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SOME MORE RESULTS ON R-NORM INFORMATION MEASURE

SATISH KUMAR

Abstract. In the present communication, [ have defined the new information measure called “a-R-norm informa-
tion measure”. It has been characterized using infimum oiperation in Section 2 and axiomatically in Section 3. Its
properties have been studied in Section 4, joint and conditional a-R-norm information measure are studied in Sec-
tion 5.

1. Introduction

Bockee and Lubbe [5] studied R-norm information measure of a discrete probability dis-
tribution

P=(p1,p2,.--,pn), pi=0,i=12,...,n

where
n
Z pi=1
i=1
and
R*={R:R>0,R#1}
given by

HR(P)zi[l—(f pR)% (L.1)
R-1 =

The R-norm information measure (1.1) is a real function A,, — R", defined on A,, where
n =2 and R" is the set of positive real numbers. This measure is different from Shannon’s
entropy [9], Renyi [8] and Havrda and Charvat [7] and Daroczy [6].

The most interesting property of this measure is that when R — 1, R-norm information
measure (1.1) approaches to Shannon’s entropy and in case R — oo, Hr(P) — (1 — maxp;),
i=12,...,n.

The measure (1.1) has been generalized by Hooda and Anant [2] as:

p R LT
HR(P)zm[l—(i;pi ) ] 0<p=<1, R>0)#1 (1.2)
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(1.2) has been called as the generalized R-norm entropy if degree  which reduces to (1.1)
when f=1.Incase R =1, (1.2) reduces to

p S %Z‘ﬁ]
HP () = ﬁ - (l; ) 0<f<l. (1.3)

1
Setting r = 3-8 in (1.3), we get

-p

1
H'(P) = 3 <r<l. (1.4)

-

which is a measure mentioned by Arimoto [3] as an example of a generalized class of infor-
mation measure. It may be marked that (1.4) also approaches to Shannon’s entropy as r — 1.

Hooda-Anant [2] studied (1.2) as a generalization of Shannon’s and Bockee-Lubbe [5] us-
ing infimum operation.

In the present communication, our main endeavour is to generalize (1.1) as @-R-norm infor-
mation measure as:

Hp(P) = , O<a=<l R(>0)#1. (1.5)

R-a

Naturally (1.5) reduces to (1.1).

Measure (1.5) is a non-additive measure which by applying infimum operation is charac-
terized in Section (2) and axiomatically through functional equation in Section (3). Algebraic
and analytical properties are studied in Section (4), Section (5) deals with for joint and condi-
tional generalized a-R-norm information measrue for joint and conditional distribution.

2. Characterization

Applying Infimum Operation

In this section, we consider the a-R-norm information measure (1.5) as weighted arith-
metic mean representation of elementary R-norm entropies of a of occurrences of various
single outcomes.

Theorem 1. Let
fR(Pl)——[l— pRT], R>0,R#1,0<a<l, @.1)
then  Hp(P) = i*r;)fi:il pifsCpi) (2.2)
where the operation infimum is taken over the probability distribution

(*plr* ]—’72;---;* pl’l) € Al’l-
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Proof. Let us consider

n e R
;pifR( pi)—m

n Ra
S pif1=mi)]
i=1
We minimize (2.3) subject to the natural constraint

n
Z *pi=1
i=1

For this we consider Lagrangian

R n R-a n
L= 1- R+ pi—1|.
Falt-Fr o g e
Differentiating (2.5) w.r.t. * p;, we have
oL a
=-p;. "pF+A
0*pi P Pi

For extreme value, we put (2.6) equal to zero which gives

.o Ae
pbi=—%-
p;
We mark here that
0’L
* 192 >0,
0* p;
. Aa L
when pi=—x >0
-2 6*p‘
p; !
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(2.3)

(2.4)

(2.5)

(2.6)

2.7)

Hence the value of * p; given by (2.7) is minimum and using (2.4) in (2.7), we can find the value

of 1 and consequently, we have

pi= -~ O<a<l R>0 #1.

