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Solving an Inverse Problem for the Sturm-Liouville Operator
with Singular Potential by Yurkos Method

Natalia P. Bondarenko

Abstract. An inverse spectral problem for the Sturm-Liouville operator with singular po-
tential of class W, * is solved by the method of spectral mappings. We prove a uniqueness
theorem, develop a constructive algorithm for solution and obtain necessary and sufficient
conditions of solvability for the inverse problem in the self-adjoint and non-self-adjoint cases.

1 Introduction

This paper is concerned with the theory of inverse spectral problems. Such problems consist in
the recovery of differential operators from their spectral characteristics. Inverse spectral problems
have applications in quantum mechanics, geophysics, chemistry, electronics and other branches of
science and engineering (see, e.g., [1] and references therein). The basic results of inverse problem
theory were obtained for operators induced by the Sturm-Liouville expression £y := —y” +¢(z)y
with regular (i.e., square integrable) potential g (see [1, 2, 3, 4]). In recent years, spectral analysis
of differential operators with singular coefficients from spaces of distributions has attracted much
attention of mathematicians (see (5,6, 7, 8,9, 10, 11,12, 13, 14, 15,16, 17, 18,19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32]). Properties of spectral characteristics and solutions of differential
equations with singular coefficients were studied in [5, 6,7, 8,9, 10, 11, 12, 13, 14]. Some aspects of
inverse problem theory for differential operators with singular coefficients have been investigated
in [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. Nevertheless, a number of
open questions still remain in this field.

In this paper, we consider the differential expression fy = —y” + ¢(x)y with singular
complex-valued potential ¢ of class W, (0, 7). This means that ¢ = o, where o is a function
from Lo (0, ), and the derivative is understood in the sense of distributions. Then the differential
expression {y can be represented in the following form:

ty =~y — o)y - o*(2)y,
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where yl(z) := 3/ (z) — o(z)y(z) is the so-called quasi-derivative.

Consider the boundary value problem

ly=2Xy, x¢€ (Oaﬂ-)v (1.1)
y!1(0) — hy(0) =0, yM(x) + Hy(x) =0,

where h and H are complex constants, functions 3, 3!} are absolutely continuous on [0, 7] and
(yM) € Ly(0, 7). Without loss of generality we assume that i = 0. One can easily achieve this
condition by the shift o(x) := o(x) + h. Thus, we denote by L = L(o, H) the boundary value

problem for equation (1.1) with boundary conditions
y(©0) =0, yM(m) + Hy(m) =0. (1.2)

Let ¢(x, \) be the solution of equation (1.1) satisfying the initial conditions ¢(0,\) = 1,
©1(0,\) = 0. The functions (z, \), ¢!}z, \) are entire in X for each fixed z € [0, 7]. The
spectrum of L is a countable set of complex eigenvalues {\,, }7° o (|An]| < [Apt1], 7 > 0). The
eigenvalues coincide with the zeros of the characteristic function A(\) := Y (7, )+ Ho(m, A).
For simplicity, we assume that all eigenvalues are simple, that is, A, # A;, for n # k. The case of

multiple eigenvalues can be treated similarly to [33].

Define the weight numbers as follows:

T -1
ap, 1= (/ ©*(x, \p) dx) , n>0.
0

The numbers {\,,, o, }52 ) are called the spectral data of L. The present paper is devoted to the
following problem.

Inverse Problem 1.1. Given the spectral data {\,,, a, }n>0, find o and H.

Our goal is to solve Inverse Problem 1.1 by the method of spectral mappings developed by
Yurko (see [1, 34]). We prove a uniqueness theorem, and obtain a constructive solution algorithm
together with necessary and sufficient conditions for the solvability of Inverse Problem 1.1 in the

self-adjoint and non-self-adjoint cases.

The method of spectral mappings consists in reduction of a nonlinear inverse problem to a
linear equation in a suitable Banach space (the so-called main equation). This reduction is based
on the use of the Cauchy-Poincaré contour integration in the complex plane of the spectral pa-
rameter. These ideas first appeared in the papers of Levinson [35] and Leibenson [36, 37]. Later
on, the method of spectral mappings allowed Yurko and his followers to solve inverse problems
for higher-order differential operators, for differential systems, for differential operators on geo-

metrical graphs, and for other operator classes appearing in applications (see [1, 34, 38, 39] and
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references therein). We note that the construction of the main equation and of the appropriate
Banach space is different for different classes of differential operators, and may require significant

modifications comparing with the classical Sturm-Liouville operator.

For the Sturm-Liouville inverse problems with singular potentials, the majority of known
results were obtained by development of the Gelfand-Levitan method (see [15, 16, 17, 25]) and
of the Trubowitz approach (see [18, 21, 24, 28]). The results of all those papers related to inverse
problems deal only with the self-adjoint case, in which o is real-valued. Some ideas of Yurko’s
method were applied to some special issues of inverse problem theory for differential operators
with singular coefficients on graphs in [20, 30, 32]. Nevertheless, it was unknown how to obtain
necessary and sufficient conditions for inverse problem solvability, being a crucial issue in inverse

problem theory, by using the method of spectral mappings. This paper aims to fill this gap.

To present our ideas, we choose the simplest problem (1.1)-(1.2) as a model example. In the
future, we plan to generalize our approach to other important classes of differential operators. We
hope that Yurko’s method will be useful for the further extension of inverse problem theory, in
particular, to non-self-adjoint operators with singular coeflicients.

It is worth mentioning that the inverse problem for equation (1.1) in the self-adjoint case,
and with Dirichlet boundary conditions y(0) = y(7) = 0 was studied by Hryniv and Myky-
tyuk in [15]. They also formulated results for Robin boundary conditions (1.2) without detailed
proofs. Anyway, the case of Robin boundary conditions can be reduced to the case of Dirichlet
boundary conditions by the Darboux-type transformations. For Sturm-Liouville operators with
singular potentials, such transformations were recently obtained by Guliyev [31]. This is another
way to solve our inverse problem in the self-adjoint case. Nevertheless, as far as we know, Inverse

Problem 1.1 in the non-self-adjoint case has not been studied before.

Throughout this paper, we follow the general strategy of Yurkos method from [1, Sections
1.4, 1.6] and focus on the differences caused by the singular potential in more detail. Section 2 pro-
vides preliminaries, concerning in particular, transformation operators and asymptotic formulas
for solutions of equation (1.1). Section 3 is devoted to the uniqueness theorem for Inverse Prob-
lem 1.1. In Section 4, we construct the main equation for the inverse problem in the appropriate
Banach space and investigate properties of the linear operator, participating in that equation. In
Section 5, we formulate and prove our main theorems (Theorem 5.1 for the self-adjoint case and
Theorem 5.9 for the non-self-adjoint case) on necessary and sufficient conditions for the inverse
problem solvability. Section 5 contains also contains Algorithm 5.8 for the constructive solution

of the inverse problem.

