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The flow in periciliary layer in human lungs with

Navier-Stokes-Brinkman equations

Nattapol Oangwatcharaparkan and Kanognudge Wuttanachamsri

Abstract. In the human respiratory tract, air breathed in is often contaminated
with strange particles such as dust and chemical spray, which may cause people
respiratory diseases. However, the human body has an innate immune system that
helps to trap the debris by secreting mucus to catch the foreign particles, which are
removed from the body by the movement of tiny hairs lining on the surface of the
epithelial cells in the immune system. The layer containing the tiny hairs or cilia is
called Periciliary Layer (PCL). In this research, we find the velocity of the fluid in
the PCL moved by a ciliary beating by using the Navier-Stokes-Brinkman equations.
We apply the Galerkin finite element method to determine numerical solutions. For
the steady linear case of the equation, the numerical result is in good agreement with
an exact solution. Including the time derivative and nonlinear terms, we show that
the velocity of the liquid is affected by the velocity of the solid, which follows the
physical meaning of the fluid flow. The result can be applied as a bottom boundary
condition of the mucous layer to be able to find the velocity of mucus in the human

lungs.

Keywords. Finite element method, Navier-Stokes-Brinkman equations, cilia, moving solid
phases, periciliary layer

1 Introduction

In present day air is often contaminated with debris such as dust, smoke and factory pollutions.
When we breathe in, they can cause various diseases in our respiratory system acting as an air
conveyor into the lungs. Figure 1 illustrates a portion of the respiratory tract and a platform of
the mechanical barrier.

Received date: January 11, 2020; Published online: November 10, 2021.
2010 Mathematics Subject Classification. 58F15, 58F17, 53C35.
Corresponding author: Kanognudge Wuttanachamsri.

107


http://dx.doi.org/10.5556/j.tkjm.54.2023.3738

108 N. Oangwatcharaparkan and K. Wuttanachamsri

Ciliated cells Goblet cells Mucus
Lungs
Cilia

Bronchial ¢

<] Lumen

>Blood Vessels

Figure 1: Platform of the mechanical barrier in the respiratory system.

The right of Figure 1 shows trachea, bronchial lumen and lungs and the left of Figure 1
shows cilia, mucus, goblet cells and Periciliary Layer (PCL). While people breathe through the
trachea into the lungs, there are also strange particles that get into their bodies. In the meantime,
goblet cells in the innate immune system secrete mucus to capture foreign particles. The mucus
forms a mucous layer and is removed out of the body by metachronal waving of cilia lining on
the ciliated cells. The layer containing cilia is called Periciliary Layer (PCL). The fluid in PCL
is named PCL fluid. In this research, we find the velocity of the PCL fluid.

There were several researchers who studied on this problem [4, 7, 16, 17, 20]. J.R. Cotton
and J.W. Grant [7] studied a methodology for performing a mechanical analysis of ciliary bundles
by creating a model using a beam theory and a finite element method. P.G. Jayathilake et al.
[17] had created a model to determine human pulmonary cilia motion in the PCL. They used the
immersed boundary method combined with the projection method and the ciliary forces on the
fluid were computed by a direct forcing method. P. Kurbatova et al. [16] studied mucus clearance
under normal conditions and in Cystic Fibrosis (CF) patients, who had a genetic disease caused
by dehydration of airway surface liquid. They researched on test results from medication that
helped to reduce mucus viscosity and created a model of mucociliary clearance. H. Matsui et al.
[4] studied the relationship between PCL and mucus by comparing the velocities and showed that
the PCL was transported at approximately the same rate as mucus. S.M. Sorin [20] presented a
three-dimensional simulation of the formation of metachronal waves in rows of pulmonary cilia.
The fluid domains were discretized using a finite volume method and the internal microtubule
structure of an individual cilium was modeled using large-deflection and finite-element beams.
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Figure 2: Cartoon picture of cilia making an angle # with the horizontal plane.
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In this research, we divide our problem to be two cases. First the cilia make an angle 6 = 90°
with the horizontal plane and second they make an angle 6, 40° < 6 < 90° with the horizontal
plane. The left and right of Figure 2 shows the cilia making an angle § = 90° and 6 < 90° with the
horizontal plane, respectively. Because the PCL consists of both PCL fluid and the solid phases,
cilia, it is considered as a porous medium. Then when the angle 6 < 90°, the PCL is composed
of two domains, the free-fluid region above the porous medium as shown on the right of Figure 2,
where yYstoke 18 the height of the porous domain. We assume that the maximum velocity of cilia
occurs when cilia are perpendicular to the horizontal plane and then the velocity decreases and
becomes zero when the angle 6 between cilia and the horizontal plane is 40°. Figure 3 shows the
fluid flow through the PCL and the profile of the velocity of the fluid in the PCL.

