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On the r-Stability Index of r-Maximal Closed Hypersurfaces

in de Sitter Spaces
B. Esmaeili, Gh. Haghighatdoost and F. Pashaie

Abstract. It is well-known that some minimal (or maximal) hypersurfaces are stable. How-
ever, there is a growing recognition on unstable minimal (or maximal) hypersurfaces by in-
troducing the concept of index of stability. Firstly, the index of stability for minimal hyper-
surfaces in the Euclidean n-sphere has been introduced by J. Simons [20], which is followed
recently by many people (see for instance [3, 9, 18, 21]). Also, Barros and Sousa in [10] have
payed attention to the concept of index of r-stability (as the r-extension of index of stability)
on r-minimal hypersurfaces in the Euclidean n-sphere. They gave low bounds for r-stability
index of r-minimal n-dimensional closed hypersurfaces in S"*1. In this paper we give low
bounds for the r-stability index of 7-maximal closed spacelike hypersurfaces in the de Sitter
space STt

1 Introduction

The importance of hypersurfaces with null mean curvature in (semi-) Riemanian manifolds is
well-known in physics and mathematics. These hypersurfaces are critical points of the first vari-
ational problem of optimizing the area functional. The second variation problem of the area
functional leads us to the stability of hypersurfaces. The classification of stable hypersurfaces
in Euclidean spheres, as a well-known topic in differential geometry, has been started (firstly)
by J. L. Barbosa and M. de Carmo ([5]) and then, it is followed by other researchers (see, for in-
stance, [6, 7, 8]). Similarly, the hypersurfaces with null th mean curvature in (semi-)Riemannian
manifolds, as the critical points of a suit variational problem, play interesting roles in the theory
of r-stability. Many people have studied the r-stability of r-minimal hypersurfaces in spheres
([6, 7, 8, 11]). The concept of index of stability, related to the second variational problem, on the
unstable hypersurfaces in Euclidean spheres has been introduced by Simons in [20], which is fol-

lowed by many researchers ([3, 9, 10, 18, 21]). Intuitively, the index of stability of a hypersurface
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gives a rate of distance from being stable. In fact, it gives the number of independent directions
in which the hypersurface fails to be of minimum area. In the recent results, some lower bounds
have been found for the index of r-minimal hypersurfaces in the standard Euclidean sphere S**!
of sectional curvature 1. In [9], Barros and Sousa have estimated the index of stability of minimal
closed hypersurfaces in the Euclidean spheres. Also, in [10], they gave low bounds for the index
of r-stability of some r-minimal hypersurfaces in the Euclidean spheres. They proved that, closed
oriented non-totally geodesic minimal hypersurfaces of S"*! have index of stability greater than
or equal to n + 3, where the equality occurs only when the hypersurface is Clifford tori. Fur-
thermore, they have extended similar results to the closed oriented r-minimal hypersurfaces in
S™*1, by estimating the index of r-stability. Up to Clifford tori, for closed oriented hypersurfaces
in S"*1 satisfying the conditions H, 1 = 0 and H, 1o < 0, we have Ind"(M") > 2n + 5.

On the other hand, it is well-known that, the complete hypersurfaces with constant mean
curvature in Lorentz space forms (especially, in the de Sitter space S} *') have important role in
the relativity theory ([15]). Also, we know that, a maximal spacelike entire graph in the Lorentz-
Minkowski space-time R} is a linear hyperplane. As a generalization of this fact, the totally
geodesic hypersurfaces are the only complete spacelike maximal hypersurfaces in ST, Aku-
tagawa [1] and Ramanathan [19] have showed that, the complete spacelike hypersurfaces with
constant mean curvature H in S}, satisfying the condition n? H? < 4(n — 1) for n > 2 and
H? < 1forn = 2, are totally umbsilical. In this paper, we extend the notion of index of -stability
and give similar results for the 7-maximal close spacelike hypersurfaces of ST, We give some

estimator low bounds for 7-stability index of some hypersurfaces in S},

2 Preliminaries

Here, we recall some basic preliminaries from [13, 16, 17]. By R;” we mean the vector space
R™ with metric < z,y >:= —XY_ z,y; + Xj5pz;y;. Especially, RJ* = R™, and R}" is the
Minkowski space. For ¢ > 0, the pseudo-sphere S}t (c) = {y € RIF?| < y,y >= ¢}
denotes the Euclidean sphere (when ¢ = 0) and the de Sitter space (when ¢ = 1) of radius ¢ and
curvature 1/c?. Similarly, H? ™ (—¢) = {y € ]R;‘ilz\ < y,y >= —c?} denotes the hyperbolic
space (when ¢ = 0) and the anti-de Sitter space (when ¢ = 1) of radius ¢ and curvature —1/ 2.
The simply connected space form M, q"“ (c) of curvature ¢ and index ¢ denotes RQH forc =0,
Sptt = Spti(1) for ¢ = 1and Hyt' = HPH(—1) for ¢ = —1. When ¢ = 0, we take a
component of H{™. The Weingarten formula for a spacelike hypersurface z : M™ — S}+*
is VyW = VyW— < SV,W > N, for V,; W € x(M), where S is the shape operator of M
associated to a unit normal vector field N on M with < N, N >= —1. Since S is time-oriented,
S?f-i-l

