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SOME FIXED POINT THEOREMS IN FUZZY METRIC SPACE

VYOMESH PANT

Abstract. The aim of the present paper is to extend the study of noncompatible maps in fuzzy metric space by using
the notion of R-weak commutativity of type (Ag) in fuzzy metric space. Simultaneously, we provide an answer in
fuzzy metric space, perhaps maiden, to the problem of Rhoades (page 243, [18]). We also define an analogue to the
recently introduced concept of Property (E.A) by Aamri and Moutawakil [1] and then compare the results obtained

by using the Property (E.A) to those obtained by using the notion of noncompatibility.

1. Introduction

The concept of fuzzy sets was coined by Zadeh [22] in his seminal paper in 1965. There-
after the concept of a fuzzy metric space has been introduced and generalized in different
ways by Deng [3], Erceg [5], Kaleva and Seikkala [9], Kramosil and Michalek [7], George and
Veeramani [6] etc. It has also been shown that every metric induces a fuzzy metric (see Ex-
ample 1 below). In 1988, Grabiec [7] extended the fixed point theorems of Banach [2] and
Edelstein [4] to fuzzy metric spaces. Following Grabiec [7] and Kramosil and Michalek [8],
Mishra et al. [10] obtained common fixed point theorems for compatible maps and asymp-
totically commuting maps on fuzzy metric space. A number of fixed point theorems have
been obtained by various authors in fuzzy metric spaces by using the notion of compatibility
of maps or by using its generalized or weaker forms.

In the study of fixed points of metric spaces Pant [11, 12, 14] has initiated work using
the concept of noncompatible maps in metric spaces. The utility of study of noncompati-
ble maps can be understood from the fact that while studying the common fixed point the-
orems of compatible maps we often require assumptions on the completeness of the space
or the continuity of the mappings involved besides some contractive condition but the study
of noncompatible maps can be extended to the class of nonexpansive or Lipschitz type map-
ping pairs even without assuming continuity of the mappings involved or completeness of the
space. Recently Aamri and Moutawakil [1] introduced the property (E.A) and thus generalized
the concept of noncompatible maps. The results obtained in the metric fixed point theory by
using the notion of noncompatible maps or the property (E.A) are very interesting. Question
arises whether, by using the concept of noncompatibility or its generalized notion, that is,
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the property (E.A), can we find equally interesting results in fuzzy metric spaces also? We an-
swer in affirmative. In the present paper we prove common fixed point theorems for R-weakly
commuting maps of type (Ag) in fuzzy metric space by using the concept of noncompatibility
or the property (E.A), however, without assuming either the completeness of the space or the
continuity of the mappings involved. Simultaneously, we also find an answer in fuzzy metric
space to the problem of Rhoades [18].

In 1994 Pant [13] introduced the concept of R-weakly commuting maps in metric spaces.
Later Pathak et al. [17] generalized this concept and gave the concept of R-weakly commuting
maps of type (Ag). Vasuki [20] proved some common fixed point theorems for R-weakly com-
muting maps in the fuzzy metric space. Here we define the concept of R-weakly commuting
maps of type (Ag) and the property (E.A) in the fuzzy metric space and then prove common
fixed point theorems for a pair of selfmaps.

Before we start we give some preliminaries.

Definition 1.1.([22]) Let X be any set. A fuzzy set A in X is a function with domain X and
values in [0, 1].

Definition 1.2.([20]) A binary operation * : [0,1] x [0,1] — [0,1] is called a continuous t-
normif ([0,1], ) is an Abelian topological monoid with the unit 1 such that a * b < ¢ * d when-
evera<cand b<dforalla,b,c,dcec[0,1].

Definition 1.3.([6]) The 3-tuple (X, M, *) is called a fuzzy metric spaceif X is an arbitrary
set, * is a continuous z-norm and M is a fuzzy set in X? x [0,00) satisfying the following con-
ditions for all x,y,z€ X and ¢, s > 0.

(i) M(x,y,0)>0
(i) M(x,y,t)=1forall t>0ifand onlyif x=y
(iii) M(x,y,t) =M(y,x,1)
(iv) M(x,y,8) * M(y,2,8) < M(x,z,t+5)
(v) M(x,y,-):10,1) — [0,1] is continuous.

Definition 1.4.([10]) Let A and B maps from a fuzzy metric space (X, M, #) into itself. The
maps A and B are said to be compatible (or asymptotically commuting) if, for all £ > 0,

lirrln M(ABxy,,BAx,,t)=1.
Whenever {x,} is a sequence in X such that lim,—., Ax, =1lim;,_., Bx, = z for some z € X.

From the above definition it is inferred that A and B are noncompatible maps from a fuzzy
metric space (X, M, *) into itself if lim, .o, Ax; =lim;,_. Bx, = z for some z € X, but either
lim,, M(ABx,, BAxy, t) # 1 or the limit does not exists.

