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Recovering Differential Operators on the Half-Line with

Indefinite Discontinuous Weights

Vjacheslav Yurko

Abstract. Non-self-adjoint second-order differential operators on the half-line with indefi-
nite discontinuous weights are studied. Properties of spectral characteristics are established
and inverse problems of recovering operators from their spectral characteristics are investi-
gated. For these class of nonlinear inverse problems algorithms for constructing the global
solutions are developed, and uniqueness theorems are proved.

1 Introduction

We consider the following differential equation

—'(z) + a(@)y(x) = Xr(@)y(), >0, (1)

Here ) is the spectral parameter, r(z) = —f3? forz < a,7(zr) = o forx > a,and a > 0,
B> 0,a € (0,7). The function ¢(x) is complex-valued, and (1 + x)g(x) € L(0, c0). Denote by
L the non-self-adjoint boundary value problem for Eq. (1.1) with the boundary condition

U(y) = y'(0) — hy(0) = 0, (1.2)
and with the jump conditions
y(a+0) = ary(a—0), y'(a+0) =y'(a—0)/ar + azy(a — 0), a1 # 0, (1.3)

here h, a1, ag are complex numbers, and at := a1 £+ i8/(aa1) # 0. The function r(z) changes
sign in the interior point = a which is called the turning point. In this paper we establish
properties of spectral characteristics of £, and study inverse problems of recovering £ from its

spectral characteristics. For definiteness, let Rea; > Oor Rea; =0, Imay > 0.
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Differential equations with turning points and indefinite weights arise in various areas of
mathematics as well as in applications (see [1, 2, 3] for details). In particular, they appear in
elasticity, optics, geophysics, electronics and other branches of natural sciences and engineering.
Moreover, a wide class of differential equations with Bessel-type singularities and their pertur-
bations can be reduced to differential equations with turning points and indefinite weights. It is
also known that inverse spectral problems play an important role for solving nonlinear integrable
evolution equations (KdV equation and others). Inverse problems for equations with turning
points and indefinite weights help to study the blow-up behavior of solutions for such nonlinear

equations.

Inverse spectral problems for the classical Sturm-Liouville equation —y” 4+ q(x)y = Ay, have
been studied fairly completely (see [4] and the references therein). The presence of turning points
and indefinite weights in the differential equation produces essential qualitative modifications in
the investigations of inverse problems. Inverse problems for the Sturm-Liouville equation on the
half-line with a smooth indefinite weight were studied in [5]. Inverse problems for the boundary
value problem (1.1)-(1.3) have not been studied yet. For solving these class of inverse problems
we develop ideas of the method of spectral mappings [6]. Using this approach we obtain algo-
rithms for constructing the global solutions of these nonlinear inverse problems, and prove the

corresponding uniqueness theorems.

2 Auxiliary propositions

Letp(z, A) and S(z, A) be solutions of Eq. (1.1) satisfying (1.3) and the initial conditions ¢ (0, \) =
S'(0,\) = 1, ¢'(0,\) = h, S(0,\) = 0. For each fixed z, the functions ) (z, \) and
S) (z,A),v = 0,1, are entire in X of order 1/2, and

(p(x,N), S(z,\)) =1, (2.1)

where (y(z), z(x)) := y(z)2'(z) — y'(x)z(x) is the Wronskian of y and 2.

Let A\ = p?, Imp > 0, p = o + i7, and let I, be the A-plane with the two-sided cut IT
along the arc By := {\: A > 0}. PutIT := II; \ {0}. The sets IL,, IIy and II corresponds
tothesets Ay := {p: Imp >0}, Ag:={p: Imp=0},A:={p: Imp > 0,p # 0},
respectively.