on each orientable spacelike hypersurface in there is a global unit normal timelike vector

field N such that the shape operator associated to N is diagonalizable. We denote the eigenvalues
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of its shape operator (i.e. the principal curvatures of M) by the functions 1, ..., K, on M. The
jth elementary symmetric function s; := >, ; <ij<n Hiy--Hi; can be used to define the jth
mean curvature function H; on M as (})H; = (—1)’s;. By definition, a spacelike hypersurface
z: M" — M 7+1(c) with null (j + 1)th mean curvature is said to be j-maximal.

In particular, H; = —(1/n)tr(S) is the ordinary mean curvature function. The normal vec-
tor field H = H{N is called the mean curvature vector field on M. There is a relation between
the scalar curvature of M and the 2nd mean curvature as tr(Ric) = n(n — 1)(c — Hz). In gen-
eral, since the sign of H; depends on the chosen orientation only in the odd case, Hj is extrinsic
(respectively, intrinsic) when j is an odd (respectively, an even) number.

For a spacelike hypersurface z : M" — M ;“H (c), asin [17], the jth Newton transformation
Pj : x(M) — x(M), associated with the shape operator S, is defined, inductively, by

Py=1,P=(-1Ys;I +SoPj_1(j =1,...,n),

where I is the identity on x (M). It can be seen that P; has an explicit formula,
Py = (C)'So(-V's8' = 3 (0 H;S"
1=0
where, Hy = 1 and S° = I. According to the characteristic polynomial of S, Qgs(t) = det(tI —
S) =3 (=1)" s, t!, the Cayley-Hamilton theorem gives P, = 0.
Let vy, ..., v, be a local orthonormal tangent frame of principal directions on M such that
Sv; = kv; fori = 1,2,...,n. Clearly, we have Pjv; = p; jv;, fori = 1,2,...,n, where p; j =

(—1)j2i1<m<ij7il¢mil.../ﬁij, (for j =0,1,...,n — 1). Using the identity
Rittij = piger — (=17 sjn = pijin — () Hys,
the following formulae can be obtained easily:

tr(P;) = (1) (n — j)s; = ¢;H;,

tr(SoP;) = (=1Y(j + 1)sj11 = —c;Hjt1,

tr(S%o Pj) = (1) (nH1Hj11 — (n—j — 1)Hj 1),
(

tr P OVXS) (j+1) < VHj—i-le >, (X € X(M))7

(2.1)

where ¢; = (n — j)(7) = (j + 1)(};,) and V stands for the gradient operator. For any vector
a € ]R’f*z, we define two height functions )\, :=< z,a > and v, :=< N, a >. From [4, 17], we
have V), = aT and Ve = —Sa”.

Notation: We will use the following notations:
(1) A :={\gla € RPT2Y A := span(A U {1});
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(2) T := {yala € R}, T := span(T U {1});

(3) Q:=span(AUT), Q:=span(QU{1}).

We note that A and T are linear subspaces of C*° (M), respectively generated by B := {\, }11?2
and B := {7, }712, where {e;}712 is the canonical basis on the Lorentz-Minkowski space R} 2,

Definition 1. The jth linearized operator L; : C*°(M) — C*°(M) is a second order differen-
tial operator defined by L;(f) := tr(P; o V2f), where V2f is given by < V2f(X),Y >=
Hess(f)(X,Y) forevery X, Y € x(M).

From [3, 17], for j = 1,...,n — 1, we have the following equalities:

Lj)\a = CjHj+1’7a — CCjHj)\a,

Liva = (Jy1)grad(Hj1) + (1) [nH1Hjp1 — (n — j — 1) Hjto]va — ccjHj1 .
Definition 2. Let x : M"™ — S7™! be a closed connected orientable spacelike hypersurface
isometrically immersed into S7!. A smooth map X : M"™ x (—¢, €) — S' is called a variation
of z if it satisfies the following conditions:

(1) Foreacht € (—¢,¢), the map X; : M™ — S defined by X;(p) := X(p,t), isa
spacelike immersion.

