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An Iterative Method for a Common Solution of a Combination of
the Split Equilibrium Problem, a Finite Family of Nonexpansive
Mapping and a Combination of Variational Inequality Problem

Ihssane Hay, Abdellah Bnouhachem and Themistocles M.Rassias

Abstract. The present paper aims to deal with an iterative algorithm for finding common
solution of the combination of the split equilibrium problem and a finite family of non-
expansive mappings and the combination of variational inequality problem in the setting of
real Hilbert spaces. Further, we prove that the sequences generated by the proposed iterative
method converge strongly to a common solution to these problems. A numerical example is
presented to illustrate the proposed method and convergence result. The results and method
presented in this paper generalize, extend and unify some known results in the literatures.

1 Introduction.

The theory of equilibrium problems has grown enormously in various branches of the pure and
applied sciences, it has been widely studied in the literature. It provides a framework for many
problems in finance, economics, networks analysis, optimization and others; see for example [2,
4, 5, 6, 7, 8, 10, 11, 12, 18, 19, 20, 21, 22, 26].

Let H be a real Hilbert space with the inner product < . > and the norm ∥ . ∥ . Let C be
nonempty closed convex subset of Hilbert space H. Given a bifunction F : C × C −→ H, the
standard equilibrium problem is formulated as follows:Find x∗ ∈ C

F (x∗, x) ≥ 0, ∀x ∈ C,
(1.1)

which was first considered and investigated by Blum and Oettli [1]. The solution set of the equi-
librium problem is denoted by EP (F ).

Inspired by a wide variety of works in this direction, Kazmi and Rivzi [17] have recently investi-
gated and studied a new form of the equilibrium problem called the split equilibrium problem:
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let C and Q be nonempty closed convex subsets of Hilbert spaces H1 and H2, respectively. Given
two bifunctions F : C × C −→ H1, and G : Q × Q −→ H2 and a bounded linear operator
A : H1 −→ H2, the split equilibrium problem is defined by:Find x∗ ∈ C

F (x∗, x) ≥ 0, ∀x ∈ C,
(1.2)

and Find y∗ = Ax∗ ∈ Q

G(y∗, y) ≥ 0, ∀y ∈ Q.
(1.3)

If G ≡ 0 and F (x∗, x) =
〈
Bx∗, x− x∗

〉
, where B : C −→ H, is a nonlinear operator, then the

split equilibrium problem collapses to the classical variational inequality problem:Find x∗ ∈ C〈
Bx∗, x− x∗

〉
≥ 0, ∀x ∈ C.

(1.4)

The set of solutions of (1.4) is denoted (VIP)B,C . It is easy to observe that

x∗ ∈ (VIP)B,C ⇐⇒ x∗ = PC [x
∗ − ρBx∗], where ρ > 0. (1.5)

Variational inequalities are being used as a mathematical programming tool in modeling a large
class of problems arising in various branches of pure and applied sciences. In recent years, vari-
ational inequalities have been generalized and extended novel and new techniques in several di-
rections. We now have a variety of techniques to suggest and analyze various iterative algorithms
for solving variational inequalities and related optimization problems; see [1-28].
Both classes of problems; variational inequality and split equilibrium problem, have been studied
and treated in details in several research works due to its important role on the development of
many problems; see for example [3, 9, 13, 14, 15, 16, 17, 28].

In the present paper, motivated by the above works and related literature, we present a new
iterative algorithm for finding a common element of the solution set of common fixed points of
a finite family of nonexpansive mappings and the solution set of a combination of the split equi-
librium problem and the solution set of a combination of variational inequality problem. More
precisely, we use the idea of combination of the split equilibrium problem. According to numeri-
cal results, the iteration algorithm for the combination of the split equilibrium problem converges
faster than the iterative algorithm of the split equilibrium problem. Under appropriate conditions
we derive the strong convergence results for this method. Preliminary numerical experiments are
included to verify the theoretical assertions of the proposed method. Since the combination of the
split equilibrium problem includes the split equilibrium problem and the equilibrium problem as
special cases, results presented in this paper continue to hold for these problems.
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2 Preliminaries.

Let H1 and H2 be two real Hilbert spaces with inner product < . >, and norm ∥ . ∥ . Let C and Q

be nonempty closed convex subsets of Hilbert spacesH1 andH2, respectively. For i ∈ {1, ..., N},
let
∑N

i=1 aiFi : C × C −→ H1, and
∑N

i=1 biGi : Q × Q −→ H2, be two bifunctions, and
let
∑N

i=1 ciBi : H1 −→ H1, with ai ∈]0, 1[, bi ∈]0, 1[, ci ∈]0, 1[,
∑N

i=1 ai =
∑N

i=1 bi =∑N
i=1 ci = 1 and A : H1 −→ H2, be a bounded linear operator. The combination of split

equilibrium problem (CSEP) is defined as:Find x∗ ∈ C∑N
i=1 aiFi(x

∗, x) ≥ 0, ∀x ∈ C,
(2.1)

and Find y∗ = Ax∗ ∈ Q∑N
i=1 biGi(y

∗, y) ≥ 0, ∀y ∈ Q.
(2.2)

The solution set of the (CSEP) is denoted by Ω = {p ∈ C; z ∈ ∩N
i=1EP (Fi) such that Ap ∈

∩N
i=1EP (Gi)}.

If Fi = F and Gi = G, ∀i = 1, 2, . . . , N, then the combination of split equilibrium problem
(2.1)-(2.2) reduces to the split equilibrium problem (1.2)-(1.3). The fixed point problem for a
sequence of nonexpansive mappings Sn : C −→ C is to find x ∈ C such that

Snx = x. (2.3)

The set of all fixed points of Sn is denoted by F (Sn). The combination of variational inequality
problem (CVIP) is defined as:Find x∗ ∈ C〈∑N

i=1 ciBi(x
∗), x− x∗

〉
≥ 0, ∀x ∈ C.

(2.4)

The solution set of the (CVIP) is denoted by (VIP)∑N
i=1 ciBi,C .

We introduce the following definitions, which are useful in the following analysis.

Definition 1. Let C be a nonempty closed convex subset of Rn, and v ∈ Rn, then the projection
of v onto C is denoted by PC(v), that is,

PC(v) := arg min {∥ v − u ∥ /u ∈ C} . (2.5)

Since  C is convex and closed, the projection onto C is unique.

Definition 2. The mapping T : C −→ C is said to be :
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1) strongly positive if
〈
Tx, x

〉
≥ ρ ∥ x ∥2, for all x ∈ H, where ρ is a positive constant.

2) β-inverse strongly monotone over C, if there exists a positive real number β > 0 such that〈
T (u)− T (v), u− v

〉
≥ β ∥ T (u)− T (v) ∥2; ∀u, v ∈ C,

3) nonexpansive if
∥ Tx− Ty ∥≤∥ x− y ∥; ∀x, y ∈ C.

4) lower semicontinuous at x0 ∈ C if, for any sequence {xn} in C with xn −→ x0,

T (x0) ≤ lim
n−→∞

T (xn).

We list some fundamental lemmas that are useful in the consequent analysis. The first lemma
provides some basic properties of projection onto C.