2 Preliminaries

First of all, let us introduce some notations:
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e A=p% 7 :=1Imp, py =\ An argp, € [-5,5),n > 0.
« The symbol C denotes various positive constants independent of z, n, A, etc.

o The notation { ¢, } is used for various sequences from [5.

The notation 7, (p) is used for various entire functions in p of exponential type not greater

than a and such that [ |5¢,(p)|? dp < co. By Paley-Wiener Theorem,

#a(p) = | f(x)exp(ipr)de, [ € La(=a,a).
Further we need the estimate s, (p) = o(exp(|7|a)) as |p| — oo uniformly by arg p.
o <Z7 y> = Zy[l] — Z[l]y

The following theorem provides transformation operators for the solution ¢(z, A) and its

quasi-derivative @[!(z, \).

Theorem 2.1. The following relations hold
o(x, \) = cos px + / H (x,t) cos pt dt, (2.1)
0
oMz, \) = —psin pz + ,0/ N (x,t) sin pt dt + € (x), (2.2)
0

where the kernels .7 and .#” are square integrable in the region D := {(x,¢): 0 <t < z < 7}
and the function ¢ is continuous on [0, 7]. Moreover, for each fixed z € (0, 7], the functions
H (z,.) and A (x,.) belong to L2 (0, z) and the corresponding Lo-norms ||.#(, .)|| 1,(0,») and
|4 (2, )|l Ly (0,2) are uniformly bounded with respect to = € (0, 7]. Analogously, for each fixed
t € [0, 7), the functions % (., t) and .4"(., t) belong to Ly(t, 7) and the corresponding Ly-norms

are uniformly bounded with respect to ¢ € [0, 7).

Note that the representation (2.1) for ¢(x, \) was obtained in [8]. We prove Theorem 2.1,

since we especially need the formula (2.2).

Proof. Using equation (1.1), one can easily show that the following system of Volterra integral
equations is fulfilled:
(x—1) ,

o(z, A) = cos px + /Om <cos plx —t)o(t) — sinppo (t)) o(t, \)dt

) / ’ S'lrl/)(;?—%(w[” (tA)dt, (2.3)
0
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oM (z, \) = —psin pz — /Ox(p sin p(z — t)o(t) + cos p(x — t)a(t))p(t, \) dt
— /w cos p(x — t)o ()N (¢, N dt. (2.4)
0

Formal substitution of the representations (2.1), (2.2) into (2.3), (2.4) yields the following
system of integral equations with respect to the triple (%", A4, %):

) =Ho(x,t) + Ly (A, N, C),

(
5 ) J%)(x t) +I,/V(=)£/7</V7(€)’ (2-5)
Clo) =Go(@)+ Lo (H ),

I%(%,JV,%):;/:t%(s,t—x—i-s)a(s)ds—i-;/; H(s,xv—s—t)o(s)ds
—l—;/w %(s,x—s—i—t)a(s)ds—% xd{(/x H (5,6 —x + 8)0%(s)ds
ITH t z—&
r—E& T
+/B H (s z—s—ﬁ)oj(s)als—ﬂv+ J((s,x—s+£)02(s)ds>
+§/ﬂ:t¢/l/(s,t—x+s)a(s)ds—;/;t,/i/(s,m—s—t)a(s)ds
_;/z N (s, 2 — s+ t)o(s) ds—/: @(s)o(s) ds,
T r—t
/(%,W,%):—;/zt%(s,t—x—i—s)a(s)ds—;/ H (5,2 — s — D)o(s) ds
—l—% :t%(s,x—s—l—t)a(s) 5 (/ H (3,6 —a + 5)0%(s)ds
o—¢
+L H(s,x —s—E)o*(s)ds + . Ji/(s r—s+&)o ()ds>
_;/ggitﬂ/(s,t—x+s)a(s)ds+;/;tﬂ(s,m—s—t)a(s)ds
N s+ [« d
~3 i (s, —s+t)o(s)ds /0 (s)o(s)ds,
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Ig(%,%):—;/ggdf(/gﬁ %(3,5—;U—I—S)JQ(s)ds—I—[fj%/(s,x—5—5)02(3)613

/Jifstrf )/%

We solve the system (2.5) by iterations:
%-ﬁ-l = I)X/(Ji/na %7%71)7 f/Vn-i-l = IJV(’%’L?{/%LJ%’H% (gn-‘rl = I(If(%v%n% n = 0.

Induction yields the estimates:

O 1A (01 < 3 (1051 + 10259 @@)y/25 +a" @ @)y 2,
Gal@)] <a"Q" @)y /25, n>1,

where Q(7) = ||0||1,(0,2) and a is a positive constant depending on ||o|, (). Consequently,

%::i%/n, J/::i%
n=0 n=0

converge in Lo (ID), and the series

the series

=2 (@)
n=0
converges absolutely and uniformly on [0, 7]. By construction, the functions %, 4", and € satisfy
the relations (2.1), (2.2), and all the other claimed properties. O
For each fixed = € [0, 7], the relations (2.1) and (2.2) yield the asymptotic formulas

p(x,\) = cos pr + s:(p),  ¢l(w,N) = —psin pz + psa(p) + ¢V (2,0),  (26)
A(X) = —psinpm + pr(p) + A(0). (2.7)

The relation (2.7) implies the standard estimate from below:

A = Cslplexp(|7|m), peGs, ol =p", (2.8)
Gs:={peC:|lp—n|>0,neZ} (2.9)

Here we mean that, for every § > 0, there exist positive constants p* and Cj such that (2.8) holds.