Let E(z, p), x > 0, Im p > 0, be the solution of Eq. (1.1) satisfying (1.3) and the condition
E(x,p)exp(—iapz) — lasz — oo.
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Lemma 2.1. For each x, the functions EW) (x,p), v = 0,1, are regular for p € A, are continuous
for Im p > 0, and are continuously differentiable for p € A. For |p| — oo, Imp > 0,v = 0,1,
the following asymptotical formulas hold:

EW)(z, p) = (iap)” exp(iapz)[l], =z > a, (2.2)
B0 (e, p) = PO expliapa) (a- exp(3p(a — ) i1}+
(—1)"ay exp(—Bp(z — a))[l]), z < a, (2.3)

where [1] = 1+ O(p~1). Moreover, for real p # 0,

Proof. Let e(x, p) be the Jost solution for Eq. (1.1) (see [4, Ch. 2]). Then E(x, p) = e(x, p) for
x > a, hence (2.2) is valid. Consider the sectors S; := {p : argp € [jn/2,(j + 1)7/2]},
SY:={p: argp € [7/2—6,7/2+ 0]}, Sjs :=5;\ 5,7 =0,1,0 < § < m/4. Itis known
(see, e.g. [4, Ch.1]) that in each sector S there exists a fundamental system of solutions of Eq.
(1.1) {yr(z, p) tr=1,2 for € [0, a] such that

u (@, p) = (1)F8p)” exp((—1)" ' Bpa)[1], |p| = 00, p € Sj, € [0,a), v =0,1.
Hence we can write
E(‘Tap) = Al(/’)yl(fﬁvp) + AQ(P)yQ(%P)v S [07(1]7 (25)

where A (p) do not depend on . Using (1.3) and (2.2) we obtain for [p| — 0o, p € S; :

i(;z_ exp(iapa) exp(—Bpa)(l], Ax(p) = —mch; exp(iapa) exp(Bpa)(1].

Substituting these relations into (2.5) we arrive at (2.3). The other assertions of the lemma follow

Ai(p) =

from the properties of e(z, p). Lemma 1 is proved. O

Analogously one can prove that for | p| — oo, Im p > 0, = 0, 1, the following asymptotical
formulas hold:

o) (@, 2) = ((80)” exp(Bpx)[1] + (~Bp)” exp(—Bpa)[1]) /2, w € [0,a— 0],  (26)

o) (@, 0) = ((a— exp(Bpa)(l] + ay exp(—Fpa)[1]) (iap)” exp(iap(x — a))[1]+

(a+ exp(Bpa)[1] + a exp(—Bpa)[1]) (—iap)” exp(~iap(z — )]} /4, )
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x € [a+ 0,00). Consider the function

A(p) == E'(0,p) — hE(0, p). (2.8)

Clearly, A(p) is regular for p € A, is continuous for Im p > 0, and is continuously differentiable
for p € A. It follows from (2.3) and (2.8) that

A(p) = (iap) exp(iapa) <a+ exp(Bpa)[l] + a— exp(—ﬂpa)[l]) /2, (2.9)

|p| = oo, Im p > 0. Analogously we obtain for |p| — oo, I'm p > 0:

B(0, p) = (i) exp(iapa) (- exp(~Bpa)[1] — ar exp(Bpa)[1]) /(28).  (210)
Aq(p) = (iap) exp(iapa) ( (ia + B)ay exp(Bpa)[l] + (ia — B)a— exp(—ﬂpa)[l])/él, (2.11)

here A1 (p) = d%A(p) = %diA(p). It follows from (2.9) and (2.11) that for large |p|, the func-

tion A(p) has simple zeros
pr =i((km)/(Ba) +60)+O(k™Y), k= oo, 6= (2ifa) In(—a_/ay). (2.12)
Moreover,
[A(p)| = Clplexp(Blola) exp(aTa), p € Gs, (2.13)

where Gs :=={p: Imp >0, |p— pr| > d}.

3 Inverse problem from the Weyl function

Consider the function

®(z,A) == E(z, p)/Alp), (3.1)

and put M (\) := ®(0, ). The function M (X) will be called the Weyl function. By virtue of
(3.1),

M(X) = E(0,p)/A(p). (3.2)
It is easy to check that

O(z,N\) =S(x,\) + M(N)p(z,N). (3.3)
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According to (2.1) and (3.3), we have
(p(z,A), @(z,\)) = 1. (3.4)

Denote B := {A = p?: pe A, Alp) =0}, B :={\=p>: pe Ay, Ap) = 0},
B":={\=p*: p€No,p#0, A(p) =0}. Then B = B'U B”. Clearly, B’ is a countable set,
and B” isabounded set. The function M () is regular in I1 \ B, and continuously differentiable
in IT \ B. The set of singularities of M (\) (which is called the spectrum of £ and is denoted by
s(L)) coincides with the set By := B U B. The values of A, for which Eq. (1.1) has non-trivial
solutions satisfying (1.2), (1.3) and the condition y(cc) = 0 are called eigenvalues of £. By virtue
of (2.9), (2.10) and (3.2), we get

M(A) = (=171 (Bp) 1], |p| = o0, p € Sjs. (3.5)

Theorem 3.1. There are no eigenvalues for \ > 0. The set B’ coincides with the set of non-zero
eigenvalues. If \o = p3 > 0 and A(pg) = 0, then A(—po) # 0.