Now we consider RHS of (2.2)

int Y pifEC p) = ——[1- 3 pi*p, 7 |
y;ii:lplf;e P = gl L PP
n R
R 1— Elpi
T R-«a n RkyEa
(= pf)
i=1

(2.8)
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BB
=le

R n
= 1- ¢
R—«a [ (1:21 P ) ]
= Hy (P).
Further without loss of generality, we may assume that corresponding to the observed

probability distribution P € A, there is a prior probability distribution Q € A, and replacing
fRC pi) by f§(q;) in (2.2), we have

n
Hig(P)=inf ) pify (an. 2.9)

bi=1

In case we do not apply the operation of infimum to (2.9), then it depends on two proba-

bility distributions P and Q. For R = 1, f¢ (g) is an analogue of (1-¢'~%) which reduces

l1-a
tologl/q when @ — 1. Thus (2.9) is equal to

1 - 1-a
a_l(zpiqi _1) (2.10)
i=1

which is a generalized inaccuracy measure of degree a.
(2.10) reduces to inaccruacy measure of degree a characterized by Sharma-Taneja [10]. There-
fore, there is no harm to represents (2.10) through f7(q).

n
HE(P;Q) =Y. pifi(a)
i=1

R—a
R

n
Zpi(l—qi )] RG>0 #1,0<as<l. @2.11)
i=1

R—«a

Infact (2.11) can also be described as the average of elementary a-R-norm inaccuracies f§' (;),
i=1,2,...,nand so called @-R-normed inaccuracy measure of degree a. Thus it seems plau-
sible that (2.11) may be characterized and then by taking its infimum we can arrive at (1.5).

In the following theorem, we characterize the elementary information function f (q) by
assuming only two axioms and applying infimum operation.

Theorem 2. Let f be a real valued continuous self-information function defined on (0, 1]
satisfying the following axioms

R_
MmmApﬂLw=ﬂm+ﬂw——§gﬂﬂﬂﬂ

AxiomAg.f(%) = R—:(l—n}%’),mm) #1,0<a<1

and n =2,3,.... is maximality constant.
Then f7 (q) defined in (2.9) holds.

R
Proof. Considering f(x) = g (1-¢(x)) in axiom A;, we get

i[1— (x )]—ill— (0] +
Py = Z——(1-¢

— [1- ¢

R-a
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- [(1=p(x))A -]
or,

P(xy) = P()P(y).

(2.12)
But the relation (2.12) is a well known Cauchy’s functional equation (refer Aczel [1]). The

continuous solution of (2.12) is given by ¢ (x) = x4, where a # 0 is an arbitrary constant.
R—-a
On using axiom A, we get a = and hence

R R-a
= —_ 1 — R
f& R—«a x ]
which is exactly of the form of (1.1).

Next, the measure (1.5) can be easily obtained by applying infimum operation on the
equation (2.11) on the lines of the Theorem 1.
Remarks. For an incomplete probability distribution scheme

n
P=(pLpa....pn), Pi=0, Y pi=1, f{(q), i=12,..,n,
i=1

associated with individual events may be worked out. Then as in case (2.10), we may define
n
X pifg (@)
H}%(Pl»PZ»---,Pn;(»h»qz»---»Qn): = (213)
2 pi

By using infimum operation with respect to g;’s the equation (2.13) gives

NS
. R iZ p;
HR(P):E 1-

n
-1 !

= (2.14)
Y pi
i=1
which is the a-R-norm entropy of degree a of incomplete probability distribution.