Denote by S(z, A) and ¥(z, A) the solutions of equation (1.1) satisfying the initial conditions

S(Ov )‘) =0, S[l](O> >\) =1, \Ij(ﬂ-7 >\) =1, \Ilm (777)‘) = -
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For each fixed = € [0, 7], the functions ¥(x, \) and S(x, \) are entire in X. The following asymp-
totic formulas can be obtained similarly to (2.6):

U(z,\) = cos p(m — ) + sx—z(p), qj[l]($7 A) = psinp(m — z) + pser—z(p) + \P[l](xa 0).
(2.10)

The Weyl solution ®(x, \) is the solution of equation (1.1), satisfying the boundary conditions
al(0,)) = 1, oM (7, \) + HO(w, \) = 0. The Weyl function is defined as follows: M(\) :=
®(0, \). One can easily obtain the relations

Bz, \) = —\I/A(”E’A?), (\) = —WA(?’A?), (2.11)
O(z,\) = S(x,\) + M(N)p(z, N), (2.12)
(p(x, ), ®(x,N)) = 1. (2.13)

Consequently, ®(x, A) for each fixed « € [0, 7] and M () are meromorphic functions of A with
simple poles at A = A\, n > 0. Note that

)\Iie)\s M) =a,, n>0. (2.14)

Lemma 2.2. The following asymptotic relations hold
2

Pn =N+, an=—+3x,, n>0. (2.15)
7r

Proof. The asymptotic formula for p,, is obtained by the standard method, based on Rouché’s The-
orem and the relation (2.7). In order to study the asymptotic behavior of «,, we combine (2.11)
and (2.14):

)
ay = (0, An) (2.16)
d A
o A)
In view of (2.7) and (2.10), we have
T
U(0,A) = cos pm + 2(p), d%\A()\) = —5 cospm + s (p).
Putting p,, = n + s, we arrive at the relation «,, = % + . ]

Spectral data asymptotics analogous to (2.15) for the case of the Dirichlet boundary condi-
tions are provided in [15, 24].

Similarly to [1, Theorem 1.4.6], we obtain the formula

MO =35 f”/\n. (2.17)

n=0

Thus, the Weyl function is uniquely determined by the spectral data and vice versa. Therefore
Inverse Problem 1.1 is equivalent to the following one.

Inverse Problem 2.3. Given the Weyl function M (), find o and H.
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3 Uniqueness

The goal of this section is to prove the uniqueness theorem for Inverse Problem 1.1, by using the
method of spectral mappings.

Along with the problem L = L(o, H), we consider another problem L = L(&, H) of the
same form as L, but with different coefficients & and H. We agree that, if a certain symbol ~
denotes an object related to L, the symbol 4 with tilde will denote the analogous object related to
L. We emphasize the difference of quasi-derivatives for these two problems: y!!! = 3/ — oy for L
and yl! = ¢/ — &y for L. The following theorem says that the spectral data uniquely specify the
problem L(o, H).

Theorem 3.1. If \,, = \,, and o, = &, foralln > 0, then o = & in Ly(0,7)and H = H.

Proof. Introduce the matrix of spectral mappings P(x, ) = [Pji(x, A)]; k=1,2 as follows:

P(z, \) [ﬁx N fi[)lgx’ Y ] = [ ﬁx Y ([Ii](x » (3.1)
oM (z, A) @ (z, \) ez, \) M (x, N).
Using (3.1) and (2.13), we derive the relations (the arguments (x, \) are omitted for brevity):
Py =@l —ogll, Py =35 - 0d. (32)
Consequently,
Py =1+ @M — o) — ol — o) Py =0(3 - ¢) — (- ). (3.3)

It follows from (2.6)-(2.8) and (2.11) that, for each fixed = € [0, 7],

Pz, A) — @l (z, A) = o(pexp(|7]z))

O(z,A) = O(p~exp(—|7]x)), P(x,A) — (z,A) = o(p™" exp(—|7]x)) ca
®l1l(z, 1) — (2, \) = ofexp(—|r]z)) peme

p(z,A) = Oexp(|7lz)), @(x,A) = ¢(x, A) = o(exp(|7])) } peC

as |p| — oo uniformly by arg p. Substituting these estimates into (3.3), we obtain
Pij(z,\) =615 =0(1), peGs |p| — o0, (3.4)

where j = 1,2, §;; is the Kronecker delta.

Furthermore, according to (3.2) and (2.12), we get

Py = oS — Sgl 4 (M — M)ppl!),
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Piy = 8 = ¢S+ (M — M)pg.

In view of (2.17), the conditions of the theorem imply M (\) = M (). Consequently, the
functions P j(x, \) are entire in A-plane for each fixed x € [0,7], j = 1,2. Using (3.4) and
Liouville’s Theorem, we conclude that Py (z,\) = 1, Pia(z,A) = 0. Then the relation (3.1)
yields o(x, \) = o(x, A).

Subtracting the relations

—(¢' —op) —o(¢ —op) — oo = Ao,
—(¢' —Gp) — (¢ —Gp) — 520 = Ao,

we obtain the relation
(0 =6)p) = (0 —d)¢,

which holds a.e. on (0, 7). In addition, the function (0 — &) is absolutely continuous on [0, 7].
Fix such A that o(x, \) # 0, z € [0, 7]. Then it is clear that the function (¢ — &) is absolutely
continuous on [0, 7] and (0 — &)’ = 0 a.e. on (0,7). Thus ¢ — ¢ = C. Using the boundary
conditions ¢[1(0, \) = 0 and 3!1(0, \) = 0, we conclude that ¢:(0) — 5(0) = 0,50 o(z) = ()
a.e. on (0, 7). Hence the quasi-derivatives y[!l coincide for L and L. Comparing the boundary
conditions of L and L at x = 7, we conclude that H = H. OJ

4 Main equation in a Banach space

In this section, Inverse Problem 1.1 is reduced to a linear equation in a Banach space. First, we
use the contour integration in the A-plane to derive an infinite system of linear equations (see
Lemma 4.1). Second, a special Banach space is introduced, and the system is rewritten as the
so-called main equation in that space. Third, we investigate the properties of the operator partic-

ipating in the main equation. Those properties play an important role in the next section.

Suppose that we have two boundary value problems L = L(co, H) and L = L(&, H). Ev-

erywhere below, we assume that 6(x) = H = 0, z € [0, 7. Define the function

Do) o= LI [0 2o, @)

Introduce the notations
A0 == An,  Anl = An,  Pn0 = Pn, Pnl = Pny O 1= Oy, Ol i= Ol

(Pm(x) = SO(.%', )‘nl)a Sam(x) = Q(ND(JZ', )‘m)a i = O> 17
§n = |pn — Pul + oy —anl, n>0.



134 Natalia P. Bondarenko

n [1, Section 1.6.1], the following estimates have been obtained:

. Cexp(rlz) & - C exp(|7]2)&
D(z, A\, A\ D(x, A\ Ago) — D(x, A Ajp)| < —————== 4.2
‘ (.’IJ, ’ kj)|_ ‘ k“—i-l ‘ (I’, ’ k‘O) (iL‘, 3 k’l)|_ ’p—k‘—f—l ’ ( )
1D(2, Ay Ai)| < ¢ |D(2, Anis Ako) — D@, Ay A1)| < Ol (4.3)
y \niy \kj _| k|+1 y gy AKO y A\ngy Nkl _| k"le .
where z € [0, 7], Rep > 0,n,k > 0,4,5 =0, 1.
Lemma 4.1. The following relation holds
B(z,A) = o(z, ) + > _(aroD(z, A\, Aeo)pro(z) — apr D(m, A, A1 )pra () (4.4)

k=0

where the series converges absolutely and uniformly by € [0, 7] and by A on any compact set.

