forz,y € Eand a € V, with a € — int P, we define

a, (z,y) € graph(T)
0, (z,y) ¢ graph(T)

where graph(T) = {(z,y) : y € T(x)}. Then for each = € E, we have ¢(x,x) = 0. Now, we
investigate that all conditions of Theorem 3.2 are established. For v € V and z € E, we have

¢($,y) =

E, a—vy€—-P
{yeE: ¢(a,y) ey—intP}={T(x), =0
0, a—~vy¢—P.

Since E and T'(x) are I'-convex, then ¢(z, y) is cone-quasi-convex related to y. Foreachy € E
andvy eV,

E, a—~vyeP
{reB: ¢(z,y) ev+P=qX\T Yy), ~=0
0, a—-~y¢P.

This implies that ¢(z, y) is upper semi-continuous related to the variant x, so —¢(z, y) is lower
semi-continuous related to x. From Theorem 3.2, there exists £ € E such that ¢(z,y) € P for
ally € E. Since ¢(z,y) € —P forall x,y € E, we know that ¢(Z,y) = Oforally € E, i.e,
T(z) = (), which is a contradiction.

O]
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Remark 3. It is easy to see that the condition (I) in the preceding Theorem 4.1 is equivalent to:
(IT) for each 2 € F, T(x) is an open subset of F, and for each y € E, T~!(y) is a nonempty
I'-convex subset of E.

Theorem 4.2. Browder type fixed point theorem (Theorem 4.1) is equivalent to vector variational

inequality (1.1).

Proof. We prove Theorem 4.1 by using the special vector variational inequality (1.1). Now we
prove the vector variational inequality (1.1) using Theorem 4.1. If the conclusion of Theorem 3.2
is not true, then for each = € E, there exists y € E such that f(y) + ¢(z,y) ¢ f(x) + P. Define
T : E — 2F as follows

T(r)={yeE: fy)+¢(z,y) & f(x) + P}.

T(x) is a nonempty I'-convex subset of E for any x € E and for any y € E we have

T y)={z e B: f(y) +o(x,y) & f2) + Py ={z € B f(z) - ¢(x,y) & f(y) — P}

is an open subset of E' (because f(x) — ¢(x,y) is lower semi-continuous related to x, then {x €
E: f(z)—¢(x,y) € f(y) — P}isclosedie., {x € E: f(z)— ¢(z,y) ¢ f(y) — P}is open).
Therefore condition (I) of Theorem 4.1 is established, then there exists & € F such thatz € T'(Z),
ie, f(z) + ¢(z,z) ¢ f(Z)+ Pandso ¢(z,z) ¢ P. This is a contraction. Now, the proof is
complete. O
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