Free-fluid region

Ystoke

Porous medium

Figure 3: Fluid flow through the PCL and the velocity profile of the PCL fluid.

To study the velocity of the PCL fluid, there were numerous literatures that had used the
Navier-Stokes-Brinkman equations or Stokes-Brinkman equations. B. Verleye et al. [1] presented
a mathematical model of the permeability of textile by using Navier-Stokes-Brinkman Equations
and employed the finite difference method to find the numerical solutions. L. Guta and S. Sundar
[13] presented the wave-porous structure interaction by using the Navier-Stokes-Brinkman system
and applied the Finite Volume Method (FVM) to calculate the numerical results. O. Iliev et al.
[15] presented a numerical subgrid resolution approach for solving the Stokes-Brinkman system
of equations for various scientific and industrial problems. B.K. Jha and M.L. Kaurangini [2]
presented new approximate analytical solutions of nonlinear Brinkman-Forchheimer externded
Darcy model for steady flow in parallel-plates channels filled with porous materials. The system
of equations were often solved by using finite element methods [8, 10]. K. Chamsri [10] discretized
n dimensional Stokes-Brinkman equations by using a mixed finite element method. K. Chamsri [8]
studied the slow flow of a porous medium and adjacent free-fluid region with the Stokes-Brinkman
equations. She applied a finite element method to the equations and proved the well-posedness
of the discretized equations. X. Xie et al. [22] presented three different methods for solving
Darcy-Stokes problem by constructing uniformly stable finite element approximations in two and
three dimensions. N. Gatica [3] et al. employed two-dimensional nonlinear Brinkman model with
mixed boundary conditions by using a mixed finite element method. P. Kaloni and J. Guo [18]
studied the problem of steady nonlinear double-diffusive convection through a porous medium by
using Brinkman—Forchheimer model. However, most of the researches mentioned above have not
included the solid velocity in their models, where they assume that fluid flows by the pressure
gradient. Moreover, although K. Chamsri [8, 10] included the solid velocity in her model but
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she had studied only steady linear equations. In this work, we apply one-dimensional Navier-
Stokes-Brinkman equations to our problem in the porous medium domain. We use the classical
linearization method for the nonlinear terms and compute the PCL velocity in the two different
domains for different angles 6 depending on time ¢, which is more realistic creative problem.

The mathematical model is provided in Section 2. The nonlinear term linearized by using
a classical linearization method and model discretization are presented in Section 3. An exact
solution is provided in Section 4. Numerical solutions are shown in Section 5, and the conclusion
is drawn in Section 6.

2 Mathematical Model

In this section, we present our governing equations used in this problem, which are derived by
using the Hybrid Mixture Theory (HMT) [14] that helps to transfer a microscale equation to a
macroscale equation. Because we consider the cooperative beating of cilia rather than a single
cilium, we begin with the momentum equation in the macroscopic scale [9].

1

v
p§+v~(pVV)+uk Helv! = V) + vp — AV + v (7 - V1) = pe, (2.1)
where p is the fluid density; € is the porosity which is a constant in this work; v! is the velocity
of the PCL fluid; p is pressure; k~! is the inverse of the permeability tensor; u is a dynamic
viscosity; g is the gravity and v® is the velocity of the solid phases (cilia) and the continuity

equation [21] is

V- (V) =1, (2.2)
where f = = le,) + V e'vs and €' is the material time derivative of the porosity with respect
to the solid phase, e! = %%—%, where we use the data from [11] to calculate ‘9—6 and ¢ is

the position along cilia. Multiplying € both sides of Eq.(2.1), letting v = e'v!