Proof. Denote by = the image of the region {0 < Imp < 7} in the A-plane under the mapping A =
p2. We choose 7 > 0 such that \,,; € Eforalln > 0, 7 = 0, 1. In view of the asymptotics (2.15),
such 7 always exists. Define the region

Cy:={ eC: |\ < (N+1/2)?}, NeN

Denote by Y and I'y the boundaries of the regions = N Cy and Cly, respectively (with the

counter-clockwise circuit).

Repeating the arguments of the proof of [1, Lemma 1.6.3], we obtain the relation

1 / @(x7 )‘)Pll(ajvf) + (/3[1} (.’B, A)PIQ(:U7§)
TN

Pl A) =@z, A) + o — d§ +en(z,X), (4.5)

2711 A—¢
where "
en(z,\) = 7% ! G(x, \)(Pr1(z, ) —)\1) 45— QM (x, A) Pra(z, §) .

Using (3.4), we show that limn_,o ex (2, A) = 0 uniformly by = € [0, 7] and A on compact sets.
Substituting (3.2) into (4.5), we obtain

PN = ple ) + 5 [ (@ N ol 93,6 - (. )50 2,6)

211

+ e, ) (@(a, p(,6) — (o B(@.€) 7o g + en(o )

Using (2.12) and (4.1), we derive the relation

B N) = (@ N+ [ D A E)M(E) — N(€)p(x, €) dé + enle, ),

21 Jy,,

because the terms with S(z, £) and S(z, £) vanish by Cauchy Theorem. Calculating the integral
by Residue Theorem and passing to the limit as N — oo, we arrive at (4.4). O
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Define the set of indices J := {(n,7): n > 0, i = 0,1} and the functions

Rni,kj(l') = (—1)ja;€jf)(az, )\m', )‘kj)u (TL, i), (k‘,j) € J. (4.6)
Setting A = \p; in (4.4), we obtain the following system of linear equations with respect to
{6nit(n,iyer
oo 1
@nz( me Z Z ni kj SDk:] ) (TL, Z) € J. (4.7)
k=0 j=0

Note that the series in (4.7) converges only in the sense limy o Zé\;o(. .. ). Therefore, further

we transform (4.7) into a linear equation in a special Banach space.

Let B be the Banach space of infinite sequences in the form f = { fu; }(5,i)e> satistying the

conditions:

(i) If)\nO = )\n1> then an = fnl-

(ii) [[ 1l = sup,,»o max{[ frol; Xn|fno — fn1]} < oo, where

|,0n0 - pn1|_17 ianO 7& Pnl,

0, otherwise.

n

For simplicity, we assume that Ao # Ag; for n # k. One can easily achieve this condition

by a shift of the spectrum.

In view of the asymptotic formulas (2.15) and (2.6), for each fixed = € [0, 7], the sequences

¢(z) = {Pni(T)}(n)es and b(z) = {#ni(2) } (n,i)es belong to B. For each fixed » € [0, 7],
we define the linear operator R(z): B — B, acting on an element f € B by the following rule:

oo 1
= "> Ruiki(@) frg,  (n,i) €. (4.8)
k=0 j=0

Lemma 4.2. For each fixed z € [0, 7], the operator R(z) is bounded and can be approximated

by finite-dimensional operators with respect to the operator norm ||.|| 5— 5.

Proof. Using (4.6) and (4.8), we obtain

(R(x)fni = Y (aroD(x, Aniy Meo) fro — a1 D(, Ay A1) 1)

NE

£
I
o

((eko — 1) D(x, Ay Mko) fro + et (D (2, Anis Ako) — D(@, Anis M) fro

e

i}
o
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+ k1 D(z, iy Met) (Fro — frr))-

Since f € B, we have

|frol < IfllB, | fro = fral < | fllBEk, k>0, (4.9)

Using (2.15), (4.3), and (4.9), we conclude that

[(R(2) f)ni] < CHfHBZ T k| . (mi)e (4.10)
Analogously, one can show that
|(R(x) f)no — (B(x) )| < CIlfl|Blon0 — pui Z w n > 0. (4.11)

Combining (4.10) and (4.11) and using the definition of ||. || 5, we arrive at the important estimate

1) < 0supz S

. (4.12)

Since {{x} € la, we get
o0 1/2
s <o (S6)
k=0
Hence, the operator R(z) is bounded from B to B uniformly by z in [0, 7].

In addition, the operator R(z) is approximated by the finite-dimensional operators R (z),
N — o0, acting by the rule:

N o1
=Y > Rupi(@)fej, f€B, (ni) e

k=0 j=0

O]

Note that our definition of the operator R(x) is slightly different from the definition of the
operator H(x) in [1, Section 1.6.1]. The authors of [1] define their operator in the standard space
m of bounded sequences but by more complicated formulas than ours. These two approaches
are equivalent, but our approach is more convenient for future generalizations to matrix Sturm-

Liouville operators.

Thus, for each fixed = € [0, 7], the relations (4.7) can be considered as the following linear

equation in the Banach space B:

(I + R(z))o(z) = ¢(), (4.13)
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where [ is the identity operator in B. We call (4.13) the main equation of Inverse Problem 1.1.
Using this equation, one can constructively solve the inverse problem. Indeed, ¢(z) and R(z)
can be constructed by the spectral data {\,, , }°%, and the model problem L. The solution
¢(z) of the main equation is related with o and H. We describe the algorithm for solving Inverse

Problem 1.1 in more detail in Section 5. Now we study some important properties of the operator

Lemma 4.3. For each fixed z € [0, 7], the operator R(x) maps B into 5 and is bounded from B
to o uniformly by x € [0, 7].