It is also worth mentioning that if we take arithmetic average with weights as continuous
function w(), then we get the general expression

W.OL.
1 (P ) = EL PR D,

(2.15)
Y W(pi)
i=1

By considering different weight w() satisfying the condition

W(pqg) = W(p)W(q), where W() #0,

we can obtain various generalized a-R-normed information measures.
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3. Axiomatic characterization of a-R-norm information measure

In this section, we attempt to characterize (2.11) by considering it as inaccuracy measure
for two distributors P and Q € A, and arrive at (1.5) by applying infimum operation with
respectto g;’s, i =1,2,...,n.

Let S, =A, xA, — R, n=2,3,... and G, be a sequence of functions of p;’s and g;’s, i =
1,2,...,nover S, satisfying the following axioms.

n
Axiom 1. G, (B Q) =a, + a2 ¥, h(p;q;), where a; and a, are non-zero constants and
i=1
pigi€j=1(0,1)x(0,1)U{(0,y):0<y<1ui{(l,y)0<y <1}

Axiom 2. For BQ€ A, and P'Q’ € A,,, G, satisfies the following property

1
Gnum(PP',QQ") = Gu(PQ) + G (P, Q) - P Gn(PQ)Gm(P',Q").
1

Axiom 3. h(p, q) is a continuous function of its arguments p and g.

Axiom 4. Let all p’s and g;s are equiprobable posterior and prior probabilities of events,
respectively then

11 111 1 R a-R
o ESLILA S I P
nn nnn n R-a
wheren=2,3,..., R0 #land0<a<1.

Theorem 3. The inaccuracy measure (2.11) is uniquely determined by the Axioms 1 to 4.
First of all, we prove the following three lemmas to facilitate the proof of the theorem:

Lemma 1. By Axioms 1-2, we have

n o m , o ar\ & n o
;J_Z:lh(mpj’%ﬂj)—(—a—l)izzlh(m,éh)jzzlh(pj,qj) 3.1)

where(pi,qi),(p},q}) €jfori=1,2,...,nand j=1,2,...,m.

Lemma 2. The continuous solution that satisfies (3.1) is the continuous solution of the
functional equation

h(pp,qq) = (- %)h(P, Dhp', 4" (3.2)
1

Proof. Let a, b, ¢, d and @', b/, ¢/, d’ be positive integers such that 1< a’'<a, 1<b' < b,
l<sc'<scandl=sd <d.

Setting
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n=a-d+1=b-b'+1

and
m=c—c+1=d-d +1

~

1 . a
pl=5(z=1,2 sa—a), pa- a+1= 0
1 . b
qi=5(1=1,2,... ,b— b) qp-p'+1 = E
;1 (=12 N ol
p]_z ]—,,...,C C!pL‘C-Fl_?
o 1 . i _ d’
qj—g(]—lyzy---)d_d)y pd—d’+1—g»
in equation (3.1), we have
a b (¢ d ac bd
(a—a)(c—- c)h(— ﬁ)+(c c)h( P bd)+(a—a)h(a,w)+h(—c,ﬁ)
3 as a b c d
—(‘a—l)[( ”’(; z)”’(d 3= (z 3) o)) 33)
taking @' =b' =’ =d’' =1in (3.3), we get
1 1 as 11 11
hl—,—|=|-—|h|—,—|h|—, =] 3.4
(ac ba) ( al) (a b) (c d) 3-4)
Taking @’ = b’ = 1in (3.3) and using (3.4), we have
¢ d 11 da
h(;,w) (—a—l)h(a b)h(— g)- (3.5)
Again taking ¢’ = d’ =1 in (3.3), we have
a b ay. (1 1 a b
hl—,—|=|-—|h|—,—=|h|{—, —]. 3.6
(ac bd) ( al) (c d) (a b) (3.6)
Now (3.3) together with (3.4), (3.5) and (3.6) reduces to
ab cd as\. (a by (c d
h—,—|=|—-—|h|—,—|h|—,—]. 3.7
(ab bd) ( al)(a b)(c d) 3.7
a b’ c , d .. . .
Setting ” =p, 7 =q,—=p, 7 = ¢ in (3.7), we get the required result (3.2) for rational

numbers which by continuting of / holds for all real p, g, p’, g’ € J.
In the next Lemma, we get the most general solution of (3.2).