Lemma 2.1. (i). If T is nonexpansive, then I − T is 1- inverse strongly monotone;

(ii). If T : C −→ C, is β-inverse strongly monotone, then for all λ ∈]0, 2β[, I − λT is nonexpan-
sive.

Lemma 2.2. Let C ⊂ Rn, be a closed convex set, then we have

1) ∀ v ∈ Rn, ∀ w ∈ C 〈
v − PC(v), w − PC(v)

〉
≤ 0. (2.6)

2) ∀ v ∈ Rn, ∀ w ∈ Rn

∥ PC(v)− PC(w) ∥ ≤ ∥ v − w ∥ . (2.7)

3) ∀ v ∈ Rn, ∀ u ∈ C

∥ PC(v)− u ∥ ≤ ∥ v − u ∥ . (2.8)

Lemma 2.3. It is well known that in case of a real Hilbert spaceH, the following assertions:

(i)
〈
x, y
〉
=

1

2

(
∥ x ∥2 + ∥ y ∥2 − ∥ x− y ∥2

)
,

(ii) ∥ αx+ (1− α)y ∥2 = α ∥ x ∥2 +(1− α) ∥ y ∥2 −α(1− α) ∥ x− y ∥2,

hold for all α ∈ [0, 1] and x, y ∈ H, such that x ̸= y.
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It is well known that every nonexpansive operator T : H → H satisfies, for all (x, y) ∈
H ×H, the inequality〈

(x− Tx)− (y − Ty), T y − Tx
〉
≤ 1

2
∥ (Tx− x)− (Ty − y) ∥2 (2.9)

and therefore, we get, for all (x, y) ∈ H × F (T ),〈
x− Tx, y − Tx

〉
≤ 1

2
∥ Tx− x ∥2 . (2.10)

We assume that both F : C × C −→ H1 and G : Q × Q −→ H2 are bifunctions satisfying the
following assumptions:

Assumption 2.1

1) F (x, x) = 0 ∀x ∈ C;

2) F is monotone i.e., F (x, y) + F (y, x) ≤ 0 ∀x, y ∈ C;

3) F is hemicontinuous i.e.

∀x, y, z ∈ C lim
t→0

F (tz + (1− t)x, y) ≤ F (x, y);

4) for each x ∈ C, y −→ F (x, y) is convex and lower semicontinuous mapping.

Lemma 2.4. [1] Let C be a nonempty closed convex subset of H and let F be a function which
satisfies above assumptions, then for each x ∈ H, for r > 0, there exists z ∈ C such that

F (z, y) +
1

r

〈
y − z, z − x

〉
≥ 0 ∀y ∈ C

Moreover, define a mapping TF
r : C −→ H as follows:

TF
r (x) =

{
z ∈ C : F (z, y) +

1

r

〈
y − z, z − x

〉
≥ 0 ∀y ∈ C

}
.

Then for all x ∈ H, we have the following :

(i) TF
r is single-valued;

(ii) TF
r is firmly nonexpansive, i.e., for all x, y ∈ H

∥ TF
r (x)− TF

r (y) ∥2 ≤
〈
TF
r (x)− TF

r (y), x− y
〉
;

(iii) F (TF
r ) = EP (F );

(iv) EP (F ) is closed and convex.
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Lemma 2.5. [25] Let C be a nonempty closed convex subset of a real Hilbert spaceH. For every i ∈
{1, ..., N}, letFi : C×C −→ H be a bifunction satisfying assumptions 2.1, with∩N

i=1EP (Fi) ̸= ∅.
Then for ai ∈ (0, 1) and

∑N
i=1 ai = 1, we conclude that

∑N
i=1 aiFi, also satisfies the same above

assumptions, and

F (Tr) = EP (
N∑
i=1

aiFi) = ∩N
i=1EP (Fi).

Lemma 2.6. [24] (Demiclosedness principle.) Let C be a nonempty closed convex subset of a real
Hilbert space H. If T : C → C is a nonexpansive mapping with Fix(T )̸= ∅, then the mapping I −T

is demiclosed at 0, i.e., if {xn} is a sequence in C weakly converges to x and if {(I−T )xn} converges
strongly to 0, then (I − T )x = 0.

Lemma 2.7. [27] Let {an} be a sequence of positive real numbers such that

an+1 ≤ (1− νn)an + δn,

where {νn} is a sequence in ]0, 1[ and {δn} is a sequence such that

1)
∑∞

n=1 νn = ∞;

2) lim
n→∞

sup
δn
νn

≤ 0, or
∑∞

n=1 |δn| ≤ ∞.

Hence lim
n→∞

an = 0.

Lemma 2.8. [25] Let C be a nonempty closed convex subset of a real Hilbert space H. For all i ∈
{1, ..., N}, letBi be a strongly positive linear bounded operator on aHilbert spaceHwith coefficient
ρi > 0 and ρ̄ = min{1,...,N} ρi. i.e., for all x ∈ H

〈
Bix, x

〉
≥ ρi ∥ x ∥2 . Moreover for each

i ∈ {1, ..., N}, ci ⊂ ]0, 1[, with
∑N

i=1 ci = 1.Then the following properties :

(i) For all 0 < λ <∥ Bi ∥−1,we have ∥ I−λ
∑N

i=1 ciBi ∥≤ 1−λρ̄, and ∥ I−λ
∑N

i=1 ciBi ∥
is nonexpansive mapping.

(ii) (VIP)(
∑N

i=1 ciBi,C) = ∩N
i=1(VIP)(Bi,C).

3 The proposed method and some properties

In this section, we suggest and analyze our method for finding common solutions of the combi-
nation of the split equilibrium problem (2.1)-(2.2) and a finite family of nonexpansive mappings
(2.3) and the combination of variational inequality problem (2.4).

LetH1 andH2 be two real Hilbert spaces. LetC (respectivelyQ) be a nonempty closed convex
subset of H1 (respectively H2). Let Fi : C × C −→ H1 and Gi : Q × Q −→ H2 be two finite
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family bifunctions satisfying Assumptions 2.1 such that Gi is upper semicontinuous mapping.
Let A : H1 −→ H2 be a bounded linear operator, and let Bi be strongly positive linear bounded
operator on a Hilbert spaceH1 with coefficient ρi > 0 and ρ̄ = mini∈{1,...,N} ρi. LetSn : C −→ C
be a sequence of nonexpansive mappings such thatΓ =

(
∩∞
n=1F (Sn)

)
∩Ω∩

(
∩N
i=1 (VIP)Bi,C

)
and let S : C −→ C be a mapping such that lim

n→∞
Snx = Sx.

Algorithm 3.1 For a given x1 ∈ C1 = C, arbitrarily, let the iterative sequences {un}, {zn}, {yn}
and {xn} be generated by

un = T
∑N

i=1 aiFi
rn

(
I − γA∗(I − T

∑N
i=1 biGi

sn )A)xn

zn = PC [un − λn
∑N

i=1 ciBiun]

yn = αnSnxn + (1− αn)zn

Cn+1 = {p ∈ Cn :∥ yn − p ∥≤∥ xn − p ∥}

xn+1 = γnPCn+1x1 + (1− γn)yn, n ≥ 1.