Proof. Let\g = pg > 0bean eigenvalue with an eigenfunction yo (). Thenyo(z) = AL E(z, po)+
A_E(x,—pp). As x — oo one has yo(z) ~ 0, E(x,+pg) ~ exp(Liapox). Hence Ay = A_ =
0.If \g = p3 > 0and A(pg) = 0, then it follows from (2.8) and (2.4) that E(0, po) A(—po) # 0,
and consequently, A(—pp) # 0. O

If \o = pg € B, then U(E(x,py)) = A(py) = 0, i.e. E(x,po) is an eigenfunction, and
Ao = p? is an eigenvalue. Conversely, let A\ = pg, Im py > 0 be an eigenvalue with an eigen-
function yo(x). Then dy := y(0) # 0, y;(0) = doh, and consequently, yo(z) = dop(z, Ao). On
the other hand, yo(x) = dE(x, po), d # 0. Therefore, A(pg) = U(E(x, pp)) = 0,1.e. \g € B'.

Without loss of generality we will assume below that o = 1. In this section we consider the

following inverse problem.
Inverse problem 1. Given the Weyl function M (), construct L.

Let us prove the uniqueness theorem for this inverse problem. For this purpose, together
with £ we consider a boundary value problem L of the same form but with q(x), a, B, h, a1, as
instead of ¢(x), a, B, h, a1, az. We agree that if a certain symbol y denotes an object related to L,

then x will denote an analogous object related to L oand ¥ =y — X

Theorem 3.2. If M(\) = M()\), then £ = L, ie. q(z) = §(x) ae,a = a, 3 = B,h = H,
ay = a1, az = ag. Thus, the specification of the Weyl function M (\) uniquely determines L.
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Proof. Using (3.5) we calculate

B=—(lim pM(\)™L arg p € [0,7/4]. (3.6)

lp|—o0

Since M()\) = M()), it follows that 3 = (3. Furthermore, p; = p, and by virtue of (2.12),
a = a and a; = a1. Consider the functions
Ti(w, ) = p(a, )P (2, )) = @(x, )& (@, ),

- (3.7)
To(z, A) = ®(x, \)p(x, A) — o(x, \)P(x, ).

Using (3.4) and (3.7) we calculate

Sf (3.8)
O'(x, A

Ti(@, ) = 1= (e, ) (@@, 0) = ¥(2,0)) = 2@, ) (¢ 0) — @ 1) (39)
Taking (3.7), (3.9), (2.13)-(3.1), (2.2)-(2.3) and (2.6)-(2.7) into account, we obtain for p € GsNGs:
T1(z, A) =1 < C/lpl,  [Ta(z,N)| < C/lp|. (3.10)

Since M (\) = M()), it follows from (3.3) and (3.7) that for each fixed , the functions T}, (z, \),
k = 1,2, areentirein A of order 1/2. Together with (3.10) this yields 7 (z, A) = 1, Ta(x, ) = 0.
By virtue of (3.8), one has ¢(z,\) = @(z,\), ®(x,\) = ®(z,\), and consequently, £L = L.
Theorem 3.2 is proved. O

4 Inverse problem from the spectral data

In this section, for brevity, we confine ourselves to the case of a simple spectrum in the following
sense: we will say that £ has a simple spectrum if all zeros of A(p) are simple, have no limit points,
and pM(X\) = O(1) as p — 0.