Lemma 3. The most general continuous solutions of equation (3.2) are given by

h(p, q) =(—Z—;)p”q”, u#0, v#0. (3.8)
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and
h(p,q) =0. (3.9)

Proof. Taking g(p, q) = (— %)h(p, q) in (3.2), we have
1

gpp'aq)=gp. g, q". (3.10)
The most general continuous solution of (3.10) c.f. Aczel [1] is given by
g, @) =p“q", u#0, v#0. (3.11)

and
gp,q)=0. (3.12)

On substituting g(p, q) = (— %)h(p, g) in (3.11) and (3.12), we get (3.8) and (3.9) respec-
1

tively. This proves the Lemma 3.

Proof of theorem. Substituting the solution (3.8) in Axiom 1, we have
n
Ga(BQ =a(1- Y pl'al), wv#o. (3.13)
i=1

Using Axiom 4 in (3.13), we get

R—-a

,u=1and v=

ay =
R—-a

Substituting these values in (3.13), we have
Gn(P,Q) = HR(PQ)
and hence this completes the proof of the Theorem 3.

Remark. In this equation (3.8) if # = 0 and v = 0 then h(p,q) = (— ﬂ) which is a trivial
ap

solution and is of no interest. The solution (3.9) does not even contain any variable and hence
itis again discarded.

4. Properties of Hg (P)

This section presents the algebraic and analytical properties of the a-R-norm information
measure Hy (P) and satisfies the following properties.

1. Hf{(P) = Hf{(pl, p2,..., Pn) is a symmetric function of (p1, p2,..., pn)-
2. Hg(P) is expansible i.e. Hg(pl,pg,...,pn,O) = Hg(pl,pg,...,pn).
3. Hf{(P) is decisive i.e. Hf{(l,O) = Hg (0,1) =0.
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4, Hf{(P) is non-recursive.

5. HA(PQ) = HY(P) + HE(Q) - %Hf{ (P)HE(Q)i.e. HZ(P) is non-additive.

Proof. Properties 1 to 3 can be verified easily, now we consider 4.

E R \F
(2, L) = R\ pirp @1
pi+p' pi+p) R-a (p1+p2)a

and
R

a R 2 g a
Hg(pr+p2,ps,....pn) = p— 1—{(P1+P3)" +Ps +"'+Pn}

=R

(4.2)

By combining (4.1) and (4.2), we have

P1 p2 )
P1+P2’P1+Pz

Hp(p1+p2,P3,-.,Pn) + (11 +pz)H1‘§( H{ (p1,p2,-.., pn)-

Thus Hg (p1,p2,..., pr) is non-recursive.

Property 5. Let Ay, Ay,..., A, and By, By, ..., By, be the two sets of events associated with
probability distributions P € A,, and Q € A,,. We denote the probability of the joint occur-
rence of events

A;=(i=12,...,n) and B]-=(j=1,2,...,m) on p(A;nN Bj).

Then the a-R-norm entropy is given by

R n m R a
Hg(p*Q):ﬂ[l—{Z Y piainB”
i=1j=1

Since the events considered here are stochastically independent therefore, we have

PG bHER

HE(PQ)

I
j=s]
(=]
i}

I
—_——
M= I
=
—_—

=l
—_——
M=
<
~ II
=

=R

i=1 j=1
_ R R R-a _ , R-a
B R—a_R—a[(l_ R HR(P))(l_ R HR(Q))]
R_
= Hp(P)+ Hp(Q) - TaH,‘%(P)H}”{(Q) 4.3)

Corollary. The Property5, can also be extended for m stochastically independent distribu-
tors Py, Py, ..., Pm—1 having ng, ny, ..., n;,—1 elements respectively. Let

H{ (Po) =+ = H (Ppp_1) = w
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Then

Hf{(P*):Ri[l—{l—R;aw}m] .4)

where P* stands for the product space of m stochastically independent distributor Py, Py, ..., Pp—1.