(3.1)

Let γ ∈
]
0,

1

L

[
such that L is the spectral radius of the operator A∗A, where A∗ is the adjoint

of A. Let {sn} and {rn} be two positive real sequences, and let {λn}, {αn} and {γn} be three
sequences in ]0, 1[, satisfying the following conditions:

C1) 0 < a ≤ αn, γn ≤ b < 1.

C2)
∑N

i=1 ai =
∑N

i=1 bi =
∑N

i=1 ci = 1.

C3) lim
n→∞

λn = 0 and
∑∞

n=1 |λn+1 − λn| < ∞.

C4) lim
n→∞

αn = 0 and
∑∞

n=1 |αn+1 − αn| < ∞.

C5) lim
n→∞

γn = 0,
∑∞

n=1 γn = ∞ and
∑∞

n=1 |γn+1 − γn| < ∞.

C6) lim
n→∞

inf rn > 0 and lim
n→∞

sup sn > 0.

If for i = 1, 2, . . . , N, Fi = F,Gi = G, Bi = B, H1 = H2 = H,Sn = S and sn = rn,

then Algorithm 3.1 reduces to Algorithm 3.2 for finding the common solutions of split equilib-
rium problem (1.2)-(1.3), variational inequality problem (1.3) and a finite family of nonexpansive
mappings (2.3).

Algorithm 3.2 For a given x1 ∈ C = C, arbitrarily, let the iterative sequences {un}, {zn}, {yn}
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and {xn} be generated by

un = TF
rn

(
I − γA∗(I − TG

rn)A)xn

zn = PC [un − λnBun]

yn = αnSxn + (1− αn)zn

Cn+1 = {p ∈ Cn :∥ yn − p ∥≤∥ xn − p ∥}

xn+1 = γnPCn+1x1 + (1− γn)yn, n ≥ 1.

(3.2)

Let γ ∈
]
0,

1

L

[
where L is the spectral radius of the operator A∗A, and A∗ is the adjoint of A.

Let {rn} be a positive real sequence, and let {λn}, {αn} and {γn} be three sequences in ]0, 1[,

satisfying the following conditions:

C1) 0 < a ≤ αn, γn ≤ b < 1.

C2) lim
n→∞

λn = 0, and
∑∞

n=1 |λn+1 − λn| < ∞.

C3) lim
n→∞

αn = 0, and
∑∞

n=1 |αn+1 − αn| < ∞.

C4) lim
n→∞

γn = 0; and
∑∞

n=1 γn = ∞; and
∑∞

n=1 |γn+1 − γn| < ∞.

C5) lim
n→∞

inf rn > 0.

Lemma 3.1. Let {xn} be the sequence generated by the Algorithm 3.1. Then we have

(i) {xn} is well defined for every n ∈ N∗ and bounded.

(ii) Γ ⊂ Cn+1.

Proof. We show that the sequence {xn} is well defined for every n ∈ N∗. To prove that, we will
show that Cn is a closed convex subset for all n ≥ 1. Indeed, C1 = C is closed convex. Assume
that Ck is closed convex; we have to prove that so is Ck+1.

Let pm ∈ Ck+1 ⊂ Ck such that pm → p then p ∈ Ck; (because Ck is closed) thus

∥ yk − pm ∥≤∥ xk − pm ∥ .

This implies that

∥ yk − p ∥ ≤ ∥ yk − pm ∥ + ∥ pm − p ∥

≤ ∥ xk − pm ∥ + ∥ pm − p ∥,

by taking lim
m→∞

on both sides of the above estimate, hence we get

lim
m→∞

∥ yk − p ∥=∥ yk − p ∥ ≤ lim
m→∞

(∥ xk − pm ∥ + ∥ pm − p ∥)
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≤ ∥ xk − p ∥ .

Then p ∈ Ck+1, it follows that Ck+1 is closed.

Now we set p = λx+ (1− λ)y, for every x, y ∈ Ck+1 then p ∈ Ck (because Ck is convex).
From lemma 2.3, we get

∥ yk − p ∥2 = ∥ yk − λx− (1− λ)y ∥2

= ∥ λ(yk − x) + (1− λ)(yk − y) ∥2

= λ ∥ yk − x ∥2 +(1− λ) ∥ yk − y ∥2 −λ(1− λ) ∥ y − x ∥2

≤ λ ∥ xk − x ∥2 +(1− λ) ∥ xk − y ∥2 −λ(1− λ) ∥ y − xk + xk − x ∥2

= ∥ λ(xk − x) + (1− λ)(xk − y) ∥2

= ∥ xk − p ∥2,

thus p ∈ Ck+1 then Ck+1 is convex. Therefore Cn is closed convex for all n ≥ 1. Since for
every x1 ∈ C, PCn+1x1 is well-defined, and yn ∈ Cn+1, then xn is well defined. Obviously,
Γ ⊂ C1. Assume that Γ ⊂ Cn, and we show that Γ ⊂ Cn+1. Without loss of generality, we
assume that for all n ≥ 0, and for every i ∈ {1, ..., N}, 0 < λn <∥ Bi ∥−1 . Applying Lemma
2.8, we get that I − λn

∑N
i=1 ciBi is a nonexpansive mapping. Then from (1.5) for all p ∈ Γ,

p = PC [p− λn
∑N

i=1 ciBip] then according to (2.7), we obtain

∥ zn − p ∥2 = ∥ PC [un − λn

N∑
i=1

ciBiun]− PC [p− λn

N∑
i=1

ciBip] ∥2

≤ ∥ un − λn

N∑
i=1

ciBiun − p+ λn

N∑
i=1

ciBip ∥2

= ∥ (I − λn

N∑
i=1

ciBi)un − (I − λn

N∑
i=1

ciBi)p ∥2

≤ ∥ un − p ∥2 . (3.3)

For all p ∈ Γ, we have p = T
∑N

i=1 aiFi
rn p and (I − γA∗(I − T

∑N
i=1 biGi

sn )A)p = p, then

∥ A∗(I − T
∑N

i=1 biGi
sn )Ax−A∗(I − T

∑N
i=1 biGi

sn )Ay ∥2

= ∥ A∗(I − T
∑N

i=1 biGi
sn )(Ax−Ay) ∥2

=
〈
A∗(I − T

∑N
i=1 biGi

sn )(Ax−Ay), A∗(I − T
∑N

i=1 biGi
sn )(Ax−Ay)

〉
=
〈
(I − T

∑N
i=1 biGi

sn )(Ax−Ay), AA∗(I − T
∑N

i=1 biGi
sn )(Ax−Ay)

〉
≤L ∥ (I − T

∑N
i=1 biGi

sn )(Ax−Ay) ∥2 .
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Then

∥ (I − T
∑N

i=1 biGi
sn )(Ax−Ay) ∥2≥ 1

L
∥ A∗(I − T

∑N
i=1 biGi

sn )(Ax−Ay) ∥2 . (3.4)