Proof. Using (4.1), (4.6), and (4.8), we derive

= Z/o c08(pnit) (froouo cos(prot) — friaki cos(prit))dt, (n,i) € J.  (4.14)

By virtue of the estimates (2.15) and (4.9), the series
o
Z froaro cos(prot) — friam1 cos(prit))
k=0

converges in Lo (0, 7) and
1E N 20.0) < ClIfll - (4.15)

Consequently, one can swap the sum and the integral in (4.14) and arrive at the relation

gni(x) = /w F(t) cos(pnit) dt. (4.16)
0

In view of (2.15), the sequences {cos(pnit)}n>0 for i = 0,1 are Riesz bases in Ly (0, 7) (see
[40]). The formula (4.16) gives the Fourier coefficients of the functions Fjg (t) with respect to

the corresponding biorthonormal bases, where

F(t), te(0,z),
Foaq= 10 10
0, te(z,n).
Hence, {gni(2)} (n,i)es € l2 and
[{gni(@) i, < CllFo.2)llL20.7) < CIF o007 < Cllf |l B-

This yields the claim. O
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Lemma 4.4. Suppose that f = {fyi}(n,i)es € B and gni(x) := (R(x) f)ni- Then the sequence
{(gno — gn1) ()}, belongs to [; for each fixed x € [0, | and

1{(gno = gn1) (@)}, < Cl 5,

where the constant C' does not depend on «.
Proof. Using (2.15), we obtain the relation
cos(pnot) — cos(pn1t) = cos((n 4 s, )t) — cos(nt) = — st sin(nt) + O(52), (4.17)
where the O-estimate is uniform with respect to ¢ € [0, 7. Substituting (4.17) into (4.16), we get
o) = gna(a) = [ F(O)(cospuat) = cos(puat)) dt = by () + 7o)
kn(z) == — /Ox F(t)tsin(nt)dt, |rp(z)] < C%Z||F||L2(0,7r)~

For the Fourier coefficients {k,, ()}, we have

00 1/2
(Z Ikn($)|2> < ClF|ly0x) z€[0,7].
n=0

Consequently,
> lgn0(@) = gn1(@)] < ClIF 1y 0)-
n=0
The latter estimate together with (4.15) yield the assertion of the lemma. O

Lemma 4.5. R(z) is continuous with respect to « € [0, 7] in the space of linear bounded opera-
tors from B to B.

Proof. Let 29 and x be arbitrary points in [0, ]. Following the proof of Lemma 4.2, we show that

&k

N o0
|R(w) = R(o)llse < Cle — a0l 3_ge+Csup > —imy

k=1 n20p N1

for every N € N. For the second term, we have

TN::CsupZ §k<Cl<Z§,§) .

n20 N1 n—k[+17 k=N-+1
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Hence, for each fixed ¢ > 0, one can choose N € N such that Ty < §. Fix this value of IV and
xo € [0, 7]. Then one can find sufficiently small 6 > 0 such that, for every z € [0, 7] satisfying
|z — xo| < 6, the following estimate holds

N

€

Clz — o] ka < 7
k=1

Thus, for each fixed zp € [0,7] and ¢ > 0, there exists § > 0 such that, for every z € [0, 7]
satisfying | — zo| < 6, we have ||R(z) — R(z0)||pp < & ie, R(x) is continuous at every
To € [0, 7T]. ]

5 Necessary and sufficient conditions

In this section, we provide necessary and sufficient conditions of solvability for Inverse Prob-
lem 1.1. First, we consider the self-adjoint case, when the function o(x) is real-valued and the
constant H is real. For this case, we formulate the necessary and sufficient conditions in Theo-
rem 5.1 and prove the sufficiency part of that theorem. An essential part of our proofis Lemma5.2,
which asserts the unique solvability of the main equation (4.13). Further, we develop the con-
structive Algorithm 5.8 for solving Inverse Problem 1.1. In the end of this section, necessary and
sufficient conditions are obtained for the general non-self-adjoint case (see Theorem 5.9).

Theorem 5.1. For numbers {\,, o, }22, to be the spectral data of a boundary value problem
L(o, H) in the self-adjoint case (i.e., o (z), z € (0, 7),and H arereal), it is necessary and sufficient
to fulfill the following conditions:

(1) An, oy arereal, a, > 0and A, # A\ foralln, k > 0,n > k.

(ii) The asymptotic formulas (2.15) hold.

The necessity part of Theorem 5.1 is already known, so we focus on the proof of sufficiency.
Let {\n, a }52 o be arbitrary numbers satisfying the conditions (i), (ii) of Theorem 5.1. Using
{An, @ }22; and the model problem I = L(0, 0), we construct the Banach space B, the element
¢(x) € B, and the operator R(z): B — B for each z € [0, 7, as it was described in the previous
section. Consider the equation (4.13) with respect to the unknown element ¢ ().

Lemma 5.2. For each fixed = € [0, 7], the operator (I + R(z)): B — B has a bounded inverse,
so the main equation (4.13) has a unique solution ¢(z) € B.

Proof. Let x € [0, 7] be fixed. By Lemma 4.2, the operator R(x) can be approximated by finite-
dimensional operators. Therefore, according to Fredholm’s Theorem, it is sufficient to prove that
the corresponding homogeneous equation

(I +R(2)B(z) =0, B(z) = {Bni(@)}npyes € B, (5.1)
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has the only solution 3(z) = 0 in B. Since 3(z) = —R(z)(x), Lemmas 4.3 and 4.4 imply that
{Bni(2)Ymiyes €12, {Bno(z) — Brr(z) 1o € b (5.2)

Define the functions

Y&, A) == (ko D(, A, ko) Bro(x) — i D(, A, A ) Bra (@), (5.3)
k=0

D(z,A) ==Y (aroE(x, X, Aeo)Bro() — apr E(x, X, A1) Bra (), (5.4)
k=0

E(z, A\ p) == (@(a, i) ,U( ,u)>7 (5.5)

B(x,)) == vy(x, )(z, ).

The function ~y(x, \) is entire in the A-plane, the functions I'(x, \) and %B(x, \) are mero-
morphic in A with the simple poles {\,,;}. In view of (5.1), y(z, Ani) = Bni> (n,4) € J. Itis easy
to check that

Res B(x,)\) = anolBno(2)|?>,  Res B(x,N\) =0 (if \po # An1)- (5.6)
A=Ano A=An1

Using (5.3), we derive

Y@, A) == (ko — k1) D(x, X, Aro) Bro (@ Zam (2,2, Ako) = D(, A, A )) Bro (@)
k=0
= D, A, Met) (Bro(@) — Bra ().
k=0

Using (2.15), (4.2), and (5.2), we get

[e.e]

|v(z,\)| < C(x) exp(|T|z) Z
k=

ky +1 (57)

Here and below, p = v/, Re p > 0, and the notation {6} is used for various sequences from /1.
Analogously, using (5.4) and (5.5), we obtain the estimate

C(z) S Ok
I'(z, V)| < exp(—|7|z —_—
Tz, A)| B p( ||)k§:0|p_k|Jrl

for sufficiently large p* and sufficiently small § > 0. Hence,

2
S O(z) ¢ o (VO)? X
|%(x, A 0] <Z|p k|+1> < 7] kzo\[k2z;)k|+)v p € Gs,|pl = p"

p€Gs, |pl=p",
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Suppose that A € Ty, Iy = {\: |A| = (N + 1/2)?}, N € N s sufficiently large. Then

C(l‘)f -
Bz, A)l < Z N—|—1/2—

Obviously, { fx} € [;. This implies

Thus there exists a sequence { N} such that Z(z, \) = o(N, ?) as k — oo uniformly by \ €
I'n,.. Consequently,

lim B(x,\)d\ = 0.

k—o0 FN

Calculating the integral by the Residue Theorem and using (5.6), we arrive at the relation

Ny
li 2=0.
kggo;oanolﬁno(x) 0

Since a9 > 0, we get Br0(x) = 0 foralln > 0.