Proof. In (4.3), we have proved the results for product of two probability distributors on
similar lines, it is very easy to show that

Hpg (PyP1Py) = Hg (Py) + Hy (P1) + H (P2)
R-«a

HE(Po) HE (Py) + HE (Po) HE (P) + HE(P1) HE (P2)

R= ) g poy e (pyy o (P
+ R R( 0) R( 1) R( 2)-
Further, by mathematical Induction, we arrive at

HE(P*) = HE(Py) + HE(Py) +++++ HE (Pp—1)
R—«a

- | Hf (Po) H (Py) + HE (Po) HEE(Py) + -+

il | HE (Po) HE (PO HE (Py) + -+ |

+(—1)m_1(%)m_lH}%(PO)Hg(Pl)"'H}%(Pm—l)- 4.5)
Setting H}O{ (Pg) =---= H}O{ (P;,—1) = w, we have

Hp(P*) = mw—(R;a)(’:)w2+(R;a)2(r:) w3

+(—1)m_1(R—];Oé)m_l m) w"

oo (3R )
s () (o
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This completes the proof of the Property 5.

Theorem 4. Let Hf{(P) = Hg (p1,p2,..-, Pn) be the generalized a-R-norm information mea-
sure. Then for Pe A, and Re R™ and0 < a < 1, we have

(a) Hf{(P) is Non-negative.
(b) HZ(P)= H%(1,0,0,...,0) = 0.

© HEP < H(1 s )= 2 [1-n].
(d) Hy(P) is a monotonic function of P.

(e) Hg(P) is continuous atR€ R,

) Hf{(P) isstablein p;,i=1,2,...,n.

(g) HE(P) is small for small probabilities.

(h) Hy(P) is a concave function for all p;.

(1) Rli_rEng(P) =1-max.p;.
Proof. To prove that Hy (P) is non-negative, we consider the following cases:

R R
CaseI.WhenR>aorE >1then p/ <p;Vi

n R n
=) pr<) pi=1
i=1 i=1
noor%
=> 1) pf| =1 (4.6)
i=1

R
CaselIl. When 0 < R < & or 0 < — < 1 then on the same lines, we have
a

%
pi| =1 4.7)
1

4

n

We know that

>0 if R>a and <0 if R<a.

Hence from (4.6) and (4.7), we conclude that H}O{ (P)=0.

Property (b) follows if one of the probabilities is equal to 1 and others are equal to zero.
Property (c) is Axiom 2.

Also it is noted that the generalized a-R-norm information measure is maximal if all prob-
abilities are equal and is minimum if one probability is unit and others are zero.

1
(d) Hy (P) is monotonic iff Hy (p,1- p) is non-decreasingon p € [0, > ]
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From (1.5), we have

IR

R
H}%(p,l—p)zm[l—{(l—p)g+p§}

Let us define the function G(p) by

G(p)=1—[(1—p)§+p§]%-

Then

d
ﬂzofor R>a

and

d
ﬂzo for 0<R<a.

From (4.8), we note that

d R \dG(p) S
d—pHg(p,l—p)z(R_a)d—p which gives
d a +

d—pHR(p,l—p)zo for ReR™, pel0,1],0<a<1

Thus Hy (p, 1 - p) is a non-decreasing function and hence monotomic.

a

n R
> pi" ] ® is continuous for R € [0,00) and 0 < a < 1.
i=1

(e) We know that

is also continuous at

1

n a

Hence, H(P) = %[1—(2 p.g)ﬂ
i=1

ReR" where 0<a<1.

(f) It is obvious
HE(P0) = HE(P).

Also it is easy to see that
Lty .1+ HE(P;1- p) = H3(P0).