Since T
∑N

i=1 biGi
sn is nonexpansive, it follows from Lemma 2.1, that I − T

∑N
i=1 biGi

sn is 1- inverse
strongly monotone, then

∥ (I − T
∑N

i=1 biGi
sn )(Ax−Ay) ∥2 ≤

〈
(I − T

∑N
i=1 biGi

sn )(Ax−Ay), (Ax−Ay)
〉

=
〈
A∗(I − T

∑N
i=1 biGi

sn )(Ax−Ay), x− y)
〉

(3.5)

and hence using (3.4) and (3.5), we obtain〈
A∗(I − T

∑N
i=1 biGi

sn )(Ax−Ay), x− y)
〉
≥ 1

L
∥ A∗(I − T

∑N
i=1 biGi

sn )(Ax−Ay) ∥2;

this implies that A∗(I − T
∑N

i=1 biGi
sn )A is

1

L
-inverse strongly monotone, by using Lemma 2.1 we

get I − γA∗(I − T
∑N

i=1 biGi
sn )A is nonexpansive for each γ ∈]0, 1

L
[. Therefore, we obtain

∥ un − p ∥= ∥ T
∑N

i=1 aiFi
rn

(
I − γA∗(I − T

∑N
i=1 biGi

sn )A)xn

− T
∑N

i=1 aiFi
rn (I − γA∗(I − T

∑N
i=1 biGi

sn )A)p ∥

≤ ∥ xn − p ∥ . (3.6)

Let p ∈ Γ, then the following results can be immediately obtained from Lemma 2.3 (ii), nonex-
pansiveness of Si, (3.3) and (3.6).

∥ yn − p ∥2 = ∥ αnSnxn + (1− αn)zn − p ∥2

= ∥ αnSnxn + (1− αn)zn − αnSnp− (1− αn)Snp ∥2

= αn ∥ Snxn − Snp ∥2 +(1− αn) ∥ zn − p ∥2 −αn(1− αn)︸ ︷︷ ︸
≥0

∥ Snxn − zn ∥2 (3.7)

≤ αn ∥ xn − p ∥2 +(1− αn) ∥ un − p ∥2 (3.8)

≤ αn ∥ xn − p ∥2 +(1− αn) ∥ xn − p ∥2

= ∥ xn − p ∥2, (3.9)

which yields that p ∈ Cn+1, therefore Γ ⊂ Cn+1.

Next, we show that the sequence {xn} is bounded. Note that ∥ PCn+1x1−x1 ∥2≤∥ x∗−x1 ∥2

for all x∗ ∈ Cn+1. In particular, we have

∥ PCn+1x1 − x1 ∥2≤∥ PΓx1 − x1 ∥2 .
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Then, we get

∥ xn+1 − x1 ∥2 = ∥ γn(PCn+1x1 − x1) + (1− γn)(yn − x1) ∥2

≤ γn ∥ PCn+1x1 − x1 ∥2 +(1− γn) ∥ yn − x1 ∥2

≤ γn ∥ PΓx1 − x1 ∥2 +(1− γn) ∥ xn − x1 ∥2 − see (3.9) −

≤ max{∥ PΓx1 − x1 ∥2, ∥ xn − x1 ∥2}
...

≤ max{∥ PΓx1 − x1 ∥2, 0}

= ∥ PΓx1 − x1 ∥2 .

Therefore it follows from the above inequalities that ∥ xn+1−x1 ∥< ∞, hence {xn} is bounded,
and from inequalities (3.6), (3.3), and (3.9) we conclude the boundless of {un}, {zn}, and {yn}.

Lemma 3.2. Let {xn} be the sequence generated by Algorithm 3.1. Then, we have

(a) lim
n→∞

∥ xn+1 − xn ∥= 0;

(b) lim
n→∞

∥ yn − xn ∥= 0;

(c) lim
n→∞

∥ (I − T
∑N

i=1 biGi
sn )Axn ∥= 0;

(d) lim
n→∞

∥ Snxn − zn ∥= 0;

(e) lim
n→∞

∥ xn − zn ∥= 0.

Proof. From (2.7), we have

∥ zn−zn−1 ∥

= ∥ PC [un − λn

N∑
i=1

ciBiun]− PC [un−1 − λn−1

N∑
i=1

ciBiun−1] ∥

≤ ∥ (I − λn

N∑
i=1

ciBi)un − (I − λn−1

N∑
i=1

ciBi)un−1 ∥

= ∥ (I − λn

N∑
i=1

ciBi)un − (I − λn

N∑
i=1

ciBi)un−1 + (I − λn

N∑
i=1

ciBi)un−1

− (I − λn−1

N∑
i=1

ciBi)un−1 ∥
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≤ ∥ (I − λn

N∑
i=1

ciBi)un − (I − λn

N∑
i=1

ciBi)un−1 ∥ + ∥ (λn−1 − λn)

N∑
i=1

ciBiun−1 ∥ .

According to Lemma 2.8, we obtain

∥ zn − zn−1 ∥ ≤ ∥ un − un−1 ∥ +|λn − λn−1| ∥
N∑
i=1

ciBiun−1 ∥ . (3.10)

Next, we apply the definition of yn, and the inequality (3.10), we get

∥ yn−yn−1 ∥

=∥ αnSnxn + (1− αn)zn − αn−1Sn−1xn−1 − (1− αn−1)zn−1 ∥

=∥ αn(Snxn − Snxn−1) + (αn − αn−1)Snxn−1 + αn−1(Snxn−1 − Sn−1xn−1)

+ (1− αn)(zn − zn−1) + (αn−1 − αn)zn−1 ∥

≤ αn ∥ xn − xn−1 ∥ +|αn − αn−1|(∥ Snxn−1 ∥ + ∥ zn−1 ∥)

+ αn−1 ∥ Snxn−1 − Sn−1xn−1 ∥ +(1− αn) ∥ zn − zn−1 ∥

≤ αn ∥ xn − xn−1 ∥ +|αn − αn−1|(∥ Snxn−1 ∥ + ∥ zn−1 ∥) + αn−1 ∥ Snxn−1 − Sn−1xn−1 ∥

+ (1− αn)
(
∥ un − un−1 ∥ +|λn − λn−1| ∥

N∑
i=1

ciBiun−1 ∥
)
.

Using the above inequalities, we obtain the following result, for all n ≥ 1,

∥ xn+1 − xn ∥

=∥ γn(PCn+1x1 − PCnx1) + (γn − γn−1)PCnx1 + γn(yn−1 − yn) + (γn−1 − γn)yn−1

+ yn − yn−1 ∥

≤∥ PCn+1x1 − PCnx1 ∥ +|γn − γn−1|(∥ PCnx1 ∥ + ∥ yn−1 ∥) + (1− γn) ∥ yn − yn−1 ∥

≤∥ PCn+1x1 − PCnx1 ∥ +|γn − γn−1|(∥ PCnx1 ∥ + ∥ yn−1 ∥)

+ (1− γn)

(
αn ∥ xn − xn−1 ∥ +|αn − αn−1|(∥ Snxn−1 ∥ + ∥ zn−1 ∥)+

αn−1 ∥ Snxn−1 − Sn−1xn−1 ∥ +(1− αn)
(
∥ un − un−1 ∥ +|λn − λn−1| ∥

N∑
i=1

ciBiun−1 ∥
))

≤ (1− γn) ∥ xn − xn−1 ∥ + ∥ PCn+1x1 − PCnx1 ∥ +|γn − γn−1|(∥ PCnx1 ∥ + ∥ yn−1 ∥)

+ |αn − αn−1|(∥ Snxn−1 ∥ + ∥ zn−1 ∥) + αn−1(∥ Snxn−1 ∥ + ∥ Sn−1xn−1 ∥)

+ (1− αn)
(
∥ un ∥ + ∥ un−1 ∥ +|λn − λn−1| ∥

N∑
i=1

ciBiun−1 ∥
)
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≤ (1− γn) ∥ xn − xn−1 ∥ +M
(
1 + |γn − γn−1|+ |αn − αn−1|+ αn−1 − αn + 1

+ |λn − λn−1|
)
.

where

M = max
{

sup
n≥1

(∥ PCn+1x1 ∥ + ∥ PCnx1 ∥), sup
n≥1

(∥ PCnx1 ∥ + ∥ yn−1 ∥),

sup
n≥1

(∥ Snxn−1 ∥ − ∥ zn−1 ∥), sup
n≥1

(∥ Snxn−1 ∥ + ∥ Sn−1xn−1 ∥),

sup
n≥1

(∥ un ∥ + ∥ un−1 ∥), sup
n≥1

(∥
N∑
i=1

ciBiun−1 ∥)
}
.

