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Geometric Invariants of Normal Curves under

Conformal Transformation in E?
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Abstract.  In this paper, we investigate the geometric invariant properties of a
normal curve on a smooth immersed surface under conformal transformation. We
obtain an invariant-sufficient condition for the conformal image of a normal curve.
We also find the deviations of normal and tangential components of the normal curve
under the same motion.

1 Introduction

The study of smooth maps is an important field of study in differential geometry. There
are multiple ways of classifying motions, albeit we will focus on those which preserves
certain geometric properties. Depending upon the invariant nature of the mean (H) and
the Gaussian curvatures (K), we broadly classify the transformations in the following
three equivalence classes: isometric, conformal and non-conformal or general motion.
Isometry preserves lengths as well as the angles between the curves on the surfaces. In
the language of geometry, isometry keeps the Gaussian curvature invariant and the mean
curvature is altered. For example, we can easily find an isometry between catenoid and a
helicoid implying that they have the same K but different H. Roughly speaking, diffeo-
morphisms and isometries define one class, however, when we have to study the problems
associated with analytic functions of complex variables, we need a generalized class of
transformations, known as conformal motions. In this case, the angle of intersection of
any arbitrary pair of intersection arcs on the surface is invariant, while as the distances
may not be. Conformal maps are very important in cartography. The simplest example
of such a conformal transformation is the stereographic projection of a sphere onto a

plane. This property of conformal maps was first used by Gerardus Mercator to form
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the first angle preserving map, commonly known as Mercator’s world map. Recently in
2018, Bobenko and Gunn published an animated movie with the springer vidleoMATH
on conformal maps [1]. Finally, in case of general motions, neither angles nor distances
are preserved between any intersecting pairs of curves on a surface. It is to be noted

that the usage of term: motion, transformation or map stands for the same.

Let S and S be two smooth immersed surfaces in E3 and J : S — S be a smooth
map. Throughout this paper, the quantities associated with S will be deonted by ” ~ 7.
A necessary and sufficient condition for J to be conformal is that the first fundamental
form quantities are proportional. In other words the area elements of S and S are
proportional to a differentiable function (factor) commonly known as dilation function
denoted by ((u,v). The conformal transformation is a generalized class of certain motions

in the following way [5]:

o If {(u,v) = ¢, where c is a constant with ¢ # {0,1}, then 7 is called as homothetic

transformation.
o If ((u,v) =1, then J becomes isometry.
Let V of a neighborhood of an arbitrary point p € S and
J:VcS—=VvVcS (1.1)

be a diffeomorphism, where V is an open neighborhood of 7 (p). Then J is said to be a
local isometry if for all y1,y2 € T),(S), we have

(Y1, Y2)p = <djp(y1),djp(y2)>j(p)-

If for all p € S, in addition to diffeomorphism J is a bijection, then [J is a global

isometry. In such a case S and S are said to isometric (globally).

Let £, F,G and &, F,G are the first fundamental form coefficients of S and S, re-
spectively. A necessary sufficient condition for S and S to be isometric is that the first

fundamental form coefficients are invariant, i.e.,

For the same J in (1.1), if we have

<2<du7p(551)7d~7p(932)>J(p) = <$1a$2>p7

then S and S are said to conformal (locally). As in the case of isometry, if in addition

to diffeomorphism J is a bijection, then J is called conformal globally. In other words,
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we can say that conformal motion is a composition of dilation and isometry. In this case
[4]: i i ]
¢e=¢ GF=F, #G6=0.
Here we may call £, F,G are conformally invariant.
Definition 1. Let f : § — S be a conformal map between two smooth surfaces, we say

that § is conformally invariant if f = ¢2f for some dilation factor ¢(u,v). Similarly, if the
same § is homothetic, we say that § is homothetic invariant if | = ¢f, (¢ # {0,1}).

For example let K, be the Gaussian curvature of (S,g) and x(S) be the Euler
characteristic of the surface S. Then according to well known Gauss Bonnet formula:

27x(S) = / Kgds,.
S
The above quantity is a topological and a conformal invariant.

The structure of this paper is as follows. In Section 2, we recall some facts about
the curves lying on a smooth surface and give the motivation of the paper. In Section 3,

we discuss the main results.

2 Preliminaries

Let 3:1 C R — E? be a smooth curve parameterized by arc length s and {{, &, E} its
Serret-Frenet frame. The vectors t, i, and b are called as the tangent, the normal and

the binormal vectors, respectively. The Serret-Frenet equations are given by

t = kil
o =—kt+7b
b = —7n.