(2) Xo = x and for everyt € (—¢,¢€), X¢|lom = x|onm-

Now, we introduce some notations that will be used in the rest. dM; denotes the volume
element of M endowed with the metric induced by X; and N; denotes the unit normal vector
field along X;. The variational vector field associated to the variation X is the vector field %—f lt=0-
Putting f := —(%—)t(, N;), we have the equality %—)t( = fN; + (%{)T, where T stands for tangent
component. Throughout this paper, we will assume that M is compact. If f : M" — Risa
smooth function and | fdM = 0, then there exists a volume-preserving normal variation of /"
whose variational field is fN (see [22]).

Lemma 2.1. Let x : M"™ — ST be a closed spacelike hypersurface of the de Sitter space, X :

M"™ x (—€,€) — Sqfﬂ be a variation of v and f := —<%—§,Nt>. Then, forr =0,1,--- ,n—1we
have :
s, OX\*
L (L o (Pf - (o PN + (G ) Tsea),
Proof. See the proof of Lemma 2.2 in [12]. O]

The rth area functional A, : (—¢,€) — R, associated to a variation X of z : M" — S?H,
is defined by A,.(t) := [}, F(t)dM;, where F,.(t) is recursively given by Fy(t) = 1, Fi(t) :=
—s1(t) and F(t) := (—1)"sp(t) — Z=2HE, 5(t) for 2 < r < n — 1. In the case r = 0,
the functional Ay is the classical area functional. If 5,41 = 0, there is a function f : M — R

supported in a compact domain K C M, that satisfies the following lemma.
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Lemma 2.2. Let x : M™ — ST be a closed oriented spacelike hypersurface of the de Sitter space
with constant (r + 1)th mean curvature, X : M™ x (—¢,¢) — S be a variation of x and
f= —(a—)t(,Nt) Then, we have

AY(t) = (r +1) /N [Lef +tr(R)f = tr(S o P f1 M,

Proof. It is derived from Proposition 2.3 in [12]. O]

Associated to each variation X : M™ x (—e¢, €) — S} of x, we consider a Jacobi functional
Jy which is a second order self-adjoint differential operator defined by J, := L, + [tr(P,) —
tr(S? o P,)]1. So, we define a function B, : C°(M) — R by rule B.(f) = [,, fJ, fdM,
where C2°(M) stands for the set of compactly supported smooth functions on M. The spacelike
hypersurfaces isometrically immersed into S7™! maximizing the function B, can be interested
as stable hypersurfaces. The above discussion shows that A/ must have zero (r + 1)th mean

curvature.

Definition 3. Letz : M" — S?H be a closed spacelike hypersurface of zero (r 4+ 1)th mean
curvature isometrically immersed into S7!. We say that z is r-stable, if B,(f) < 0 for every
function f € C2°(M).

Definition 4. Letz : M™ — S} be a closed spacelike hypersurface of zero ( -+ 1)th mean cur-
vature isometrically immersed into S, the index of r-stability of M™, denoted by Ind" (M™) is
the maximal dimension of the set { f € C>°(M)|B,(f) > 0}.

3 Some examples of spacelike hypersurfaces in S} '

In this section, we show some examples of complete spacelike hypersurfaces with constant (r +

1)th mean curvature in the de Sitter space.

Example 1. Leta € R?H be a fixed vector and o =< a,a >. For each positive real number ¢

where 2K > —o, The spacelike hypersurface
M.:={ye S/ cR"™?| < y,a>= /2 + 0}

is a totally umbilical hypersurface in S7!. The Gauss map on M, is N(z) = L(a — v/ + oz),

T c

and the principal curvatures of M, are x; = %\/ c2+ofori=1,2,--- ,n.So,foreachl < k <
n, we have Hy, = (—1)*[1v/c2 + o]*. Wheno = —1 and ¢ > 1, M, = S"(c). When o = 1 and

[

c>0, M, =H"(—c).
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Example 2. Let g : S?H — R be defined by g(z1,- - ,xpt2) := —x1 + x2. We consider the
hypersurface M; := g~ (e™"), for each ¢ € R. In fact, it can be restated as

M, = {(f(y) + sinh t, f(y) + cosh t,y) € ST |y € R"},

where f(y) = %&Z?ﬂyf. The Gauss map on M; isN(z) = e'a—z, wherea := (—1,1,0,...,0) €
R?”. Hence. the principal curvatures of M; are k1 = ... = Kk, = 1, and then we have
Hp=(-1Ffork=1,2,--- ,n.