Setting δn = M
(
2 + |γn − γn−1| + 2|αn − αn−1| + |λn − λn−1|

)
and by using conditions

C3), C4) and C5), it follows that
∑∞

n=1 δn < ∞ and
∑∞

n=1 γn = ∞. Hence from Lemma 2.7 we
conclude directly that lim

n→∞
∥ xn+1 − xn ∥= 0 which proves the result (a).

Now, we show the assertion (b). We have

∥ yn − xn ∥ ≤ ∥ yn − xn+1 ∥ + ∥ xn+1 − xn ∥

= ∥ yn − γnPCn+1x1 − (1− γn)yn ∥ + ∥ xn+1 − xn ∥

= ∥ γn(yn − PCn+1x1) ∥ + ∥ xn+1 − xn ∥

≤ γn ∥ yn − PCn+1x1 ∥ + ∥ xn+1 − xn ∥

≤ γn ∥ xn − PCn+1x1 ∥ + ∥ xn+1 − xn ∥

= γn ∥ xn − PΓx1 ∥ + ∥ xn+1 − xn ∥

≤ γn(∥ xn ∥ + ∥ PΓx1 ∥)+ ∥ xn+1 − xn ∥ .

This implies with C5) condition and (a), lim
n→∞

∥ yn − xn ∥= 0, thus (b) is proved.

Now we prove the assertion (c). For p ∈ Γ, we have p = T
∑N

i=1 aiFi
rn p. Using Lemma 2.4 we

get

∥un − p ∥2

=∥ T
∑N

i=1 aiFi
rn

(
I − γA∗(I − T

∑N
i=1 biGi

sn )A)xn − T
∑N

i=1 aiFi
rn p ∥2

≤∥ xn − p− γA∗(I − T
∑N

i=1 biGi
sn )Axn ∥2

=∥ xn − p ∥2 +γ2 ∥ A∗(I − T
∑N

i=1 biGi
sn )Axn ∥2 −2γ

〈
xn − p,A∗(I − T

∑N
i=1 biGi

sn )Axn
〉

=∥ xn − p ∥2 +γ2
〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, A
∗(I − T

∑N
i=1 biGi

sn )Axn
〉

− 2γ
〈
A(xn − p),

(
I − T

∑N
i=1 biGi

sn )Axn
〉
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≤∥ xn − p ∥2 +γ2L ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2

− 2γ
〈
A(xn − p) + (I − T

∑N
i=1 biGi

sn )Axn − (I − T
∑N

i=1 biGi
sn )Axn,

(
I − T

∑N
i=1 biGi

sn )Axn
〉

=∥ xn − p ∥2 +γ2L ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2 −2γ ∥ (I − T

∑N
i=1 biGi

sn )Axn ∥2

− 2γ
〈
T
∑N

i=1 biGi
sn Axn −Ap,

(
I − T

∑N
i=1 biGi

sn )Axn
〉
.

It follows from (2.10) that

∥ un − p ∥2 ≤ ∥ xn − p ∥2 +γ2L ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2 −2γ ∥ (I − T

∑N
i=1 biGi

sn )Axn ∥2

+ 2γ
1

2
∥ (I − T

∑N
i=1 biGi

sn )Axn ∥2

= ∥ xn − p ∥2 +γ(γL− 1) ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2 . (3.11)

Since

∥ yn − p ∥2

=∥ αnSnxn + (1− αn)zn − p ∥2

=∥ αn(Snxn − Snp) + (1− αn)(zn − p) ∥2

= αn ∥ Snxn − Snp ∥2 +(1− αn) ∥ zn − p ∥2 −αn(1− αn) ∥ Snxn − zn ∥2

≤ αn ∥ xn − p ∥2 +(1− αn) ∥ un − p ∥2

≤ αn ∥ xn − p ∥2 +(1− αn)(∥ xn − p ∥2 +γ(γL− 1) ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2)

=∥ xn − p ∥2 +(1− αn)γ(γL− 1) ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2 .

Hence

(1− αn)γ(1− γL) ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥2 ≤ ∥ xn − p ∥2 − ∥ yn − p ∥2

= ∥ xn − yn ∥ (∥ xn − p ∥ + ∥ yn − p ∥).

Using (b), condition C1) and letting n −→ ∞, we obtain the desired result.

In the following, we show the assertion (d); let p ∈ Γ, from (3.7), (3.3) and (3.6), we get

∥ yn − p ∥2 ≤ αn ∥ xn − p ∥2 +(1− αn) ∥ zn − p ∥2 −αn(1− αn) ∥ Snxn − zn ∥2

≤ ∥ xn − p ∥2 −αn(1− αn) ∥ Snxn − zn ∥2 .

Consequently

αn(1− αn) ∥ Snxn − zn ∥2 ≤ ∥ xn − p ∥2 − ∥ yn − p ∥2

= (∥ xn − p ∥ + ∥ yn − p ∥) ∥ xn − yn ∥ .
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From the condition C1), it holds that

a(1− b) ∥ Snxn − zn ∥2 ≤ (∥ xn − p ∥ + ∥ yn − p ∥) ∥ xn − yn ∥ . (3.12)

By using (b), it can be easily seen that lim
n→∞

∥ Snxn − zn ∥= 0.

Next, we show the assertion (e), we have

∥ yn − zn ∥ = αn ∥ Snxn − zn ∥ . (3.13)

Furthermore

∥ zn − xn ∥ ≤ ∥ zn − xn+1 ∥ + ∥ xn+1 − xn ∥

= ∥ zn − γnPCn+1x1 − (1− γn)yn ∥ + ∥ xn+1 − xn ∥

≤ γn ∥ zn − PCn+1x1 ∥ +(1− γn) ∥ zn − yn ∥ + ∥ xn+1 − xn ∥

≤ γn(∥ PCn+1x1 ∥ + ∥ zn ∥) + (1− γn) ∥ yn − zn ∥ + ∥ xn+1 − xn ∥ .

Combining the above inequality with (3.13), we obtain

∥ zn − xn ∥ ≤ γn(∥ PCn+1x1 ∥ + ∥ zn ∥) + (1− γn)αn ∥ Snxn − zn ∥ + ∥ xn+1 − xn ∥ .