Consider the entire function

[e.9]

AN =m0 =N ]

n=1

Ap — A

> (5.8)

It follows from the relation v(x, \,) = Bro(x) = 0, n > 0, that the function A((A)S) is entire.
In addition, (2.15) and (5.8) imply the estimate (2.8). The estimate (5.7) yields that y(z, \) =

O(exp(|7|x)). Consequently,

Op™), ol = oo

By virtue of Liouville’s Theorem, y(z, A) = 0. Hence, B,1(z) = v(x, Ap1) = 0, n > 0. Thus we
have shown that the homogeneous equation (5.1) has the only solution S(x) = 0, so the lemma
is proved. O

Lemma 5.3. Let ¢(z) = {¢ni(¥)}(n,i)cs be the solution of the main equation (4.13). Then its
elements can be represented in the form ¢,;(x) = cos(nz) + Yni(z), (n,i) € J, where the
functions 1/p;(x) are continuous on [0, 7], the sequence {¥ni()}n,i)cs belongs to I for each
fixed x € [0, 7], and |[{tni(x) }||s, is uniformly bounded for = € [0, 7|. Moreover, the series

O(z) := Y _(thno — 1) () cos(nx) (5.9)

n=0

converges in Ly (0, 7), and {(¢n0 — ¥n1)(7)}22, € 1.
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Proof. By Lemma 5.2, there exists the operator P(z) = (I + R(x))~", bounded for each fixed
x € [0, 7). In particular, | P(zo)|| < co. Here and below ||.|| = .|| 5_ 5. By Lemma 4.5, R(z) is
continuous at z = x, so there exists > 0 such that, for every = € [0, 7] satisfying |z — zo| < 0,

the following estimate holds:
~ ~ 1
[1B(z0) = R(2)]| < s
2[|P(zo)|

Using [1, Lemma 1.5.1], we obtain that

P(z) — P(xo) = ) _(R(xo) — R(x))"(P(x0))**".
k=1

Consequently,
1P(x) = P(xo)ll < 2|[P(wo)[*||B(x0) — R(x)I| = 0,z — xo.

Thus P(x) is continuous in  in the space of linear bounded operators from B to B, so || P(z)|| s 5

is uniformly bounded for z € [0, 7]. Since ¢(z) = P(z)¢(x), we get that ¢(z) is continuous by
x in B and ||¢(z)|| g is uniformly bounded for = € [0, 7.

Denote
Vni(x) 1= oni(x) — cos(nx),  Vni(x) := Pni(x) — cos(nz), (5.10)
(@) = {Uni(@) Yiyes, V@) = {Uni(@)}nies-
The main equation (4.13) yields

P(z) = P(z) — R(x)p(). (5.11)

Using the asymptotic formulas (2.15), we get that ¢)(z) € Iy and ||¢)(x)||;, is bounded uniformly
by z € [0, 7]. Together with Lemma 4.3, this yields that ¢(z) € I3 and ||¢)(x)]|;, is uniformly
bounded by = € [0, 7].

According to Lemma 4.4, we have

{(B(2)¢(2))no — (B(2)d(x)m Yoo € b (5.12)
Using (4.17), we get
Vo () — Pn1(x) = cos((n + sn)z) — cos(nz) = —s,zsin(nz) + O(52).

Consider the series

O(x) := Z@”O — 1) (z) cos(nz) = —g Z s sin(2nx) + Z O(522). (5.13)
n=0 n=0 n=0

Obviously, the series O(x) converges in Ly(0, ). Combining (5.11), (5.12) and (5.13), we con-
clude that the series (5.9) converges in L (0, 7) and {(¢n0 — ¥n1)(7) }02, € 1. O
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Construct the function o (x) and the real H as follows:

= —22 n0Pn0(2)Bn0(T) — an1@n1 (2)Bn1 () — 3 (om0 — 1)), (5.14)
H = — Z(anOSDnO(ﬂ')SBnO(Tr) — Op1Pnl (77)95711(71') - (anO - anl))- (5.15)
n=0

Lemma 5.4. The series (5.14) converges in Lo (0, 7) and the series (5.15) converges.

Proof. Substituting (5.10) into (5.14), we represent o(x) in the form

o(x) = =2(Z1(2) + Za(x) + Z3()),

e}

Zi(x) == Z(ano — anl)(cos Z 7y, cos(2nx),
n=0
Zaw) = 2 3" (o) + Do) — s (2) — s () cos(na) = > (O(a) + 6(a)),
n=0
Zs(x) 1= (no — n1) ($n0 (@) + Pno(x)) cos(nz) + D (notno (2)Pno () — m1tbnt ()1 ()
n=0 n=0

Obviously, Z;(z) converges in L2(0, 7). The convergence of Zs(x) in L2(0,7) follows from
Lemma 5.3. Lemma 5.3 also implies that the sequences {t,,;(z)} and {¢,,;(z)} belong to I,
and their elements are continuous on [0, 7|. Therefore the series Z3(x) converge absolutely and
uniformly on [0, 77]. Hence, 0 € L2(0, ).
Substituting (5.10) into (5.15), we get
_1\yn+l X
A = 25 S (7 + o) — ot (1) — (1))

m
n=0

+ (=)™ (om0 = 1) (a0 () + Yno(7)) = > (000 (T)thno () = n1thnt () ¥na (7))
n=0

By virtue of Lemma 5.3, we have ¢ (7) € Iy and {()no — ¥n1)(m)} € 11, and the same relations
are valid for 1;(77) Using (2.15) together with Lemma 5.3, we conclude that the series for H

converges. O

Consider the problem L = L(o, H), where o and H are constructed by (5.14) and (5.15),

respectively.

Lemma 5.5. The numbers {\,,, a,, }72  coincide with the spectral data of L(c, H).
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In order to prove Lemma 5.5, along with {)\,,, o, }52, we consider the data {\Y, '}

defined as follows:
)\n’ n S Nv N an’ n < N7

AV =S ol = - N eN. (5.16)
)\n7 n > N7 dn, n > ]\[7

For each fixed N € N, the data {\}Y, aN'}22  satisfy necessary and sufficient conditions
for being the spectral data of the Sturm-Liouville problem with a regular potential (see [1, Theo-
rem 1.6.2]). Hence, there exist a real-valued function ¢ € Ly(0, ) and reals h¥, g™V such that

{)\N N oo

oy, 102 are the spectral data of the boundary value problem

—" + ¢V (@)y =Ny, x€(0,7),
y'(0) — hVy(0) =0, o/ (m)+ g"y(m)=0.