(g) From (4.8) it follows that

=R

R
Ltp—»l*‘ H}%(P, 1- p) = Ltpﬁ1+ R

[1—{p§+(1—p)§}

This proves that H (p) is small for small probabilities.

(h) Let us define the concave function.

|-o

(4.8)

(4.9

(4.10)
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Definition. A function of over a set S is said to be concave if for all choices of x1, x2,... X, €

S and for all scalars A1, 15,...,4,, such that 1; =0, Z A; =1, the following holders

i=1

m m
f(z/ll-x,-) =Y Aif(x). 4.11)
i=1 i=1

Here we consider random variable x taking its values in the set S = (x1, X2,..., X;n) and r
probability distributions over S on follows:

m
Pe) = { Pk, pebem)f pree) 20, Y prlx) =1, k=127
i=1
Let us define another probability distribution over S

Po(x) ={poCx1), ., poCem)} 3V i's.

Py(x;) = Z Ak px(x;), where /1' s are non-negative scalars stisfying Z A =1 then we have
k=1 k=1

,
D= Y A HE(Pp) - HE(Py), R>0#1,0<a<1.
k=1

H}O{ (P) will be concave if D is less than zero for R(>0) # 1 and 0 < a < 1, so we consider
D= Z/lkHR(Pk) HR(PO)
k=
m =
- { Z Py (xl }

£ el

1 k=1

f [i i g(x, H (4.12)
=1 i=1

r t r
Now using the inequality [ Yy akxk] s Y akx]tC according as ¢ < 1, we have
k=1 k=1

r g r R R
[ > /lkpk(xi)] s [ > Akpi (xi)] accordingas — < 1.
k=1 k=1 a

Therefore .

nm r R
(Z Z Akpk (%) ) according as - <.
i=1k=1

IE

(X;/Mcpk(xz )

—

U

r m

[i(iﬂkpk(xl ) Z/lk(z (x; ) R

i=1 k=1 k=1 =

R
accordingas — s 1. (4.13)
a
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Moreover,

(ot = Ll o)’

R
=D, accordingas — < 1. (4.14)
a

R
Thus D; < D, according as — < 1, which implies that D < 0 in view of the sign of
a

R )
accordingas — s 1.
a

This proved that Hj; (P) is concave function P.

(i) We set max p; = pg, asuming mo =1,2,..., R>a and 0 < a < 1, we find

[Zp ] [mopk]a —m0 Pk- (4.15)

It is also noted that for R > a.

R, &
ER

(4.16)

Pt

Combing (4.15) and (4.16), we get

Ry % a
Pk<{le“}Rsm§pk- 4.17)
1

Taking limits for R — oo in (4.17), we have

lim {Zp }% = pi=max.p;

R—o0

and finally

==

i)

lim HY(P) = lim [1—{
R—o0 R—o0 izl

] =1-max.p;.
1

This completes the proof of Theorem 4.

5. Joint and conditional generalized a-R-nom information measure

The present section depicts the joing and conditional probability distribution of two ran-
dom variables ¢ and i having probability distributors P and Q over the sets X = {x1, X2,..., X}
and Y = {y1,)2,..., yn} respectively. The generalized a-R-norm information of the random
variables HI"{ &)= Hf{(P) and HI"{ (m = HI"?‘(Q), where

pi=P/(&i=x), i=12,...,n
pi=Prmj=y;, j=12,....m

are the probabilities of the possible values of the random variables. Similarly, we consider a

two-dimensional discrete random variable (£,7) with joint probability distribution = = (711,712, ...