Suppose that the spectrum of £ is simple. Then B = {p? }xe., where w = wo Uw®, B” =

0

{02} kcwsr B = {p3}rewo> wo is a finite set of indices, w is a countable set of indices (W’ =

{k; k > ko} for some k), and (2.12) holds k € w". Let

E(0, py) My, ppeB,
= 0, €B; ap= (4.1)
"7 Ailpr) # 0, i . My/2, py € B,
S N Y CMEN ,
V) =5 (M (\) — M (A)), A 00 MENi= lim M), (42)
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Then
/\_}/1\1:’[1/\61_I (A=) M (X) = M. (4.3)
Using (2.10)-(2.12) and (4.1) we calculate
o = —2[1]/(af?), k — oco. (4.4)

According to (3.2) and (4.2), one has

VO =5 (A ~ap )
Taking (2.4) into account, we infer
V) = — (p)"A = PO (4.5)

The data S := ({V(A) }as0, { &, @k }rew) are called the spectral data of L. It follows from the
above arguments that the following properties hold:

1) pr # ps for k # s;if p € B”, then —py, ¢ B”.

2) a # 0, and (2.12) and (4.4) hold.

3) pV(A) = O(1) as A — 0; pV (X)) = O(exp(—208pa)) as p > 0, p — 00.

4) V() is continuously differentiable for B \ B”.

5) For A\, € B” there exist finite limits V3, := limy_, 5, (A — A\x)V()), and

Vi = iakﬂ'*lsign Pk - (4.6)

Relation (4.6) is a connection between V' (), which describes the continuous spectrum, and
{Aks i}, A, € B”, related to the discrete spectrum. Let Qs := By \ (U, ep” [Ag — 6, A, + 9]).

Theorem 4.1. The specification of the spectral data S uniquely determines the Weyl function M (\)
via the formula:

O = Vw)
M) = T g A ¢ s(L), 47
ey AEkeB:A—Ak+/o i A s(0) @)

where the integral is understood in the principal value sense: [;° := lims_o ng'
Proof. Take ry = ((N + x)7(Ba)~!)? > 0 such that the circles Ry := {\ : |\| = ry} lie in
G for sufficiently small 6 > 0, and consider the contour integral

1 M
Ry K
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with counterclockwise circuit. It follows from (3.2), (2.10) and (2.13) that [M ()| < Clp|™!, X €
G, and consequently, A}gnoo In(X\) = 0. For each \;, € B” on the upper (lower) side of the cut
IIy we take a semicircle k5(Ag) = {A : |A = Ag| = d, ImA > 0(ImA\ < 0)}, and choose
d > 0 such that the sets int k5()\;) do not intersect each other, and do not contain points of B’.
Let ITs be the two-sided cut IT without the d- neighbourhoods of the points of B”, and let 'y :=
II5U(Ux, e ks(Ar)) be the contour with counterclockwise circuit. Denote I's n := I'sNint Ry .

Contracting the contour Ry in (4.8) to the real axis and using the residue theorem, we get

1 w ok
InN =55 A—()d’” Doy MO
Lsn K AEB', | <rn k
This yields as N — oc:
ay 1 M ()
M\ = — ——=du. 49
() Z)\f)\k+2m' b A—p (49)

ALEB’

Using (4.1) and (4.3) we obtain for each A\, € B”:

d
6—0 27 ) AT H A— Ak
By virtue of (4.2),
1 M
LM, / Vi 4,
210 Jpy A — Qs A — 1
Hence, from (4.9) as § — 0, we arrive at (4.7). Theorem 4.1 is proved. O

In this section we study the following inverse problem
Inverse problem 2. Given the spectral data S, construct L.

Let us formulate the uniqueness theorem for this inverse problem.

Theorem 4.2. If S = S, then L = L, ie q(x) = §(x)ae,a=a,B=0p,h=H,a =ai,
az = ag. Thus, the specification of the spectral data S uniquely determines L.

Theorem 4.2 follows from Theorems 3.2 and 4.1. Indeed, let S = S. By virtue of Theorem
4.1, this yields M (\) = M ()). Using Theorem 3.2 we conclude that £ = L.

Let us now give a constructive procedure for the solution of the inverse problem. For brevity,
let a be known. In order to construct the solution of the inverse problem we will use ideas of the
method of spectral mappings [6]. The central role for solving the inverse problem will be played
by the so-called main equation of the inverse problem which connects the spectral characteristics

with the corresponding solutions of the differential equation. We give a derivation of the main
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equation, which is a linear equation in a suitable Banach space. It is important that the nonlinear
inverse problem is reduced to the solution of the linear main equation. We prove the unique
solvability of the main equation. Using the solution of the main equation we can construct all
parameters of L.