We call the function & as the curvature of 8 and 7 as the torsion of 3 satisfying: { =
g = % and b = t x . At any arbitrary point B(s), the plane spanned by {t,@} is
called as an osculating plane and the plane spanned by {{,b} is called as a rectifying
plane. Similarly, a plane spanned by the vectors {n, E} is called as a normal plane. In

other words, the position vector of the curve defines the following curves:

o If the position vector 3(s) of the curve f lies in the osculating plane then the curve

is said to be an osculating curve.

o If the position vector 3(s) of the curve S lies in the normal plane then the curve is

said to be a normal curve.
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o If the position vector 8(s) of the curve § lies in the rectifying plane then the curve

is said to be a rectifying curve.

The classification results of osculating and normal curves are very common which can be
found in any standard book of differential geometry of curves and surfaces. After a very
long period of time, in 2003 Chen [2] listed a question: When does the position vector
of a space curve lie in its rectifying plane? In this paper ([2]), Chen showed that a curve
is a rectifying curve if and only if the ratio of the curvature and the torsion is a linear

function of arc length s. For more study, we refer [3, 6].

The motivation of the present paper starts with a study of Shaikh and Ghosh, where
they studied the geometric invariant properties of rectifying curves on a smooth immersed
surface under an isometry [7]. Further in [8], they investigated the invariant properties
of osculating curves under the same motion. So, a natural question arises, what happens
with respect to a conformal transformation? This can be a very potential question. So,

in this paper, we try to investigate the following:

Question: What are the invariant properties of a normal curve on a smooth immersed

surface with respect to a conformal transformation?

A curve is said to be a normal curve if its position vector field lies in the orthogonal

complement of tangent vector i.e., 8-t =0, or

B(s) = v(s)i(s) +n(s)b(s), (2.1)

where v, 1 are two smooth functions.

Let ¥ : Q(u,v) C R? = S C R3 be a coordinate chart map of a regular surface S.
The curve B(s) = B(u(s),v(s)) can be thought of a curve 3(s) = S(u(s),v(s)) on the
surface §. Using the chain rule, we can easily find

B(s) = Wu' + U0
or
t(s) = F(s) =T + T
f’(s) = WU, +0"V, + u'2\Iluu + 200", + 0'2\I/w.

Now let N be the surface normal, we have

(' Wy + 0"V, + 12Ty, + 200Uy, + 02 0,,) (2.2)




Normal curves 79

1
= @ {(\Iluu’ + W) x (W', + 0", + W2, + 200 Wy, + v'Q\Ifm))} ,

1
= ) {{u’v” — "V IN + 03U, x Uy 4 2020V, x Uy + /02T, x Ty,
s

F 20Uy X Wy + 2002, X Uy + 030, X Uy, | (2.3)

Definition 2. Suppose 8 be a curve with arc length parameterization lying on a surface
S. This implies that t = ' is orthogonal to the unit surface normal N, so ', N and
N x " are mutually orthogonal vectors. Since 3 is of unit speed, we have 8/ 1 8", thus
we can write

B" =k, N+ kN x 3,

where &, is the normal curvature and k4 is the geodesic curvature of 3 and are given by
kg =p" N xpf
kp = 3" - N.

Now since we know that 5" = k(s)ni(s), we can write

Kin = k(8)A(s) - N = ("W, + 0"V, + 1Ty + 200 Ty, +02,,) N

or
Ko = UL + 200 M + 0N, (2.4)

where £, M, N are the second fundamental form coefficients. The curve 3 on S is called

as asymptotic curve if and only if k, = 0.

3 Conformal image of a normal curve.

Suppose 3(s) be a normal curve lying on a smooth immersed surface S in E3, then with
the help of (2.1), (2.2) and (2.3), we can write

B(s) = :EZ; [(u”\Ilu +0"W,) + (u’2\I/uu + 200", + 0’21111,1,)}
+77(S) [{ Lo /}N—i- By %P 192 RGO (3 1)
7k(s) v —uv u>U, wu + 20400, wv )

2Ty, X Wy + 020 Ty X Uy + 2002, x Uy + 030, X \IJW]

We shall be considering the expression J.(3(s)) as a product of a 3 x 3 matrix J, and a
3 x 1 matrix S(s).
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Theorem 3.1. Let 7 : S — S be a conformal map between two smooth immersed surfaces

S and S in B® and B(s) be a normal curve on S, then ((s) is a normal curve on S if

B o= U (G0, Wt 0 (), W+ 200 (C20), W] + L[ x (), 0
+2u’21)’§j*\1/ X (Cj*)v uw Tt ’U//’U/QCJ*\IIU X (Cj*),u \I/'u + UIQUICJ*\I/'U X (Cj*)u v
+200 (T, X (CTL), Wo+ (T, X (CT), W] + CTu(B). (3.2)

Proof. Let S be the conformal image of S and ¥(u,v) and ¥ (u,v) = J o ¥(u,v) be the
surface patches of S and S, respectively. Then the differential map d7 = J, of J sends
each vector of the tangent space 7S to a dilated tangent vector of the tangent space of
T j(p)g with the dilation factor (.