Definition 1.5.([13]) Two maps A and S are called R-weakly commuting at a point x if
d(ASx,SAx) < Rd(Ax, Sx) for some R > 0. Aand S are called pointwise R-weakly commuting
on X if given x in X, there exists R > 0 such that d(ASx, SAx) < Rd(Ax, Sx).
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Definition 1.6.([20]) Two mappings A and S of a fuzzy metric space (X, M, *) into itself are
R-weakly commuting provided there exists some real number R such that

M(ASx,SAx,t) = M(Ax,Sx,t/R) foreach x€ X and ¢>0.

Definition 1.7.([17]) Two selfmappings A and S of a metric space (X, d) are called R-weakly
commuting of type (Ag) if there exists some positive real number R such that

d(AAx,SAx) < Rd(Ax,Sx) forall x in X.

Definition 1.8.([1]) Let f and g be two selfmappings of a metric space (X, d). We say that
f and g satisfy the property (E.A) if there exists a sequence {x,} such that

lim fx, = lim gx, =1t forsome f€ X.
n—oo n—oo

We define the following:

Definition 1.9. Two mappings A and S of a fuzzy metric space (X, M, *) into itself are
R-weakly commuting of type (Ag) provided there exists some real number R such that

M(AAx,SAx,t) = M(Ax,Sx, t/R) foreach xe X and ¢>0.

Definition 1.10. Let f and g be two selfmappings of a fuzzy metric space (X, M, *). We say
that A and S satisfy the property (E.A) if there exists a sequence {x,} such that lim,, .o fx, =
lim,—o, gx, = t for some ¢t € X.

Example 1.([6]) Let (X, d) be a metric space. Define a * b = ab or a = b = min{a, b} and for
allx,ye X, t>0

t
M(x,y, t) = m

Then (X, M, *) is a fuzzy metric space and the fuzzy metric M induced by the metric d is often
referred to as the standard fuzzy metric.

Results

Theorem 1. Let f and g be pointwise R-weakly commuting selfmaps of type (Ag) of a fuzzy
metric space (X, M, ) such that

() fXcgX,

(i) M(fx,fy t)>min{M(gx, gy th), M(fx,gx,th), M(fy,gy,th), M(fy,gx,th), M(fx,gy, th)},
0<h<l1,t>0.
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If f and g satisfy the property (E.A) and the range of either of f or g is a complete subspace of
X, then f and g have a unique common fixed point.

Proof. Since f and g are satisfy the property (E.A), there exists a sequence {x,} in X such
that

(D) lim, fx, =lim, gx,=p

for some p in X. Since p € fX and fX c gX, there exists some point u in X such that p = gu
where p =lim,, gx,. If fu # gu, the inequality

M(fxn, fu,t) = min{M(gx,, gu, th), M(f xn, §xn, th), M(fy,gu, th), M(fu, gxu, th),
M(fxu, gu, th)}

on letting n — oo yields

M(gu, fu,t) = min{M(gu,gu, th), M(gu,gu, th), M(fu,gu, th), M(fu,gu, th),
M(gu,gu, th)}
= M(gu, fu,th)

Hence fu=gu.

Since f and g are R-weak commutating of type (Ag), there exists R > 0 such that
M(ffu,gfu,t)=M(fu,gu,t/R) =1,

thatis, ffu=gfuand ffu=fgu=gfu=ggu.If fu# f fu, using (ii), we get

M(fu, ffu,t) > min{M(gu, g fu,th), M(fu,gu,th), M(f fu,gfu,th),
M(ffu,gfu,th),M(gu, f fu,th)}
=M(fu ffu,th),
a contradiction. Hence, fu=ffuand fu=ffu=fgu=gfu=ggu.

Hence fu is a common fixed point of f and g. The case when f X is a complete subspace of
X is similar to the above case since fX c gX. Hence we have the theorem.

We now give an example to illustrate the above theorem.

Example 2. Let X = [2,20] and M be the usual fuzzy metric on (X, M, *). Define f,g: X —
X as
fx=2 if x=2o0r>5 fx=6 if 2<x<5
g2=2, gx=x+4 if2<x<5, gx=04x+10)/15 if x>5
also we define M(fx,gy, 1) =t/[t+d(fx,gy)l forall x, yin X and ¢ > 0.

Then f and g satisfy all the conditions of the above theorem and have a common fixed point
atx=2.
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In this example fX = {2} U {6} and gX = [2,6] U{7}. It may be seen that fX c gX. It can
be verified also that f and g are pointwise R-weakly commuting maps of type (Ag) and satisfy
the (E.A) property.

Theorem 1, ibid, has been proved by using the concept of (E.A) property which has been
introduced in a recent work by Aamri and Moutawakil [1]. They have shown that the (E.A)
property is more general than the notion of noncompatibility. It may, however, be observed
that by using the notion of noncompatible maps in place of the (E.A) property, we can not
only prove the Theorem 1 above, but, in addition, we are able to show also that maps are
discontinuous at their common fixed point. We do this in our next theorem and thus find out
an answer in fuzzy metric space to the problem of Rhoades [18].