Let the spectral data S be given. Using (4.7) we construct the Weyl function M (). Then we
calculate the number 3 via (3.6), and the numbers a, a; using (2.12). Furthermore, we choose a
model boundary value problem L suchthata = a, 8 = 8, @ = a1, and arbitrary in the rest (for
example, one can take G(z) = 0 and h = 0). Let S = ({V(\)}as0, {Mks Gk fhea), A = P2 be
the spectral data of £. Denote \go = A\, A\p1 = S\k, ary = g, R = Qy,

(p(z,\), p(z, 1))
A—p

R A ) = - /0 " ()t Neolt, 1) d,

Q)\,u(x) = R(:IZ, )‘7 M)V(:u’)v Qni,u(m) - R(IL’, )\nzvu)v(u)7 w> 0
Qxkj(7) = R(x, A\, Aij) kjy Qi kg (1) = R(T, Ay Mg kg 5 g () = (0, Agj)-

Similarly we define R, Q,\#, Qx,kjy an, Qm,kj, Pr; but with ¢ instead of . If wy # @o, then
we define the corresponding functions identically zero (for example, if n € wq \ @o, then 1 =

Qnip = Qnikj = Qam = 0). Denote § = |pr — pr| + [ — i, xp = 1/ if § # 0,
and y, = 0if & = 0. Let w’ := w U @, and let w; be the set of indices v = (k, j), where
kew,j=0,1.Forx<a, A=p* p=0%p>0,0>0nkecdw, ij=0,1,weput

Ya(z) = p(x, A) exp(—Bpz), Yro(x) = (wro(®) — @r1(T))Xks Yr1(7) = pr1(2),

Dy (@) = Qx () exp(B(6 — p)x), Dako(x) = Qxro(x) exp(—Bpx)&s,
Dy 1(z) = (@xko(x) — Qxk1(z)) exp(—PBpz),

Dinou(7) = (@nou() — Qn1,u(2))Xn exp(80x), Dp1u(x) = Qni,pu(z) exp(B0z),
Do ko(2) = (@noko(2) — @niko(#))Xnk » Dn1ko(r) = Qn1ko(2)Sk,
D11 () = (@niko(@) = Quir (),

Do k1(2) = (@noko(z) — @niko(®) — Qo1 () + Qni k1 () Xn -

Similarly we deﬁnelﬂk, @Ekj, f),\#, f),\Jgj, f)mw, f)m,kj. It follows from (2.6)-(2.7), (2.9), (2.12),
(4.4)-(4.5) and Schwarz’s lemma that for x < a, A = p?, u = 6%, p > 0,0 > 0,n,k €
W', i,7 = 0,1, the following estimates hold for large p, 0, n, k:

oI

-y (x) = O(1), (4.10)

G =001, Wy(z) = 0(1), =
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Da (), D) = 0SR20,
Dagjlz) = O(%), (4.11)
Dy ej(x) = O(W)

The same estimates are valid for 1), ¥, D 1, Dni s D ks D ej-

Theorem 4.3. For each fixed x < a, the following relations hold:

w)\(lt) = ¢/\($) =+ /Ooo DA,/L(£)¢#(£) du+

> Daki(@)vwi(x), A=p% p>0,
(k,j)€wn

Boia) = brule) + [ iyl (o) dit
Z D o () (), (n,3) € wy.

(k.j)€wr

(4.12)

Proof. Take dy > 0 such that |Re py| < &g, |Re pi| < 0o forall p? € B, p7 € B.Lety = 74 Uy_
be the contour in the A- plane, where v := {\ = u+iv : v = 4262, u > 0} and y_ 1= {A =
utiv: u=63—v?/(403), u < 0} istheimage of theset P := {p = o+it : o = £, T > &y}
under the map p — A. Denote by vy := (yNint Ry) U (Ry Nint-y) the closed contour (with
counterclockwise circuit), and denote by 7%, := (y Nint Rx) U (R \ inty) the closed contour
(with clockwise circuit). Let

g::B+\(( U [Ak—é,)\k+5])U( U [Xk—ajﬁa])).