The latter problem is equivalent to L(c™, HY) with
o (z) = A +/ N()ydt, HY =gV +oV(n). (5.17)
0

By virtue of [1, Lemma 1.6.5], the data qN , hN and gN can be constructed by the formulas

N

&0 (@) = ) _(Cno@no(@)@no(x) — anippy (2)dni (2)), (5.18)
n=0

N (z) = —Q%zsév(m), WY = —eV(0), ¢~ =&b(n). (5.19)

Here ¢ (2) = {©}(x)} (.41 is the solution of the main equation
(I + RN (2))¢" (x) = ¢" (x), (5.20)

analogous to (4.13). The operator R () and the infinite vector ¢V () are constructed similarly
to R(z) and ¢(x), respectively, by using the data {\Y,aN'}>° ; and the model problem L =

L(0,0). Note that <pm-( x) = Ppi(x) foralln < N,i = 0,1, and SOno( ) = Lpnl( ), gono( ) =
N (z) foralln > N.

Using (5.17)-(5.19), we derive the formulas

= -2 Z OénO(PnO (PHO( ) anl(pr]:[l ($)S5n1 (JZ’) - %(ano - anl))a (5-21)
N
HN = = (anopho(m) @m0 () = an1op (1) 1 (1) = (atno — n1)). (5.22)

n=0
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Lemma5.6. ¢V — o in Ly(0,7) and HYN — Has N — oo, where o, H, oV, HY are defined
by (5.14), (5.15), (5.21), (5.22), respectively.

Proof. According to the main equations (4.13) and (5.20), the following relations hold forn < N,
i=0,1,z€[0,7]:

(Pm + Z Z Rm k:j Spk] ) @ni(x)y

k:OjO

me + Z Z an kj ka] ) §5m (JT)

k=0 j=0
Subtraction yields
N o1
(i) = ) + 30 Poiag @) — 5D + 3 3 Rrsaslahinse) = 0.
k=0 j=0 k=N+1j=0
Define 6V () = {6)(2)} (n,i)e as follows:

pni(r) — @li(z), n <N,
0, n>N.

%) =

For each fixed = € [0, 7] and N € N, the sequence 6" (x) belongs to B and satisfies the equation

(I + R(2))0" () = ¢V (x), (5.23)
where ¢V (z) = {((2)} niyes € B,

— S0 w1 Buigej(£)prj(x), n <N,
0, n>N.

Goi () =
Analogously to the proof of Lemma 4.2, we obtain the estimate:

1KY (2) |8 < Cllgp(a HBsup Z

k:Nl

w —0, N — o0,
uniformly by x € [0, 7].

According to Lemmas 5.2 and 5.3, the operator (14 R(z)) " exists and is bounded uniformly
by z € [0, 7]. Consequently, the solution 8 (z) = (I + R(z))~*¢" (z) of equation (5.23) tends
to zero in B as N — oo uniformly by 2 € [0, 7]. Using Lemma 4.3, we get R(z)0N (z) € Iy
and || R(z)0N (z)];, — 0, | (x)]|;, — 0as N — oo uniformly by = € [0, 7]. Using (5.23), we
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conclude that ™ () € I and ||0™ (x)||;, — 0as N — oo uniformly by z € [0, 7]. Now relying

on Lemma 4.4 and its proof, we obtain

Jim Z 10( (z)] =0 (5.24)

uniformly by z € [0, 7].
Subtracting (5.21) from (5.14), we get

o(x) — o™ (z) = —2(A" (z) + 75" (2)),

N
(@) = (ano(pno(x) = ono(2))Pn0(2) = a1 (n1 (z) — 911 () B (),
n=0
yQN(x) = Z (@no(pnO(w)@nO(x) - anl@nl(x)génl(x))-
n=N+1

By Lemma 5.4, the series for o(z) converges in L2 (0, 7), so ||#3" ||, — 0as N — oc. In order

to prove the same for ./, we derive

N
(@) =Y (ano — an1)fpy(2)P Ze )(@no() — @i (2))
n=0 ) N
—i—;Z(G%() 0N (z)) cosnz. (5.25)
n=0

Recall that { a0 — a1 } € Io, [|0V () ||1, — 0as N — 00, Ppo(x) = O(1), {Pno(x) —Pp1(x)} €
l2 and (5.24) holds. Therefore, all the three sums in (5.25) tend to zero as N — oo uniformly by

€ [0,7]. Thus ¢ — o in Ly(0,7) as N — oco. Analogously, we show that HY — H as
N — o0, by subtracting (5.22) from (5.15). O

Lemma 5.7. Suppose that o and 0¥, N € N, are arbitrary functions from L (0, 7r) such that
oV — gin Ly(0,7)as N — oo and H, HY, N € N, are arbitrary reals such that HV — H as
N — oo. Let {\n, 0, }52 5 and {AY, V122 be the spectral data of the problems L(o, H) and
L(o™N, HV), respectively. Then

[e.o]

Aim Z;upff — pal + Lol —an)? = 0. (5.26)
n—=

Proof. Theorem 2.1 implies that

A(X) = —psinpr + p/ P(t)sinptdt + 2, P € Ly(0,7), (5.27)
0
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P(t) = W(w,t)—H(l—k/f%(w,s)ds), P = %(WHH(H/OWW(W,S)@).

Similarly, the characteristic function A™()) of the problem L(c™V, H") can be represented in

the form

AN(N) = psinpw+p/0 PN sinptdt + 2N, PN e Ly (0, 7).

Analyzing the proof of Theorem 2.1, we obtain that, if ¥ — o in Ly(0,7) and HY — H
as N — 0o, then 22V — P in Ly(0, ) and 2V — 9 as N — co. By virtue of Lemma 6.1, we
get

oo
li N pal*=0. 2
Ngnooglpn pnl> =0 (5.28)

It remains to prove the similar relation for a,. Using (2.16), we obtain

- o — BAC)EVOAY) = ¥(0, M) + (HAN) = FATODITON) o
n n - d d . .
AN AN ()

Differentiating (5.27), we get

d 1 1 (7 1 /7
JA()‘) = —g cos pm — 2 sin pm + 5 /0 tP(t) cos pt dt + 210/0 P(t)sinptdt. (5.30)

Analogously to (2.1), we have
U (0,\) = cos pm +/ H(t)cosptdt, X € La(0,7). (5.31)
0

The relations similar to (5.30), (5.31) are valid for the functions %AN(A), TN (0, \) with 2V,
AV instead of 2, #, respectively. If oV = oin Ly(0,7) as N — oo, we have BN — R in
Ls(0, ).