Eq.(2.2) into Eq.(2.1), we have

v' and substituting

pat +v- ( V) ekt —p(@d)’k TV e vp—pAv—pv f=peg.  (23)

Since the variables used in this study are the average quantities in the macroscopic scale, for
one-dimensional domain we project the governing equation, Eq.(2.3), on the y-axis. Therefore,
the pressure gradient is zero in the y-direction. Consequently, the pressure gradient j—i’ is a
constant. The velocity and other variables are y-dependent except for the pressure as illustrated
in Figure 3. Therefore, for one-dimensional domain, Eq.(2.3) can be rewritten as

_ dp 820 of
L2 1gp OV OF g
v—p(e)?E 10 +e Ir 8y Hay = pe'g, (2.4)

where v and k are the velocity and permeability in the x-direction, respectively. The boundary
conditions used in this work are

(2.5)

where we suppose that the base of cilia does not move and the maximum velocity is occurred at
the tips of cilia, where 0 < y < L , and L is the length of our numerical domain. The velocity of
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the solid phases can be extracted from the experimental data in [19], which is presented in [12]
as polynomials of degree 8 depending on the position along cilia &,

05 = €% + 7€ + 60 + 55 + calt + 38 + 28 + e, (2.6)

where § = Z%; the variable ¢ is the angle between the cilia and the horizontal plane; the

coefficients ¢;,7 = 1,2,...,8 are constants. Then Eq.(2.4) becomes

dv  2p v 62”_ 1\27.—1 1 Y \7

54‘7 67+€/.Lk MaQ—M(e)k CS(I 9) +:u( )k 67(Sin9) (27)
\27.—1 2,1 Y z@ of 1 '

+ o pu(€)7k 62(1 0) +p(e)’k als 5) ¢ PR 0<y<L.

Now we have a one-dimensional governing equation, which is discretized in the next section and
the numerical results in the porous medium are presented in Section 5.

3 Model Discretization

In this section, we discretize Eq.(2.7) by using the Galerkin finite element method. Before dis-

cretizing the model, we first linearize the nonlinear term, 22 vg”, with the classical linearization

method [5]. That is

v v
(vt = 3.1
VG~ 05 (3.1)
where v* is an approximation of v. In this work we assume that
vt =y
Therefore Eq.(2.7) can be rewritten as
Qv  2p v v 1\2g.—1 Y \8 1\27.—1 Y \7
— 4+ —y— k — = = k — k —
A L =T
1\27,—1 Y 27.-1 Y ldp of .
bt PR ool S ) () — G ol
The weak formulation of the model after the domain is discretized to be n elements is
Yit1 Yit1 2wp v ow v
Z/ wpat dy+Z/ 7—+weuk Yo+ u 8 8)d
= zn:/yi+1 w(u(cl)Qkflcg(—,ye)s + u(el)zk’lq(—_ye)7 +..
—~ Jy. sin sin (3.3)
_ _ d,
(PR () + ple PR e (L) — S8+ pelg)dy

sin 0 sin 6 d

- uZ / Syl + w3 IE)

where w € H}(Q) is a weight function, Q = [0, L] is our domain and y; = 1,2, ..., n, are nodes in
Q. We discretize the velocity v by using the linear shape functions,
Yit1 — Y
H ==
1 hz )
Y—Y
hi

(3.4)

Hy =
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Then the velocity in each element is

v(y,t) = Hi(y)vi(t) + Ha(y)visa(t),
where v;(t) = v(y;,t) and v;11(t) = v(yi41,t) and
hi = yit1 — yi-
The Equation (3.3), without the summation, can be rewritten as
[M] [ie] + [Ke][v] = [fe]
where v, is the derivative of the velocity in an element domain with respect to time,

e = [ () o5 ) =g [1 o o)

[

[K ] _ ( { ( §+1 - 3yz+1Z/Z + 2%) (Z/?+1 - 3y¢+1yi2 + 2@?)}
¢ el h2 ( §+1 - 3yz+1yz + yl) (2%‘11 - 3yz'2+1yi + yf’)

o [ DL |

= [ | e G e (G +

and

sin 0

1\27.—1 Y \2 \27.—1 Y N z@ l
+u(€) ka5 )"+ ul€) kel ) — e+ peg)dy

,uz/y”l [H] fdyﬂt[f [ﬁlﬂj*“[gl [gﬂ]j

Assembling the element matrices, we have

where [M], [K] and [F] are the assembly matrices of [M,], [K.] and [F.], respectively.

(3.5)

(3.6)

(3.7)

(3.10)

(3.11)

For the time derivative term in Eq.(3.11) we use backward difference method. Then Eq.(3.11)

can be written as
[M][5]F2 + [K][o] T2 = [F]T2Y,

where At is a time difference and

v
At

et _ IO _ it
Substituting Eq.(3.13) into Eq.(3.12), we have
AL _ it
At
[M][p"+2" — o] + AK[] 5 = AF]HAY,
([M] + At[K] ]2 = AtF]*2 + [M][]".