A\LEB" AEBR”

Consider the integral

1 Ti(z, 1) — b1k
A) = — — s " d
5]\[7,14;(1’7 ) 270 /RN /\_/l M,
where d1j, is the Kronecker delta, and Ty (z, A) are defined by (3.7). By virtue of (3.10),
lim eng(z,A) =0. (4.13)
N—oo

By Cauchy’s integral formula,

1 T; -9
Tk(l‘a)\)_(slk:m/ k(x)’\'u_)lkdu, A €intA%,
i S0, I
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and consequently,

1 Ty (x,
Ti(w, \) — 01 = 2m/ ];\(_g)dﬂ_EN,k(x,/\).
YN

Substituting into (3.8) we obtain

d:u’ - EN(xJ A))

(,O(IL', )\) = @(x7 /\) 4 QL / 95(137 )\)Tl (:C’M;til(xv )\)Tg(x, M)
TN

e
where ey (2, ) = @(z, Neni(z, ) + @' (x, Nena(z, \). By virtue of (4.13),

lim en(z,\) =0. (4.14)

N—o0

Taking (3.7) into account we infer

p(,\) = @(z, ) + 217”/ (95(937 N (@, p@'(z, 1) — (=, p) @' (2, 1))

"H);/(xv A)(q)(x,u)@(l‘,,u) - @(z,u)é(x,u))& - EN(x7 )‘)

By virtue of (3.3), this yields

oz, N) = p(z,A) + QL / R(w, )\,/L)M(,u)go(a:, w)dp +en(z, A), (4.15)
IN

T

since the terms with S(x, ;) vanish by Cauchy’s theorem.

Let IT; be the two-sided cut ITy without the &- neighbourhoods of the points of B” U B",

and let
r=J (U w0)U( U msOn)
ArEB" AEB”
be the contour with counterclockwise circuit. Denote I'; 5 := I'y N int Ry. Contracting the

contour yy in (4.15) to the real line and using the residue theorem, we calculate

- 1 - «
6N
+ > R@ A o)aoko(@) — Y R\ A)aker (z) +en(@, A).
AEB, [ Ak|<rN S\kEB/,|5\k‘<T‘N

Together with (4.14) this yields as N — oo:

PN = pla )+ 5 [ Rl A )W)l p) dit

21
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> (QAko )ero(z) — Qx,m(df)wm(ﬂf))- (4.16)

kewOual

Since

lim — Rz, \, )M (p)p(x, ) dpu = (1) Rz, A, Mi)awitpni(x), Awo € B”, A € B,
§—0 271 rs(Aki)

lim ” R(w, X\, )M () p(w, 1) dps = lim /Qis Qx (), 1) duz/o Qx (@), ) dps,

it follows from (4.16) that foreachz < a, A € C:

P, A) = p(z, A)+ / Qx (@), p) dut
> (@ ro(@)ero(x) = Qg (@)pr (@), (4.17)
kew’
where the integral is understood in the principal value sense: [~ := lims_,g f%. Taking our

notations into account we conclude that (4.12) follows from (4.17). Theorem 4.3 is proved. [

One can prove similarly that

Diu(x) = Dyl / Dy ¢(x) De () dé+

+ Y Daa(@)Dayu(z) =0, A€ s(L)Us(L). (4.18)
(s,l)Ewn
Let m be the Banach space of bounded sequences o = [t ]pew, With the norm |||, =

SUP,c,,, || Consider the vectors

Yro(T) ]

VY1 () ; V(@) = [Uo()]vew, =

Y(2) = [Yo(7)]vew = [ Yro() ] .

U (2)

It follows from (4.10) that ¥ (z),4)(x) € m for each z < a. Let G := (1[0, c0) be the Banach
space of continuously differentiable functions f(\) on the half-line A > 0, such that f(\) and
(%f( ) are bounded, with the norm || f||¢ = max;—o,1 sup,> \8)\] (M)]. It follows from (4.10)
that ¢ (), ¥ (x) € G for each z < a. Consider the Banach space B of vectors

f

(07

F:

] ’ f S G7 o = [av]véwl S m7

with the norm || F'||g = max(|| f||a, ||e|lm)- Let

_ | (@) 5 () = Ua@)
‘I’(w)‘[wm ] v [w ]
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Clearly, U(x), ¥(z) € Bfor each fixed - < a. For each fixed = < a we define the operator D(z) :
B — B by the formulas

F=D(z)F, F= / eB, F-= f € B,
(6 (0%
fo) = i Dyy(@) f(p)dp+ > Dao(@)ou, A p >0,
VEWL

Oty = / ]_N)u#(:c)f(,u) du + Z f)u,v(x)av, u=(n,i), v=(k,j); n,k €, i,5=0,1.
0

VEWL
Similarly we define the operator D(x). Using (4.11), by the well-known arguments (see, e.g. [7])

one can prove that for each fixed 2 < a, the operators D(z) and D(z) are linear bounded oper-

ators acting from B to B.