We apply (d), (a) and the conditions C4) and C5) of Algorithm 3.1, so we get immediately that
lim
n→∞

∥ zn − xn ∥= 0.

Theorem 3.1. The sequence {xn} generated by Algorithm 3.1 converges strongly to q ∈ Γ, where
Γ =

(
∩∞
n=1 F (Sn)

)
∩ Ω ∩

(
∩N
i=1 (VIP)Bi,C

)
, and

Ω =
{
p ∈ C : p ∈ ∩N

i=1EP (Fi) and Ap ∈ ∩N
i=1EP (Gi), for all i ∈ {1, ..., N}

}
.

Proof. Firstly, we show that q ∈ ∩∞
n=1F (Sn). We know that xn is bounded, then there exist a

subsequence xnj such that xnj ⇀ q.

Since ∥ Snjxnj − xnj ∥≤∥ Snxnj − znj ∥ + ∥ znj − xnj ∥ . From (d) and (e) of Lemma 3.2,
we get lim

j→∞
∥ Snjxnj − xnj ∥= 0. Using Lemma 2.6, we get Snq − q = 0, then q ∈ F (Sn) for

every n ∈ N∗. Hence q ∈ ∩∞
n=1F (Sn).

Next, we show that q ∈ Ω =
{
p ∈ C : p ∈ ∩N

i=1EP (Fi) and Ap ∈ ∩N
i=1EP (Gi)

}
.

Let us first prove that lim
n→∞

∥ un − xn ∥= 0. For a given p ∈ Γ, we easily obtain

∥ un−p ∥2

=∥ T
∑N

i=1 aiFi
rn (xn − γA∗(I − T

∑N
i=1 biGi

sn )Axn)− T
∑N

i=1 aiFi
rn p ∥2

≤
〈
T
∑N

i=1 aiFi
rn (xn − γA∗(I − T

∑N
i=1 biGi

sn )Axn)
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− T
∑N

i=1 aiFi
rn p, xn − p− γA∗(I − T

∑N
i=1 biGi

sn )Axn
〉

=
〈
un − p, xn − p− γA∗(I − T

∑N
i=1 biGi

sn )Axn
〉
.

From Lemma 2.3, it follows that

∥ un−p ∥2

≤ 1

2

(
∥ un − p ∥2 + ∥ xn − p− γA∗(I − T

∑N
i=1 biGi

sn )Axn ∥2

− ∥ un − xn + γA∗(I − T
∑N

i=1 biGi
sn )Axn ∥2

)
≤ 1

2

(
∥ un − p ∥2 + ∥ xn − p ∥2 −2γ

〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, xn − p
〉

+ γ2 ∥ A∗(I − T
∑N

i=1 biGi
sn )Axn ∥2 − ∥ un − xn ∥2

− 2γ
〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, un − xn
〉
− γ2 ∥ A∗(I − T

∑N
i=1 biGi

sn )Axn ∥2
)
.

Then

∥ un − p ∥2≤∥ xn − p ∥2 − ∥ un − xn ∥2 −2γ
〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, un − p
〉
. (3.14)

Substituting (3.8) into (3.14), we obtain

∥ yn−p ∥2≤ αn ∥ xn − p ∥2 +(1− αn)
(
∥ xn − p ∥2 − ∥ un − xn ∥2

− 2γ
〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, un − p
〉)

= ∥ xn − p ∥2 −(1− αn) ∥ un − xn ∥2 −2γ(1− αn)
〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, un − p
〉
.

Therefore

(1− αn) ∥ un − xn ∥2

≤ ∥ xn − p ∥2 − ∥ yn − p ∥2 −2γ(1− αn)
〈
A∗(I − T

∑N
i=1 biGi

sn )Axn, un − p
〉

≤(∥ xn − p ∥ + ∥ yn − p ∥) ∥ yn − xn ∥

+2γ(1− αn) ∥ (I − T
∑N

i=1 biGi
sn )Axn ∥∥ A(un − p) ∥ .

Letting n −→ ∞ and using (b), (c) and both conditions C1) and C2) of Algorithm 3.1, we get

lim
n→∞

∥ un − xn ∥= 0. (3.15)

Now, we are ready to prove that for every i ∈ {1, ..., N}, we have p ∈ ∩N
i=1EP (Fi).

Indeed; for all i ∈ {1, ..., N}, we have from the definition of un

un = T
∑N

i=1 aiFi
rn

(
I − γA∗(I − T

∑N
i=1 biGi

sn )A)xn, n ≥ 1.
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Then
N∑
i=1

aiFi(un, y) +
1

rn

〈
y − un, un − xn + γA∗(I − T

∑N
i=1 biGi

sn )Axn

〉
≥ 0 ∀y ∈ C,

which implies

−
N∑
i=1

aiFi(un, y) ≤
1

rn

(〈
y − un, un − xn

〉
+ γ
〈
y − un, A

∗(I − T
∑N

i=1 biGi
sn )Axn

〉)
.

By monotonicity of Fi and from Lemma 2.5, we can write the above inequality as follows

N∑
i=1

aiFi(y, un) ≤
1

rn

(〈
y − un, un − xn

〉
+ γ
〈
y − un, A

∗(I − T
∑N

i=1 biGi
sn )Axn

〉)
.

Therefore
N∑
i=1

aiFi(y, unj ) ≤
1

rnj

(
∥ y−unj ∥∥ unj−xnj ∥ +γ ∥ A(y−unj ) ∥∥ (I−T

∑N
i=1 biGi

snj
)Axnj ∥

)
.

From Lemma 3.2, (3.15) and the condition C6) of Algorithm 3.1, we can conclude that for every
i ∈ {1, ..., N}, lim

j→∞

∑N
i=1 aiFi(y, unj ) ≤ 0, and since

∑N
i=1 aiFi is lower semicontinuous in

the last argument (see Lemma 2.5), hence we get for each i ∈ {1, ..., N}, and for every y ∈ C

N∑
i=1

aiFi(y, q) ≤ 0.

Setting yt = ty + (1 − t)q for some 0 < t ≤ 1, then yt ∈ C. Using the assertions 1 and 4 of
Assumption 2.1, we get

0 =

N∑
i=1

aiFi(yt, yt)

=
N∑
i=1

aiFi(yt, ty + (1− t)q)

≤ t
N∑
i=1

aiFi(yt, y) + (1− t)
N∑
i=1

aiFi(yt, q)︸ ︷︷ ︸
≤0

≤ t
N∑
i=1

aiFi(yt, y).

Then for all i ∈ {1, ..., N},
∑N

i=1 aiFi(ty+(1−t)q, y) ≥ 0, letting t −→ 0, by the hemicontinu-
ity of

∑N
i=1 aiFi (see Lemma 2.5), we obtain that

∑N
i=1 aiFi(q, y) ≥ 0, for each i ∈ {1, ..., N}.
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Then q ∈ EP (
∑N

i=1 aiFi) for every i ∈ {1, ..., N}. According to Lemma 2.5, we easily deduce
that q ∈ ∩N

i=1EP (Fi).

Next, we show that for all i ∈ {1, ..., N}, Aq ∈ ∩N
i=1EP (Gi).