Example 3. We define a smooth function f : S?H — Rby f(y) := yfnﬁ + ot yz+2 (where,
0 < m < n). For each real number d > 1, the hypersurface My = f~!(d?) is a spacelike
hypersurface of ST, The Gauss map on M, will be

—d 1 1

N(y) = ﬁ(yly ooy Ym1, (1 — ﬁ)ymw, (1= ﬁ)yn—i—Q)-

In fact, M, denotes the standard product H™(—+/d? — 1) x S"™(d) C S}**. Similar to Ex-

d _
Va1 fmtl = - =
/A2 _
Kp = %. Then, the mean curvatures of M, (of all orders) are constant.

ample 3.4 in [? ], the principal curvatures of My are k1 = ... = Ky, =

In particular, H!(¢1) x S"71(¢3) is called a hyperbolic cylinder and H"1(e1) x St(eg) is

called a spherical cylinder.

4 Result

The main ingredient to determine the r-maximal closed spacelike hypersurfaces of the de-Sitter

space is the following result derived recently by Caminha [13].

Theorem 4.1. Letx : M" — S{‘H be a r-maximal closed spacelike hypersurface of the de-Sitter
space S?H. Then, we have H, = 0 on M, for all k’s wherer +1 < k < n.

First, we recall some properties of the spacelike hypersurfaces in S?H.

Proposition 4.1. ([2]) Letx : M" — S?H be a spacelike hypersurface in S?H, (n > 2).
() If M™ is compact, then it is diffeomorphic to S™;
(1) If M™ is compact and totally umbilical in ST+ (for n > 2), then it is a round n-sphere.

Proposition4.2. ([14]) Letx : M™ — S’f“ be a complete oriented r-maximal compact spacelike
hypersurface in S?H (where n > 2) with positive rth mean curvature such that the rank of its

shape operator is greater than r. Then, M™ is not r-stable.
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Lemma 4.1. ([13]) Letx : M™ — S’f“ be a closed spacelike hypersurface isometrically im-

mersed into the de-Sitter space ST, k1, ..., ,, be the principal curvatures and H, be the rth

mean curvature of M ™. Then we have:

(i) ForO <7 <n, H>> H,_1H,1.Ifr = 1orifr > 1and H,;1 # 0, then the equality

happensifand only if K1 = ... = Kkp;

(i3) Hy > (Ho)Y? > ... > (Hp)V/*if H; > 0fori = 1,..., k;

Now, we state the auxiliary results on the 7-stability and index of r-stability of spacelike hy-

persurfaces in the de Sitter space.

Lemma 4.2. Letz : M™ — S be a connected orientable spacelike hypersurface isometrically
immersed into the de Sitter space. Then we have

(i) Lr(Xa) = —ckHpAa + cHpq17as

(il) L (va) = (E+1)[nH1Hk+1 —(n—k —1)Hgi2]Va — ck Hip1Ma + (24—1) < VHpyi1,a >.

Theorem4.2. Letx : M" — S?H be an isometric immersion of a complete connected orientable
spacelike hypersurface of the de Sitter space.

(i) If M™ is not totally geodesic in S7™, then we have dim(A) = dim(T) = n + 2;

(ii) If M™ is not totally umbilical in ST, then we have dim(A) =dim(T) = n + 3.

Proof. (i) Remember that A is the linear subspace of C* (M), generated by B := {\., }"" 2, where
{e;}74? is the canonical basis on the Lorentz-Minkowski space R}, We show that 3 is linearly
independent. Assuming B to be linearly dependent, we have a non-zero finite sequence of real
numbers {r; 712 such that >>7"2 ;A\, = 0. Putting v := 3772 r;e; we have A, = 0. One can
assume that v is a non zero vector with < v,v >€ {—1,0, 1}. On the other hand, the image of
M by the isometric immersion x lies in the spacelike hyperplane with a timelike normal vector.
Remember that, the totally umbilic spacelike hypersurfaces in 7! are obtained as intersection of
a spacelike hyperplane of R?H with S?H, and the causal character of the hyperplane determines
the type of the hypersurface. More precisely, we obtain < v,v >= —1and z(M")is S" C SI,
totally geodesic hypersurface in de Sitter space(see [17]), which contradicts with the assumption.
Therefore, B is a linearly independent subset of C(M ) and dim(A) = n + 2.