Wu(u,v) = ((u,0)Tu(P(u,0)) Py

Tp(u,v) = C(u,0)Te(¥(u,v))T,. (3.4)

Differentiating (3.3) and (3.4) partially with respect to both u and v respectively, we get
Vyu = Culi¥u+ c%wu +( TV

Uy = G+ caj*w + (T Uy (3.5)

\I]uv — Cuj* v+c \I’ +Cj*

= GJWu+ (5 ‘7* U, + (T

We can write

_Cj*(\lju X \Iluu)
= U, X Uy — CT(Ty X Wy). (3.6)

(T, x (cuj* wt (S

Similarly
(T % (T Ty + (9T, ) = Ty x Uy — (T (Vg X Tyy)
(T % (T, + (9w

(¢ )
( v,) Wy — CT( W X W)
CTWy X (GuaWy + CORW, ) = Ty X Uy — CT( Wy X Ty) (3.7)
( O
(¢ w)

CuTi Wy + (9T w (U X Uyy)

o TV, + (L w

TV, X

VA
QA P = (T (Vo X o).
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Therefore in view of (3.2), (3.6) and (3.7), we have

B o= w4 T + o (guj* v+ 2y >+2u’v’ (cumf + Ty )

2 (CUJ* J. \va) } + - [{u’u” "V} TN + w3 T (U x Uyy)
+2u20 T (W X W) + W02 T (W X W) + 00 CT (W X W)
+2u/U/2Cj*(\IIU X \IIIW) + ’U,3C\-7*(\IIU X \Ilvv)} [ ,gcj*\:[} X (Cuj* u +C
aj* >

8.7* )

20 C T Wy X (cvj*qwc%f‘wu) ATV, X (w*\lf +eo

T, X (cuj*wwc@i*%) 22T Wy X (qumr +<8j* )

0T % (G + ) ]

which can be written as

B(s) = [( "y, + v"\ifv) + (u'Q‘ifuu + 20V Wy + v’2\i'w)}
s)

( ) [{u' " u"v'}N +uBW, X Uy + 200", x Uy

+u/ 0?0y, X Uyy 4+ 020/ Ty X Uy + 20020, X Uy + 030, x Ty,

or

3 v(s) = (s)Z
= b
Bla) = 2 i) + £ 6(s)
for some C* functions 7(s) and 7j(s). Here and now onward, we assume that £ = ¥ and
1 =1 Thus 3(s) is a normal curve. O

Corollary 3.2. Let 7 : S — S be a homothetic conformal map, where S and S are smooth
surfaces and B(s) be a normal curve on S. Then B(s) is a normal curve on S if

B = %[u’% (T W+ 02 (J2), Wy + 200 e (1), W] + g[u’gcj*\lfu x c(J.), ¥

+2u'2v'cj*\llu X c(Jx)y Yu + u'U’QCj*\I'u X c(Jx), Yo + u'2v'cj*\llv xc(Jx), ¥

2 e TV, x ¢ (Tn), Uy + 02T, 0, x ¢ (T2), \If} +cT.(B).

Proof. In case of a homothetic map the dilation function {(u,v) = ¢ # {0,1}. Substi-
tuting in (3.2), we get the above expression. O

Corollary 3.3. Let J : S — S be an isometry, where S and S are smooth surfaces and
B(s) be a normal curve on' S. Then [(s) is a normal curve on S if

/28j* ,26._7* / ,&7*
oWy 0 ST 2u xIJU}

5= L

K

VA
X

Uy,
ou

+ ﬁ [Ulgj*‘llu
K
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120/ T W, % %\yu v T, x %\IIU W T, % 0. Uy,
ov ov ou
/12 j* j*
P2V T X S 0 T x S| 4 TL(8).