[M]] ]+ (K]]80 = [F]4,

(3.12)

(3.13)

(3.14)

(3.15)
(3.16)

Next, we solve the discretized equation and compare our results with an exact solution provided

in the next section.
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4 Exact Solution

To verify our numerical solution, in this section, we provide an exact solution by considering only
the steady and linear terms of the governing equation without the velocity of the solid phases,

dp -1 pa-v
ok LG 4.1
dx PR el dy?’ (4.1)
with the boundary conditions
v(l) =1,
dv _dv (4.2)
Wlymyze  Wly=vi,
where we use L = 1. The exact solution of Egs.(4.1)-(4.3) is obtained from [6], which is
1 1+ (yyswke> Y > Ystoke
v(y) = —F— v t (4.3)
-~ Y=Ystoke
1+ (1 i//si()ke) e vk Y < Ystoke-

We then compare the exact solution with our numerical solutions in the next section.

5 Numerical Results

In this section, we provide our numerical results of the governing equation, Eq.(2.7). Since our
model depends on the angle 6, in this study, we find the solutions when 6 = 50°,60°,70°,80°
and 90° and assume that the forward stroke of cilia stops at § = 40° [19]. The coefficients of
the polynomials of degree 8, the velocities of cilia, for each angle 6 are provided in Table 1 [12].
The solid velocities are drawn in Figure 4 where £ used in this study is a dimensionless quantity,
which is the distance along cilia divided by the cilia length. That is 0 < £ < 1 with the unit of £
is equal to 1. Notice that the maximum velocity of cilia is assumed to occur at § = 90° at the tips
of cilia. The other values in the Navier-Stokes-Brinkman equations are g = 9.8 x 10%(um/s?),
p = 9922 x 1073(g/um?), p = 3 x 1075(g/(um)(s)), L = —1 x 10-%(g/(um?)(s?)), ¢ =
0.522360° — 3.02830* + 7.06300° — 8.498762 4 5.50566 — 0.8627 and k™! is shown in Table 2, where
the values of ¢ and k~! are obtained from [12] and [11], respectively. The unit of ¢ is equal to
1, [€] = 1, and the unit of k=1 is —

um?2"
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Table 1: The eighth-order polynomial functions: v = cg€® 4 c7&7 + €0 + 5% + c16* +
363 + €2 + 1€ for the angels # = 50°,60°, 70°, 80° and 90°.

Coefficient degree
10° x 50° 60° 70° 80° 90°
8 0.2498 | 0.4043 | -0.4987 | -0.3648 | -0.5386
cr -1.0781 | -1.6788 | 2.1268 | 1.5687 | 2.2148
ce 1.9290 | 2.8656 | -3.7102 | -2.7659 | -3.7309
cs -1.8459 | -2.5945 | 3.4021 | 2.5751 | 3.3198
c4 1.0133 | 1.3380 | -1.7529 | -1.3584 | -1.6788
c3 -0.3157 | -0.3896 | 0.5012 | 0.4022 | 0.4803
ca 0.0504 | 0.0585 | -0.0717 | -0.0593 | -0.0694
c1 -0.0023 | -0.0024 | 0.0049 | 0.0044 | 0.0050

Table 2: The inverse of the permeability tensor, k!, for the angles § = 50°, 60°, 70°, 80°

and 90°.
angle 0 The inverse of the permeability tensor, k1,
[k~ = 1/(um)?
50° 1/0.0019
60° 1/0.0020
70° 1/0.0022
80° 1/0.0023
90° 1/0.0024
;
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= 05 -0 =90°
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Figure 4: The velocities of cilia when the angles § = 50°,60°,70°,80° and 90°. (For
interpretation of the references to color in this figure legend, the reader is referred to the free web

version of this article.)

We first verify our numerical solution by comparing the result with the exact solution as
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shown in Figure 5. The velocities are calculated at the angle § = 90° with the boundary conditions
Eq.(4.2). The numerical results are provided with 10, 20,40 and 100 number of elements. Notice
that the numerical solutions converge to the exact solution when the number of elements increases.
The lo—norm errors of the numerical solutions for each number of elements are illustrated in Table
3. It shows that the more number of elements we have, the less error we obtain.