For all i ∈ {1, ..., N}, we have A is bounded and since xnj ⇀ q then Axnj ⇀ Aq, from Lemma

3.2 (c), we get T
∑N

i=1 biGi
snj,i

Axnj ⇀ Aq, thus

Gi(T
∑N

i=1 biGi
snj

Axnj , z)+
1

snj

〈
z−T

∑N
i=1 biGi

snj
Axnj , T

∑N
i=1 biGi

snj,i
Axnj −Axnj

〉
≥ 0 ∀z ∈ C.

Taking the limit sup of each side of the above inequality, and using the fact that Gi is upper
semicontinuous in the first argument and using the condition C5), we conclude that for every
i ∈ {1, ...N},

Gi(Aq, z) ≥ 0, ∀z ∈ C

which implies that Aq ∈ EP (Gi), then Aq ∈ ∩N
i=1EP (Gi) and hence q ∈ Ω.

Furthermore, we show that q ∈ ∩N
i=1(VIP)Bi,C . Let

Tv =


∑N

i=1 ciBiv +NCv, ∀v ∈ C,

∅ otherwise
(3.16)

where NCv := {w ∈ H : ⟨w, v − u⟩ ≥ 0, ∀u ∈ C} is the normal cone to C at v ∈ C. Then T

is maximal monotone and 0 ∈ Tv if and only if v ∈ (VIP)∑N
i=1 ciBi,C (see [23]).

Let G(T ) denote the graph of T, and let (v, u) ∈ G(T ); since u−
∑N

i=1 ciBi ∈ NCv, and zn ∈ C,
we have

〈
v − zn, u−

N∑
i=1

ciBiv
〉
≥ 0. (3.17)

It follows from zn = PC [un − λn
∑N

i=1 ciBiun] and v ∈ C that

〈
v − zn, zn − (un − λn

N∑
i=1

ciBiun)
〉
≥ 0.

Then in particular, it follows that

〈
v − znk

,
znk

− unk

λnk

+

N∑
i=1

ciBiunk

〉
≥ 0. (3.18)

Using the fact that
∑N

i=1 ciBi is strongly positive, (3.17), and (3.18), we obtain

〈
v − znk

, u
〉

≥
〈
v − znk

,
N∑
i=1

ciBiv
〉
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≥
〈
v − znk

,

N∑
i=1

ciBiv
〉
−
〈
v − znk

,
znk

− unk

λnk

+

N∑
i=1

ciBiunk

〉
=

〈
v − znk

,

N∑
i=1

ciBi(v − znk
)
〉

︸ ︷︷ ︸
≥0

−
〈
v − znk

,
znk

− unk

λnk

〉

+
〈
v − znk

,

N∑
i=1

ciBiznk
−

N∑
i=1

ciBiunk

〉
≥ −

〈
v − znk

,
znk

− unk

λnk

〉
+
〈
v − znk

,

N∑
i=1

ciBiznk
−

N∑
i=1

ciBiunk

〉
.

Note that
∥ zn − un ∥≤∥ zn − xn ∥ + ∥ xn − un ∥,

it follows from Lemma 3.2 (e) and (3.15) that lim
n→∞

∥ zn − un ∥= 0, since lim
k→∞

xnk
= q, thus

lim
k→∞

znk
= q and lim

k→∞
unk

= q. Hence letting k → ∞, we have
〈
v − q, u

〉
≥ 0.

Since T is maximal monotone, we have q ∈ T−10, and hence q ∈ (VIP)(
∑N

i=1 ciBi,C) =

∩N
i=1(VIP)(Bi,C). We finally deduce that

q ∈ Γ =
(
∩∞
n=1 F (Sn)

)
∩ Ω ∩

(
∩N
i=1 (VIP)Bi,C

)
.

Next, we show that {xn} converges strongly to q ∈ Γ.

Indeed, as q ∈ Γ, we have

∥ xn+1 − q ∥2 = ∥ γn(PCn+1x1 − q) + (1− γn)(yn − q) ∥2

≤ γn ∥ PCn+1x1 − q ∥2 +(1− γn) ∥ yn − q ∥2

≤ ∥ PCn+1x1 − q ∥2 +(1− γn) ∥ xn − q ∥2

= (1− γn) ∥ xn − q ∥2 +δn;

where δn =∥ PCn+1x1 − q ∥2 . Since
∑∞

n=1 γn = ∞;∑∞
n=1 δn =

∑∞
n=1 ∥ PCn+1x1 − q ∥2< ∞.

Thus all the conditions of Lemma 2.7 are satisfied. Hence we deduce that lim
n→∞

xn = q ∈ Γ. This
completes the proof.
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4 Numerical example

To verify the theoretical assertions, we consider the following example. All codes were written in
Matlab. Let H1 = H2 = R, and let C = [0, 30] and Q =] −∞, 0] two closed convex subsets of
R. For all i ∈ {1, ..., N}, we define A and Si as follows:

A : H1 −→ H1

x −→ 3x

and

Si : C −→ C

x −→ x

10i
.

and

Bi : C −→ H1

x −→ ix

2
.

It is obvious thatA is linear bounded andSi is nonexpansive. Since Si(0) = 0 then F (Si) = {0}.
We define the bifunctions Fi and Gi by:

Fi : C × C −→ H1

(u, v) −→ Fi(u, v) = i(u+ 1)(v − u)

and

Gi : Q×Q −→ H2

(x, y) −→ Gi(x, y) = i(x− 10)(y − x)

We define ai, bi and ci, as follows :

ai =
3

4i
+

1

4NN
,

bi = ci =
8

9i
+

1

9NN
.

Let rn =
n

n+ 1
, sn =

n

2n+ 3
, λn =

1

n+ 1
, αn =

1

n
, γn =

1

n+ 1
, and γ =

1

11
. It is easy to

see that Fi, Gi, rn, sn, λn, αn, γn, and γ are satisfying all conditions of Algorithm 3.1. In order
to simplify the notation we use σ =

∑N
i=1 ibi =

∑N
i=1 ici and ρ =

∑N
i=1 iai.
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First, we compute vn = T
∑N

i=1 biGi
sn Axn, for every xn ∈ C, vn ∈ Q such that

N∑
i=1

biGi(vn, y) +
1

sn

〈
y − vn, vn −Axn

〉
≥ 0. (4.1)

Clearly

(4.1) ⇐⇒ σ(vn − 10)(y − vn) +
1

sn

〈
y − vn, vn −Axn

〉
≥ 0,

⇐⇒ snσ(vn − 10)(y − vn) + (y − vn)(vn − 3xn) ≥ 0,

⇐⇒ (y − vn)(σsn(vn − 10) + (vn − 3xn)) ≥ 0,

⇐⇒ (y − vn)(vn(σsn + 1)− (10σsn + 3xn)) ≥ 0,

since T
∑N

i=1 biGi
sn is a single-valued, then vn =

10σsn + 3xn
σsn + 1

, which holds

T
∑N

i=1 biGi
sn Axn =

10σsn + 3xn
σsn + 1

.

Now, we determine w ∈ C, such that w = xn − γA∗(I − T
∑N

i=1 biGi
sn )Axn, then

w = xn − γ(9xn − 3
10σsn + 3xn

σsn + 1
).