Proof. A conformal transformation is the composition of a dilation function and an

isometry. Substituting ( =1 in (3.2), we get the above expression. O

Theorem 3.4. Let S and S be two conformal smooth surfaces and 3(s) be a normal curve

on S. Then for the normal component along the surface normal, we have
BN = ('8N = (= () + Lh(E, G, F C), (3.8)
where

hE G, F,() = [2/36’11 — 30k, + 20002, + w02, — V0L, + 2ulv ’2012} W2, (3.9)

Proof. Let S be the conformal image of S and ¥(u,v) and ¥(u,v) = J o ¥(u,v) be the
surface patches of S and S, respectively. We can easily find

BN = [0 Wy (B x W)+ Wy - (T x W)+ 200/ Wy - (T x Ty

—i—Z [(u’v” Vu")(EG — F?) + u’s(\I/u X W) - (Uy X Uy)

12020 (W X W) - (W x W) + 020 (U x Uy - (U X U

PV (W X W) - (W x W) + 200" (W X W) - (T x Ty)
Wy X V) - (B X 0,)]

or
g-N = v [u'2£ + 0N+ 2u’v’M] +2 {(u’v" — V") (EG — F?) + P {E(Vyy - )
K K
~F (W - W)} + 200 {E (W - W) = F (W - W)} + /o {E(Vory - T)

—F(Wyp - W)} + 0 {F (W - W) = G (W - W)} + 200 { F (W - U,)
—g(‘lluv . \Ilu)} + 7/3{]:(\11111; ’ \Ijv) - g(‘l’vv : ‘IIU)}]

We know that &, = (U, - Uy), = 2\Ifuu - W, or

&
Uy - U, = 3“ (3.10)
On the similar lines, we can find
qjuu'\yvzfu_%ylyvv \Pv:%alyvv'\yu:fv_gguy (311)
Yy + Uy = %a‘yuv'q]u: %
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Therefore in view of (3.10) and (3.11), 8- N turns out to be
B-N = v [u'2£ + 0N+ 2u'v’/\/l]
K

[~ varyeg - 7+ {e (- 2 ) - T

2
+2u'2v’{g2gu ]:;v}—i-u'vﬂ{ggv—f( >}

+u’2v’ {f (fu — 5”) — ggu} + 2u'v’2 {]:gu —

2 2

o)

or

1

B-N = Elin (Eg F?) [( " — ')+ 1"%1 - U’BF%Q + 2ul2’l),1—'%2

2 2 2
+u'v 1"22 - v'l"n + 2u'v 1"12}

where FU, (1,4, k = 1,2) are Christoffel symbols of second kind given by:

Fll - 2[/%/2 {ggu + ./_"[5@ — 2./—"“]}, 1—'22 = 21}/2 {gg’u + J—-'[gv _ va]}
I = g {E2Fu — &) = F&), Ty = g {61270 — Gu] — FGu)
Il = s (€00~ P&} =Thi, Th = rf (68 — FGu} =T,

and W = VvVEG — F2.
Under conformal motion, we have

(PE=¢E, (PF= ¢%G =¢.

This implies that

Eu = 20CuE + P&y, Ey = 2CC,E + C2E,,
Fu=20CuF + C¥Fy, Fy=20CoF +C2F,,
Gu = 2€CuG + CGuy  Go = 2CC0G + C2G,.

After the conformal motion, the Christoffel symbols turn out to be

=1 ol 1 52 _ 2 2 &= _ ol 1
Iy =Ty +05, T =T +0f, Tip =T+ 05,
=9 2 9 =1 1 1 =2 2 2
Tfy =Tiy+ 07y, Tg9=T3 + 03, T3y =T5 +03,

where

91 — SgCu—ZJ:QCu—i-}'ECu 02 g]:Cu S Cv
11 — CW?2 11 — W2 )

gl — EGCv—FGCu 92 EGCu— f(f(v
12 — CWz ) - CW 9

Pl — GFC=G%u g2 _ £9Cu=2F2(+FGGy
22 — CW?2 ) 22 — CW?2 .

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Now if 8 is a normal curve on S, in view of (3.12), (3.16) and (3.17), we get

B-N—(*B-N= %(F@n — ) + Z{UBH%I — v/39%2 + 2u'2v'¢9%2
0?02, — W00, + 2u'v'20%2} w2 (3.18)
This proves the claim. O

Corollary 3.5. Let S and S be two homothetic conformal smooth surfaces and (s) be a

normal curve on §. Then for the normal component along the surface normal, we have

B N=c' (8 N) == (fn — c*rn). (3.19)

Moreover, this normal component is conformally invariant if the position vector of B is

in the binormal direction or the normal curvature is conformally invariant.

Proof. Letting ((u,v) = ¢, from (3.8), (3.9) and (3.17), the claim in (3.19) is straightfor-
ward.
Again from (3.19), we see that § is conformally invariant if and only if v = 0, i.e.,
B(s) = n(s)b(s) or &y = c*hy.
O

Corollary 3.6. Let S and S be two isometric smooth surfaces and B(s) be a normal curve

on S. Then for the normal component of B(s) along the surface normal, we have
v,
5-N—(/B'N):E(/€n—l€n).