Theorem 4.4. For each x < a, the vector U(x) € B is the solution of the equation
U(z) = (I + D(z))¥(x) (4.19)

in the Banach space B (I is the identity operator). The operator I + D(x) has a bounded inverse
operator, i.e. Eq. (4.19) is uniquely solvable.

Proof. Relation (4.19) is equivalent to (4.12). Similarly, (4.18) takes the form D(z) — D(z) +
D(z)D(x) =0 or
(I + D(z))(I — D(z)) = I.

Interchanging places for £ and L, we obtain in the same way

U(z) = (I —D(x)¥(x), (I-D(z)I+ D(x))=1I.

Hence the operator (I + D(z))~! exists, and it is a linear bounded operator. Theorem 4.4 is

proved. O

Equation (4.19) is called the main equation of the inverse problem. Solving (4.19) we find the
vector W(z), and consequently, calculate the function ¢(z, \) for z € [0,a — 0] and X € s(L).
Since ¢(z, A) is the solution of Eq. (1.1) and satisfies (1.2), we can construct the potential ¢(z)
a.e. on (0,a), and the coefficient h. Thus, the inverse problem has been solved for the interval

x € (0,a). In order to construct the potential ¢(z) for z > a, we can act in the following way.
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Since we have constructed ¢(x) for z < a and h, it follows that the solutions ¢(z, A) and
S(x,A) are known for all z € [0,a — 0] and A € C. Using the jump conditions (1.3) we find
0™ (a+0,)\)and S®)(a +0,)), v = 0, 1. Denote

By(z,A) := ®(2,\) /P (a+0,)), € (a+0,00), My(\)=®u(a+0,N).

Taking (3.3) into account we calculate

S(a+0,\)+ M(N)p(a+0,N)
S'(a+0,0) + MO\ (at 0,

Thus, the function M, () isknown forall A € C. The function M, (\) is the Weyl function for the

classical Sturm-Liouville operator ¢y := —y” + ¢(z)y on the interval (a, co) with the boundary

M,(\) = (4.20)

condition y'(a) = 0. It is known (see, e.g. [4, Ch.2]) that the specification of M, () uniquely
determines the potential ¢(x) a.e. on (a, 00). Moreover, using the method of spectral mappings
[6] we can construct the potential g(x) a.e. on (a, c0). Thus, the solution of the inverse problem
can be found by the following algorithm.

Algorithm 1. Let the spectral data S be given.

1) Calculate M () via (4.7).

2) Find S by (3.6).

3) Calculate a and a; using (2.12).

4) Choose a model boundary value problem L suchthata = a, 8 = 8,a1 = @ and arbitrary in
the rest (for example, one can take G(x) = 0 and h = 0).

5) Construct ¥(z) and D(z) for z € (0,a).

6) Find ¥ (z), = € (0, a) by solving the main equation (4.19).

7) Calculate ¢(x, \) for z € (0,a), X € s(L).

8) Construct ¢(x) for z € (0,a) and h.

9) Find p(z, \) and S(x, A) forallz € [0,a — 0] and A € C.

10) Calculate ) (a + 0, X) and S™)(a + 0,\), v = 0, 1, using (1.3).

11) Find M, (\) via (4.20).

12) Construct ¢(z) for z > a from the given M, () by the method of spectral mappings [6].

The solution of Inverse problem 1 can be found by the following algorithm.

Algorithm 2. Let the Weyl function M (\) be given.
1) Calculate V' (A), A > 0 via (4.2).

2) Find A\ € B’ and oy, as poles and residues of M ().
3) Calculate A\, € B” and «y; using (4.6).

4) Find f by (3.6).

5) Calculate a and a; using (2.12).

6) Construct ¢(x) and h by steps 4-12 of Algorithm 1.
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