Table 3: The ls-norm errors of the numerical solutions.
number of elements | 10 elements | 20 elements | 40 elements | 100 elements

[s-norm errors 0.0860 0.0302 0.0102 0.0025

1 ) — o

’ - +10 elements
0.8 20 elements

07 ~40 elements

’ 100 elements
0.6 «exact solution

> 05

0.4
0.3
0.2
0.1

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
v(pm/s)

Figure 5: The exact solution and our numerical solutions with 10, 20, 40 and 100 number
of elements. (For interpretation of the references to color in this figure legend, the reader is
referred to the free web version of this article.)

Next, we calculate the velocities of the PCL fluid for the angles 8 = 50°,60°, 70°,80° and
90° with the boundary conditions v(0) = 0 and v’(L) = 0. In this work, we use dimensionless
length. So we let L = 1. Since the PCL velocity obtained from Eq.(3.16) is v = e'v!, which is
called Darcy velocity, we present both v! and v in Figures 6 and 7, respectively. From left to
right and from top to bottom, Figures 6 and 7 show the velocities of the PCL fluid from the
angles 50° to 90° respectively. Since our governing equation depends on time, we let At = 0.1
and assume that the cilia perpendicular to the horizontal plane when ¢ = 0. Then the cilia bend
down from angle 6§ = 90° to the angle § = 50° and stop beating at # = 40°. We assume that
the time difference for each angle is At = 0.1. Therefore, when ¢ = 0.4 the cilia make angle
0 = 50° with the horizontal plane. In Figure 6, we compare the velocity of PCL fluid with the
velocity of cilia. Notice that the velocity, v! and the velocity of cilia of each angle # are almost
identical. The lo-norm errors of the graphs are shown in Table 4, where the values are between
0.2 and 0.5. Figure 7 shows the Darcy velocities of the PCL fluid and the velocities of the cilia
when the angles § = 50°,60°,70°,80° and 90°. The Darcy velocity is less than the velocity of
cilia for each angle 6, which follows the physical meaning the velocity of the solid phase should
be greater than the velocity of the fluid phase. The Darcy velocities of the PCL fluid of all angles
are plotted together in Figure 8. The maximum velocity occurs at § = 90° and the velocity
decreases when the angle decreases. To be useful in practice, the velocities are approximated
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by using the polynomials of degree 12. From left to right, the graphs illustrate the velocities
of the angles § = 50°,60°,70°,80° and 90°, respectively. The coefficients of each polynomials
are provided in Table 5, where £ is the position along cilia. The ly-norm errors of the Darcy
velocities of the PCL fluid and their polynomial approximations of degree 12 are shown in Table
6, which are about 0.001. It shows that the velocities and the polynomial approximations are
almost indistinguishable. Notice that the maximum Darcy velocity of the PCL fluid is about
82% of the maximum velocity of cilia.

The angle § = 50° 1The angle § = 60°

02
. P
-10 0 10 20 30 40
vl (um/s)
; The angle 6 = 70°

o velocity of the Cilia

eoss®?
06 erone®
= 04 =05
oo +—velocity of the PCL fluid +—velocity of the PCL fiuid
.ot oo ity of the Ci
o velocity of the Cilia

core
0 ”
20 0

i
| The angle § = 80°I

=05

aoees**” e
Pl - f the PCL fluid veso® +—velocity of the PCL fiuid
S o velocity of the Cilia . o—velocity of the Cilia
ket okt
[ 50 100 150 0 50 100 150 200
ot g Y o ) 3
v (pm/s) The angle 6 = 90 v'(pm/s)

¥ of the PCL fluid
the Cilia
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Figure 6: The velocities of the PCL fluid and cilia when the angles 8 = 50°, 60°, 70°, 80°
and 90°. (For interpretation of the references to color in this figure legend, the reader is referred
to the free web version of this article.)