Moreover under such an isometry the normal component along the surface normal is
invariant if the position vector of 8 is in the binormal direction or the normal curvature

s tnvariant.

Remark 1. Let 7 : S — S be an isometry, then the dilation factor of conformality is
¢ = 1. From (3.16) and (3.17), it is straightforward to check ffj = Ffj, (1,7,k =1,2), i.e.,
Christoffel symbols are invariant under isometry.

Theorem 3.7. Let S and S be two conformal smooth surfaces and B(s) be a normal curve

on §. Then for the tangential component, we have

BT —¢*(B-T) = (ags +bga) + (R — CPra) (a' + bu), (3.20)

where g1 and go are given by (3.22) and (3.24), respectively.
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Proof. From (3.1), we see that
5.0, = % [0 + 0" F 4 0 Wy U+ 200 Wy Wy + 0P W - 0
+g {uﬂvlﬁ + 20U M + v’3./\/}
or by using (3.10), (3.11) and (2.4), we can write the above equation as

& &
prtu = - [u”g F ' F P 2 (J:v - gu) ] + ﬁv’nn.
K 2 2 5 .

Now if 3 be the conformal image of 8 on S, we have

|

. E E 5 _
ﬂ ° \I]u - |:'LL//S + 'U”f + ’UIIZEU + QUIUIEU —|— 1)/2 <‘F’U _ gu> :| + Q'U//Z'/n.
K

In view of (3.14) and (3.15), the above equation turns out to be

2
B0, = %[u”@é’ +0"¢F + u’zw + 'V (2CE + (PEy)
2
+u'? <2CCv]:+ C2F, — —2C<ug2+ : gu) } + ZU’Rn
or
Bl = (B W) = (€. F,G.0) + 10/ (R — ) (3.21)
where
91(6.F,G.0) = ~[wCCuE + 20 CGE +07 (XGF ~ 6O (322)
On the similar lines, it is easy to find
By = (B W) = 92(E, F.G,Q) + 1 (R = (in) (3.23)
where
92(6.F,G.€) = [ (20CuF = CG.E) + 20/ C6G +07C0G). (3:24)

Now with the help of (3.21) and (3.23), we get

B-T—C(B-T) = B-(a¥, +b¥,)—(?B- (aVy, + bT,)
= G(B'\ilu_c25'\1}u)+b(/é'\i/v_Czﬁ'qjv)
= a {(91 + gv’ (/?;n — C2f€n)} +0b {92 + gul (ffn - CQﬁn)}

= (ag1 + bg2) + g (P&n — C2I€n) (av/ + bu’).
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Corollary 3.8. Let 7 : S — S be a conformal homothetic map and 3 be a normal curve on
S. The the tangential component of 3 is homothetic invariant if and only if the position
vector of B is in the normal direction or the normal curvature is homothetic invariant.

Proof. For a homothetic conformal map, from (3.20), we have
f-T—c(B-T)= U (an — 02/1”> (av + bu').
K
The conclusions are straightforward from the above expression. O

Corollary 3.9. Let 7 : S — S be an isometry and B be a normal curve on S. The for
the tangential component of 3, we have

BT —(8-T) = L (R — ra) (a0 + b
and is invariant if and only if the position vector of B is in the normal direction or the
normal curvature is invariant.

Proposition 3.1. Let J be a conformal map between two smooth surfaces S and S and let
B(s) be a parameterized curve on S such that B(s) = J o B(s) is conformal parameterized
image of B on S. Then for the geodesic curvature of 3, we have

— PRy = f(E,F.G,0). (3.25)

Proof. Let [ be a parameterized curve on a smooth surface S, then the geodesic curvature

is given by Beltrami formula as:
Ky = [rflu'3+(2r§2—rh)u’%ur(rm 2Tk, )u/v/* — Ty /v —u” ’} VEG — F2. (3.26)

Now, let 5 = J o 3 be the conformal image of 8 on S, then with the help of (3.16), we
have

12

kg = {F%1U/3+(21ﬂ12 T1)u' v + (T35 — 2T1y)u'v 2

— Tl + " u”v’] w2
+0hu + (208, — 01wV + (63, — 201 00" — 030" | W2
or
— Prg = f(E,F,G,0),
where f(£,G,F,() = {9%17/3 + (203, — 01w + (63, — 2015)u/v"* — 6350 }WZ-
This proves the claim. O

Note: It is to be noted that, in particular, if 5 is a normal curve and J is isometry
(or homothetic), from (3.25) we see that k4 is invariant (or homothetic invariant).
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