Theorem 2. Let f and g be noncompatible pointwise R-weakly commuting selfmaps of type
(Ag) of a fuzzy metric space (X, M, *) such that

(i) fXc<gX,

(iv) M(fx,fy t)>min{M(gx,gy th), M(fx,gx,th), M(fy,gy,th), M(fy,gx,th), M(fx,gy,th)},
0<h<l1,t>0.

If the range of f or g is a complete subspace of X, then f and g have a unique common fixed
point and the fixed point is the point of discontinuity.

Proof. Since f and g are noncompatible maps, there exists a sequence {x,} in X such that
(1) lim, fx, =lim, gx,=p

for some p in X, but either lim, M(f gx,, g f xn, t) # 1 or the limit does not exist. Since p € fX
and fX c gX, there exists some point u in X such that p = guwhere p =lim, gx,. If fu # gu,
the inequality

M(fxn, fu,t) > min{M(gx,, gu, th), M(f xn, gxn, th), M(f u,gu, th),
M(fu)gxn) th)»M(fxn,gu, th)}

on letting n — oo yields
M(gu, fu,t) = M(gu,gu,th).

Hence fu=gu.

Since f and g are R-weak commutating of type (Ag), there exists R > 0 such that
M(ffu,gfut)=M(fu,gu,t/R) =1,

thatis, fu=gfuand ffu=fgu=gfu=ggu.If fu# f fu, using (iii), we get

M(fu,ffu,t) > min{M(gu,g fu, th), M(f u, gu, th), M(f fu, g fu, th),
M(ffu,gfu,th),M(gu, f fu,th)}
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=M(fu,ffu,th),
a contradiction. Hence fu= ffuand fu=ffu=fgu=gfu=ggu.

Hence fu is a common fixed point of f and g. The case when fX is a complete subspace of

X is similar to the above case since fX c gX.

We now show that f and g are discontinuous at the common fixed point p = fu = gu. If pos-

sible, suppose f is continuous. Then considering the sequence {x,} of (1) we getlim,, f fx, =

fp = p. R-weak commutativity of type (Ag) implies that M(f f xy, g f Xn, £) = M(f Xn, gXn, t/R) =
1which onletting n — oo thisyieldslim, g fx, = fp = p. This, inturn, yieldslim, M(fgx,, gfxn, t) =
1. This contradicts the fact thatlim,, M(f gx,, g f xn, t) is either nonzero or nonexistent for the
sequence {x,} of (1). Hence f is discontinuous at the fixed point. Next, suppose that g is con-
tinuous. Then for the sequence {x,} of (1), we getlim, g fx, = gp=pandlim, ggx, =gp =

p. Inview of these limits, the inequality

M(fxn, fgxXn, 1) = min{M(gxy,, ggxn, th), M(f Xy, §8Xn, th), M(f gxn, g8 %xn, th),
M(fgxn,gxn, th), M(f Xy, 8§8Xn, th)}
= M(fxn, fgxn, th)

yields a contradiction unless lim, fgx, = fp = gp. Butlim, fgx, = gp andlim, gfx, = gp
contradicts the fact that lim,, d(f gxu, g fx,) is either nonzero or nonexistent. Thus both f
and g are discontinuous at their common fixed point. Hence we have the theorem.

We now give an example to illustrate the above theorem.

Example 3. Let X = [2,20] and M be the usual fuzzy metric on (X, M, #). Define f,g: X —
X as

fx=2 if x=2o0r>5 fx=6 if 2<x<5
g2=2, gx=7if2<x<5, gx=(04x+10)/15 if x>5

also we define M(fx,gy, 1) =t/[t+d(fx,gy)l forall x, yin X and t > 0.

Then f and g satisfy all the conditions of the above theorem and have a common fixed point
atx=2.

In this example fX = {2} U {6} and gX = [2,6] U {7}. It may be seen that fX c gX. It can be
verified also that f and g are pointwise R-weakly commuting maps of type (Ag). To see that f
and g are noncompatible, let us consider a sequence {x, =5+ 1/n:n> 1}, thenlim, fx, =2,
lim, gx, — 2, lim, fgx, =6 and lim, g fx, = 2. Hence f and g are noncompatible.

Remark. Aamri and Mourawakil [1] have shown that the property (E.A) introduced by
them is more general then the notion of noncompatibility. It is however, worth to mention
here that if we take the noncompatibility aspect instead of the property (E.A) we can show, in
addition, that the mappings are discontinuous at the common fixed point. Aforesaid results
illustrate our assertion in the fuzzy metric fixed point theory. This is, however, also true for
the study of fixed points in metric space.
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