For sufficiently large Ny and N > Nj, the relations (2.15), (5.28), (5.30), and (5.31) imply
the estimates

AAQIT SO JAANONT <O [AAN) SO [B(0,0)] < C,
[TV (0,A) = W(0, A)| < Cllpn — | + 7)), (5.32)
AAG) — AAYON)] < Cllpn — o] + 1]+ [dY]),

where

N [T — ZN(t)) cosn pY = ' — 2N (t))cosn
T —/0 (Z(t) — 2" () tdt, p, /Ot(ﬂ(t) 2N(1)) tdt,
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= /ﬂ(@(t) — N (1)) sinnt dt.
0

Recall that 2V — P and #V — % in Ly(0,7) as N — oo. Using Bessel’s Inequality for the
Fourier coefficients, we get

. ~N |2 AN |2 IN |12y _
dim S (Y + YY) o (5.33)
Combining (5.28), (5.29), (5.32) and (5.33), we arrive at (5.26). ]

In view of the asymptotics (2.15), the relation (5.26) holds for the data {\Y, alV}>° (N €

n Jn=0>

N, defined by (5.16). By virtue of Lemma 5.6, 0 — o in L2(0,7) and HY — Has N —
oco. Therefore, by Lemma 5.7, the spectral data of L(c™, HV) converge to the spectral data of
L(o, H) in the sense (5.26). Hence, the initially given numbers {\,,, a;, } 52, are the spectral data
of the problem L, so Lemma 5.5 is proved. Lemmas 5.2-5.5 together yield the sufficiency part of
Theorem 5.1.

Finally, we arrive at Algorithm 5.8 for constructive solution of Inverse Problem 1.1.

Algorithm 5.8. Let the data {\,,, o, } 52, be given. We need to find o and H.

1. Take the model problem L = L(0,0).
2. Construct the sequence ¢(z) = {#ni(2)} (n,ies and the operator R(z), using (4.1), (4.6).
3. Solve the main equation (4.13) and so get ¢(z) = {©ni(Z) } (n,iye-

4. Find 0 and H by the formulas (5.14) and (5.15), respectively.

Now we proceed to the non-self-adjoint case, when o(z), € (0,7), and H are not neces-
sarily real. In this case, the proof of Lemma 5.2 fails. Therefore, we include the requirement of
the unique solvability of the main equation into the necessary and sufficient conditions, given by
the following theorem. We say that the problem L(o, H) belongs to the class V if A, # A, for all
Theorem 5.9. For numbers {\,,, o, }2°, to be the spectral data of a boundary value problem
L(o,H) €V, itis necessary and sufficient to fulfill the following conditions:

() An # Ap, oy £ Oforalln, k> 0,n > k.

(ii) The asymptotic formulas (2.15) hold.

(iii) For each fixed = € [0, 7], the operator (I + R(z)): B — B has the bounded inverse.
Theorem 5.9 is analogous to [1, Theorem 1.6.3] for the case of a regular potential. By neces-

sity, condition (iii) is proved similarly to [1, Theorem 1.6.1]. The sufficiency part follows from
Lemmas 5.3-5.5, which are also valid for the non-self-adjoint case.
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6 Appendix

In this section, we prove the auxiliary proposition (Lemma 6.1), which is used in the proof of
Lemma 5.7. Note that analogous propositions for the case of regular potentials have been obtained

and applied to inverse problems in [41] (see Lemma 3) and in [42] (see Lemma 5).

Consider arbitrary entire functions of the form
A(N) = —psinp7r+p/ P(t)sinptdt + 2, (6.1)
0
AN = —psinp?T—i—p/ P (t)sinptdt + D, (6.2)
0

where A = p2, the functions &2, P belongto L2 (0, 7),and &, 9 are constants. Rouché&s Theorem
implies that A()\) and A()) have the zeros {p2}2°, and {2}, respectively, arg p,,, arg p, €
[—5,5)and

Pn =N+ 3y, pp=n-+ 3k, {0}, {30} €l (6.3)
Lemma 6.1. Let A()) be a function of the form (6.1) with simple zeros {p2}52,. Then there
exists § > 0 (depending on A()\)) such that, for any function & € Ly (0, ) and any constant 2

satisfying the estimates
|2 = Pllaom) <0 12 - 9] <, (6.4)

the zeros {52 }52, of the function A()\) defined by (6.2) satisfy the estimate

0o 1/2
(Zmn—ﬁnﬁ) <C(|2 = Pllaom +12 ~ D)), (6.5)
n=0

where the constant C' depends only on A()) and not on &, 2.

Proof. Consider the contours v, , := {p € C: |p— p,| = r}, where the radius » > 0 is fixed and
so small that the contours {7, » },>0 do not intersect with each other and (—p;,) ¢ int~,, for all
n,m > 0. (The case p,, = 0 requires minor changes). Define s(p) := A(p?), 3(p) := A(p?). If
P and 9 satisty the estimates (6.4) for some ¢ > 0, then

Co

o ls(p) =3 < Cln+1)6, p€rynyr, n=0,

where the constants C and C' depend on r and not on n, p, 2, 2. Consequently, we can choose
a sufficiently small § > 0 such that



150 Natalia P. Bondarenko

By Rouché’s Theorem, we conclude that, for each n > 0, the function 5(p) has exactly one simple

zero py, inside 7y, ;..

The Taylor formula yields
s(ﬁn) = S(p) + dips(en)(ﬁn - p’l’b)u 0, € int’)/n,m n > 0.

Subtracting (6.2) from (6.1), we get

~

s(pn) — 5(pn) = ﬁn/ P sinpptdt+ 9, P =P - P, 9:=9D—G.
0

Combining (6.6) and (6.7), we arrive at the relation
Pn — pn = (d%s(en))‘1 <ﬁn /OW P(t) sin ppt dt + 92) .
Using (6.1) and (6.3), we obtain the estimate
‘d%s(p)| >C(n+1), peinty,,, n>0.

We also represent sin p,t in the form

sin ppt = sinnt + 2, (t), { max %n(t)]} € ls.
tel0,m] n>0
Substituting (6.9) and (6.10) into (6.8), we get

= pal < C <|pn| 1Pl zagomyen + n'+'1) om0,

where {py, }°2 are the Fourier coefficients:

P = / P(t)sinnt dt.
0

Using Bessel’s Inequality, (6.4), and (6.11), we obtain the estimate (6.5).

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)
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