Tij :Pr(fl-:xi,nj Zyj), i=12,...,n, j= 1,2,....m

;nln)



SOME MORE RESULTS ON R-NORM INFORMATION MEASURE 55

is the joint probability for the values (x;, y;) of (¢, n).
We shall denote conditional probabilities by p;; and g;; such that 7;; = p;;jq; = q;ipi

nm n
pi=) mij and q;= ) mij.
= j=1

Definition. The joint @-R-norm information measure for R € R* and 0 < @ <1 is given by

{5 Ll |
i=1j=1

R
Hﬁ(é,n) = m

(5.1)

It may be seen that Hy (¢,n) is symmetric in ¢ and n. Due to non-additivity property if
and n are stochastically independent. Then the following holds

R —
HE(@E,m) = H(&) + HE () — T“Hf{ (©HE (). (5.2)

Definition. The average conditional a-R-norm information of 7 given ¢ for R € R* and

0 < a <1is defined as
n

R moOR)k
*HR(mlé&)=——|1- i & . 5.3
R@/) R_a[ izlpl{];q,,}] (5-3)
Or alternatively
R

w3k @ R £ — %
Hp(n/&) = ﬂ[l_{;pi Zlqjl}
i= j=

The two conditional measures (5.3) and (5.4) differ by the way, the probability p; have

been taken. The expression (5.3) is a true mathematical expression over ¢, whereas the ex-
pression (5.4) is not.

. (5.4)

The next theorem, proves three results for conditional a-R-norm information measures
given by (5.3) and (5.4).

Theorem 5. If{ and n are discrete random variables then for
ReR" and 0<a<]l,

then the following results hold.

@ *HM/E < HEm), (5.5)
Q) **HIM/E < HEM), (5.6)
i) **HEM/O < *HEMIO), (5.7)

(iv) *"HZM/E) < *HE(n/&) < HE(m). (5.8)
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R
Proof. We know by [4] that for — > 1.
a

B (5] <[5 41]"

Setting x;; = i j = 0in (5.9), we have

m . n g % n .m R,%
EAE [ E
Jj=1 "i=1 i=1 " j=1
m & n m a
or [Zq;‘]RS Z{Z(CI]ZPZ) }R]
j=1 i=1 " j=1
n m R, & m R4
=1- ZPi{Z%“,}R Sl—[Zq;' " (5.11)
i=1 j=1 j=1
) R
Using >0asR>aand0<a<1.
R-«a
We find that *Hp (n/¢) < Hi (1).
(5.12)

On the same line, we can prove that (5.12) holds for
O<R<aand O<ac<l.

Hence (5.5) holds for all R € R* and 0 < a < 1. The equality sign holds iff 7;; is separable
in the sence 7;; = p;q;.
From Jensen’s inequality for R > a and 0 < a < 1 we find

R
Zplq], Zplqjl] = ]{l- (5.13)
After summation over j and raising both sides to power %, we have
m R, % m R,4
>piyan| [Z ‘| (5.14)
i=1 j=1 j=1
. R
Using R—a >0as R>a, we get
"*Hy(n/&) < HE (n). (5.15)

Equality holds for all 7, g;; = g; which is equivalent to the independent property. For 0 < R <

<0asO<R<a O0O<a<1l1(5.15

a, the inequality (5.14) reverses. However, in view of R
still holds. Hence (5.6) is proved.
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Next for the proof of (5.7), we apply Jensen’s inequality and

n m.o Ry% n m. R1%
> iy ar} ]S Y pi) ai] (5.16)
i=1 j=1 i=1  j=1

forR>a,0<a<1and
n m. Ry% n m. . R1%
Y p{Yar} ]2 Ypi) ai] (5.17)
i=1 Jj=1 i=1 Jj=1

forO<R<a,0<ac<l.

R
Using the fact B >0 and (5.16),

-

We have "“Hpn/&) <" Hy(n/$).

From (5.17) for
0 < a <1 (5.8) is a combination of (5.7) and (5.5). Hence the Theorem 5 is proved.

< 0, we get the same result. Hence (5.7) is proved for all R € R* and

Note. In this paper, I have define a new function depending on the parameters a and R.
My motivation for studing this new function is that it generalize R-norm information measure
of a discrete probability distribution introduced by Bockee and Lubbe (1980).
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