In order to compute un = T
∑N

i=1 aiFi
rn w, we will find un ∈ C which satisfies

N∑
i=1

aiFi(un, z) +
1

rn

〈
z − un, un − w

〉
≥ 0 ∀z ∈ C,

which is equivalent to

⇐⇒ ρrn(un + 1)(z − un) + (z − un)(un − w) ≥ 0,

⇐⇒ (z − un)(ρrn(un + 1) + (un − w)) ≥ 0,

⇐⇒ (z − un)(un(ρrn + 1)− (w − ρrn)) ≥ 0.

Thus, we get un =
w − ρrn
ρrn + 1

, which holds

un =
1− 9γ

ρrn + 1
xn +

3γ(10σsn + 3xn)

(σsn + 1)(ρrn + 1)
− ρrn

ρrn + 1
.

Then
zn = PC [un − λnσ

un
2
]
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yn =
αn

10n
xn + (1− αn)zn.

and thus
xn+1 = γnPCn+1x1 + (1− γn)yn,

since for x1 ∈ C = C1, we get 0 ≤ y1 ≤ x1 ≤ 30, then

C2 = {p ∈ C : |y1 − p| ≤ |x1 − p
∣∣} =

[
0,

y1 + x1
2

]
,

it can be clearly seen that
y1 + x1

2
≤ x1, which implies x2 = PC2x1 =

yn,1 + x1
2

. Therefore by

the same process we easily get Cn+1 =
[
0,

yn + xn
2

]
, consequently PCn+1x1 =

yn + xn
2

. Thus
xn+1 can be rewrited as follows

xn+1 = γn
yn + xn

2
+ (1− γn)yn.

Hence, the new form of the algorithm is given by:

un =
1− 9γ

ρrn + 1
xn +

3γ(10σsn + 3xn)

(σsn + 1)(ρrn + 1)
− ρrn

ρrn + 1
,

zn = PC [un − λnσ
un
2
],

yn =
αn

10
xn + (1− αn)zn,

xn+1 = γn
yn + xn

2
+ (1− γn)yn, n ≥ 1.

(4.2)

Algorithm 3.1 Algorithm 3.2
n un zn yn xn un zn yn xn
1 4.998900 3.593000 1.000000 10.000000 5.727300 4.295500 1.000000 10.000000
2 1.258800 1.022800 0.592630 3.250000 1.559100 1.299200 0.730870 3.250000
3 0.274130 0.235580 0.168560 1.035500 0.484100 0.423580 0.295180 1.150700
4 -0.030834 0.000000 0.001731 0.276930 0.134250 0.120830 0.093135 0.402120
5 -0.125720 0.000000 0.000117 0.029251 0.010956 0.0100430 0.008531 0.124030
6 -0.137460 0.000000 0.000007 0.002545 -0.034467 0.000000 0.000050 0.018156
7 -0.139900 0.000000 0.000000 0.000188 -0.041879 0.000000 0.000003 0.001344
8 -0.141200 0.000000 0.000000 0.000012 -0.042746 0.000000 0.000000 0.000086
9 -0.142190 0.000000 0.000000 0.000000 -0.043060 0.000000 0.000000 0.000005
10 -0.142980 0.000000 0.000000 0.000000 -0.043290 0.000000 0.000000 0.000000

Table 1: the values of {un}, {zn}, {yn} and {xn} with initial value x1 = 10.

Figures 1 and 2 clearly show the behavior of the sequence {xn} generated by the Algorithm
3.1, which converges to the same solution i.e., 0 ∈ Γ =

(
∩∞
i=1F (Si)

)
∩Ω∩

(
∩N
i=1 (VIP)Bi,C

)
.
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Figure 1: Convergence of {un}, {zn}, {yn} and {xn}with initial value x1 = 10, for Algorithm
3.1 and Algorithm 3.2.

And the algorithm 3.2, which converges to 0. i.e., 0 ∈ Γ =
(
∩∞
i=1 F (Si)

)
∩ Ω ∩ (VIP)B,C .

Figures 3 and 4 show again that the sequence xn generated by the Algorithm 3.1. converges
to 0, where 0 ∈ Γ =

(
∩∞
i=1F (Si)

)
∩Ω∩

(
∩N
i=1 (VIP)Bi,C

)
. Similary Algorithm 3.2 converges

to 0, where 0 ∈ Γ =
(
∩∞
i=1 F (Si)

)
∩ Ω ∩ (VIP)B,C .

In the following we compare the proposed method with those in [20] and [13].

Remark 1. Table 3 and Figure 5, show that the sequence {xn} converges faster than those in [20]
and [13].

5 Conclusions

In this paper, we suggested and analyzed an iterative method for finding the approximate element
of the common set of solutions of the combination of the split equilibrium problem (2.1)-(2.2), a
finite family of nonexpansive mapping (2.3) and the combination of variational inequality prob-
lem (2.4) in real Hilbert spaces. We proved that the sequences generated by the proposed iterative
method converge strongly to a common solution to these problems. We also discussed a numer-
ical example to demonstrate the applicability of the iterative algorithm. The method and results
presented in this paper can be viewed as a refinement and improvement of some existing methods
for solving a variational inequality problem and a split equilibrium problem.
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Figure 2: Convergence of {un}, {zn}, {yn} and {xn}with initial value x1 = 10, for Algorithm
3.1 and Algorithm 3.2.
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Figure 3: Convergence of {un}, {zn}, {yn} and {xn}with initial value x1 = 20, for Algorithm
3.1 and Algorithm 3.2.
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Algorithm 3.1 Algorithm 3.2
n un zn yn xn un zn yn xn
1 10.097000 7.257400 2.000000 20.000000 11.485000 8.613600 2.000000 20.000000
2 2.636900 2.142500 1.233800 6.500000 3.154500 2.628800 1.476900 6.500000
3 0.692060 0.594740 0.419950 2.111500 1.012900 0.886280 0.616570 2.314100
4 0.099939 0.088696 0.070468 0.631390 0.319560 0.287600 0.220880 0.828760
5 -0.091017 0.000000 0.000506 0.126560 0.077398 0.070948 0.057885 0.281670
6 -0.134510 0.000000 0.000003 0.011011 -0.010381 0.000000 0.000213 0.076534
7 -0.139680 0.000000 0.000002 0.000815 -0.040124 0.000000 0.000011 0.005664
8 -0.141190 0.000000 0.000000 0.000052 -0.042634 0.000000 0.000000 0.000365
9 -0.142190 0.000000 0.000000 0.000003 -0.043054 0.000000 0.000000 0.000020
10 -0.142980 0.000000 0.000000 0.000000 -0.043290 0.000000 0.000000 0.000001

Table 2: The values of {un}, {zn}, {yn} and {xn} with initial value x1 = 20.

Algorithm 3.1 Algorithm [20] Algorithm [13]
n xn xn xn

1 5.000000 5.000000 5.000000
2 1.625000 2.500000 5.000000
3 0.497560 1.250000 3.792000
4 0.099701 0.625000 2.571000
5 0.010531 0.312500 1.639600
6 0.000916 0.156250 1.005600
7 0.000068 0.078125 0.599980
8 0.000004 0.039063 0.350430
9 0.000000 0.019531 0.200930
10 0.000000 0.009766 0.113100

Table 3: the values {xn} with initial value x1 = 5. with three different methods.
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