Similarly, T" is the linear subspace of C*°(M), generated by B := {~, }742. Tt is enough to

n+2

show that 5 is linearly independent. If not, there is a non-zero sequence {r; of real numbers

i=1>
such that Z?:f rive; = 0. Putting u := Z?If rie; we have v, = 0, which means that, N(M),
the Gauss image of M , is contained in the hyperplane P with normal vector u. By the sign
of P, its normal vector is positive definite. Without losing anything of generality, it is enough
to consider the cases < u,u >= 1. So, N(M) liesin P N HS“H. So, as in [17], according to

completeness of N(M) we obtain that, N(M) lies in a connected component of the hyperbolic
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space (i.e. H™). Similar to the well-known theorem of Nomizu-Smyth, one can see that in this
case N(M) is a fixed vector and so (M) is a totally geodesic spacelike hypersurface of the de
Sitter space S’f“. This contradiction with the assumptions implies that 3 is linearly independent
and then dim(I") = n + 2.

(ii) It is enough to show that B U {1} is linearly independent. Assume that it is linearly
dependent. So, by independence of 3, there exists a finite sequence of real numbers as {r; }1'+?2
such that Z?:Jrlz ride; = 1. Putting v := Z?;“f rie; we have A, = 1. Since z(M) is spacelike,
v may not be spacelike and it has to be timelike and then, we can assume that < v,v >= —1.
Hence, 2:(M™) is a totally umbilical hypersurfaces in 7!, which is in the contradiction with the
assumption. Therefore, B U {1} is a linearly independent subset of C(M) and dim(T") = n + 3.

In similar way, we show that B U {1} is linearly independent. If not, because of linearly
independence of B, there are real numbers s;(i = 1,2,...,n + 2) such that E?IE $i%e; = L.
Putting u := Z?;“f sie; we have v, = 1, which means that, N()/), the Gauss image of M ,
is contained in the intersection of a connected component of the hyperbolic space Hf ! with
the hyperplane Q = {p € R?""?| < p,u >= 1}. So, according to [17] and completeness and
connectedness of N(/), we obtain that N(M ) lies in a connected component of the hyperbolic
space. Similar to the well-known theorem of Nomizu-Smyth, one can see that in this case, z(M)
is a totally umbilical spacelike hypersurface of the de Sitter space S} **. This contradiction with

the assumptions implies that BU{1} is linearly independent and then diim(WU{1}) = n+3. [

Proposition 4.3. Let x : M™ — S}™! be a non-totally geodesic r-maximal closed spacelike
hypersurface isometrically immersed into S7*" with H,. > 0 and rank(S) > r. Then, for any
non-zero vectors u, v € R} "2, the set {\y, Yy, 1} is linearly independent.

Proof. First we show that {\,, 7y, } is linearly independent. Suppose that A\, = s, for some non-
zero vectors u, v € R and some real number s € R. If A, = 0, then M™ is totally geodesic
in S?H which is a contradiction. Assume that \,, # 0. Then from \,, = s, we get s # 0 and
L,.(A\y) = sLy(yy). So, by Lemma 4.2 we have —¢, H, A, = 0 which is a contradiction again.
Therefore, {\,, Y, } is linearly independent.

In the second stage, we show the linearly independence of { A, 7y, 1}. It is enough to con-
sider the case where )\% —i—'yg > 0. Suppose that A, = 517, + s2 for some real numbers s1, s3 € R.
By the first part of proof, we know that sy # 0. So, by Lemma 4.2 we have —c, H, \,, = 0, which
is a contradiction. O

Theorem 4.3. Let z : M"™ — S?™! be a r-maximal closed spacelike hypersurface isometrically
immersed into S with H,. > 0 and rank(S) > r. Then:

(i) If M™ is totally geodesic in ST, then Ind"(M™) = 1;

(ii) If M™ is not totally geodesic in ST+, then I'nd" (M™) > n + 2,

(iii) If M™ is not totally umbilical in ST+, then Ind” (M™) > n + 3.
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Proof. Part (i) is derived from a similar version of Theorem 5.1.1 in ([20]). For other parts, since

H, 1 = Hyypo = 0, wehave B.(f) = [,,(Jrf)f = [y,(Lef + ¢, H, f)fdM for any f €
C>(M). So, choosing f =t + A, + 7, to obtain

Jrf = Ledu + Loy + te, Hy + e Hy My + e Hyyy.
Then, by Lemma 4.2, we get J, f = ¢, H,(t + 7,) and therefore we obtain
fIof = e Ho(t +70) + e Hp At + ).
Hence, we have

B.(f)=c¢ | Hy(y,+t)?dM + cr/ Ho Ay (t 4 7,)dM.
M M

Taking into account that I, > 0, by putting u = 0, we have

B.(f) = c,,/ H, (v, + t)?dM > 0. (4.1)
M
Therefore, B,.(f) > 0forall f € span{l,7e,, .., Ve, }- S0, by parts (i) and (ii) of Theorem 4.2,
we obtain (respectively) parts (ii) and (iii). ]
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