Table 4: The ls-norm errors of the velocities of the PCL fluid and the velocities of cilia.

angle 6 | lo-norm error
50° 0.2503
60° 0.2872
70° 0.2984
80° 0.3414
90° 0.4770
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The angle § = 60°
1

; The angle § = 50°

=05 05>
o cy velocity of the PCL fluid The Darcy velocity of the PCL fluid
JPROS oW S e viloily ot the Gill o R velodity of the, Gl
o et velocity of the Cilia o < velocity of the Cilia
-10 0 10 20 30 40 50 20 0 20 Atz /sr; 80 100 120
v(pm/s) — opo V(um/s
4 The angle § = 70° 1Th° angle 6 = 80
,J" 000 0°
= 05 =05
+— The Darcy velocity of the PCL fluid The Darcy velocity of the PCL fluid
velocity of the Cilia o o velocity of the Cilia
: . s
0 y(um/s) 1% 150 0 50 100 150 200
- o v(pum/s
The angle 6 = 90 (um/s)
! et o—o0—0-9°
S e s +— The Darcy velocity of the PCL fluid
velocity of the Cilia
50 100 150 200 250
v(pm/s)

the

Figure 7: The Darcy velocities of the PCL fluid and the velocities of cilia when
angles § = 50°,60°,70°,80° and 90°. (For interpretation of the references to color in this

figure legend, the reader is referred to the free web version of this article.)
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Figure 8: The Darcy velocities of the PCL fluid and the polynomial approximations of
the Darcy velocities when 6 = 50°,60°,70°,80° and 90°. (For interpretation of the references
to color in this figure legend, the reader is referred to the free web version of this article.)



118 N. Oangwatcharaparkan and K. Wuttanachamsri

Table 5: The twelfth-order polynomial functions: v = ¢126'2 + 116 + 10610 + ¢o&” +
cs€® + 7€ 4 660 + 580 + g€t + 383 + ca€? + 1€ for the angels 6 = 50°,60°,70°, 80°
and 90°.

Coefficient degree
10°x 50° 60° 70° 80° 90°
12 0.0108 | 0.0155 | -0.0118 | -0.0081 | -0.0116
i1 -0.0669 | -0.0950 | 0.0771 | 0.0539 | 0.0738
10 0.1868 | 0.2621 | -0.2266 | -0.1615 | -0.2126
cy -0.3109 | -0.4314 | 0.3961 | 0.2870 | 0.3653
s 0.5114 | 0.7588 | -0.8242 | -0.6089 | -0.8210
cr -0.9908 | -1.5541 | 1.9310 | 1.4447 | 1.9945
6 1.4452 | 2.2355 | -2.9371 | -2.2221 | -2.9894
cs -1.3010 | -1.9231 | 2.5858 | 1.9862 | 2.5686
4 0.6984 | 0.9732 | -1.3123 | -1.0318 | -1.2817
3 -0.2155 | -0.2810 | 0.3727 | 0.3034 | 0.3645
s 0.0343 | 0.0420 | -0.0531 | -0.0446 | -0.0525
cl -0.0016 | -0.0017 | 0.0036 | 0.0033 | 0.0038

Table 6: The lo-norm errors of the Darcy velocities of the PCL fluid and the twelfth-order
polynomial approximations of each angle 6.

angle 0 | lo-norm error (x1073)
50° 0.1205
60° 0.1426
70° 0.1738
80° 0.1020
90° 0.0824

6 Conclusion

We consider the fluid flow in the periciliary layer (PCL) in the human respiratory system. The
PCL consists of two domains: the porous medium and the free-fluid domain above the porous
layer. However, when cilia make an angle § = 90° with the horizontal plane, the PCL domain
contains only the porous medium. In the porous medium domain we use unsteady nonlinear
Brinkman equation and in the free-fluid domain we use Navier-Stokes equation. Without the
time derivative and nonlinear terms, we compare our numerical results with the exact solution
with a good agreement. The numerical solutions converge to the exact solution when the number
of elements increases, see Table 3. With the nonlinear term, it is solved by the classical lineariza-
tion method and then we use the Galerkin finite element method to find the numerical solutions.
For the time derivative term, we use the Backward Difference method. The numerical solutions
of the Navier-Stokes-Brinkman equations are computed for different angles 8 = 50°,60°, 70°, 80°
and 90° when At = 0.1. The Darcy velocity v and the velocity v' are compared with the velocity
of cilia. As expected, they follow the physical meaning. That is the velocity v’ is almost iden-
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tical to the velocity of cilia, see Table 4, and the Darcy velocity is about 23% slower than the
velocity of cilia (see Figure 7). For useful convenience in practice, the Darcy velocities are approx-
imated by using the polynomials of degree 12, where the coefficients are provided in Table 5. The
lo-norm errors of the approximation are shown in Table 6, which are about 0.001 for each angle 6.
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