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ON THE DEGREE OF APPROXIMATION OF CONJUGATE
OF A FUNCTION BELONGING TO WEIGHTED W (L?, £(t))
CLASS BY MATRIX SUMMABILITY MEANS OF
CONJUGATE SERIES OF A FOURIER SERIES

SHYAM LAL

Abstract. In this paper a new theorem on the degree of approximation of conjugate of a function
belonging to weighted W (LP, £(t)) class by Matrix summability means of conjugate series of a
Fourier series has been established. The main theorem is a generalization of serveral known and

unknown results.

1. Introduction

Bernstein [14], Alexits [5], Sahney [3] and Chandra [13] have determined the degree
of approximation of a function belonging to Lip a by (C, 1), (C,d), (N,p,) and (N, p,)
means of its Fourier Series. Working in the same direction Sahney [11] and Khan [6]
have studied the degree of approximation of functions belonging to Lip(«a, p) by (N, pn)
& (N, p, q) means respectively. (NN, p, q) summability reduces to (N, p,,) summability for
¢n = 1¥,, and to (N, g,) means when p,, = 1V,,. After quite a good amount of work on
degree of approximation of function by different summability means of its Fourier Series,
for the first time in 1981, Quereshi ([7], [8]) discussed the degree of approximation of
conjugate of a function belonging to Lip « and Lip(«, p) by (N, p,,) means of conjugate
series of a Fourier series. But till now no work seems to have been done to obtain the
degree of apprxoimation of conjugate of function belonging to weighted class W (LP, £(t))
by matrix means of conjugate series of a Fourier Series. The weighted W (LP,£(t)) class
is the generalization of Lip «, Lip(«, p) and Lip(£(t), p). Matrix means includes (C, 1),
(C,0), (N, p,) and (N, p, q) means as special classes. In an attempt to make an advance
study in this direction, in present paper, one theorem on degree of approximation of
conjugate of a function of W(LP,£(t)) class by matrix means of conjugate series of a
Fourier series has been established.
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2. Definitions and Notations

Let f by periodic with period 27 and integrable in the Lebesgue senses. Let its
Fourier Series be given by

l\D|>—‘

(o)
Z ap, cos nx + by, sin nzx) (2.1)
The conjugate series of the Fourier series (2.1) is given by
o0
Z (ay, sinnz — by, cosnx) (2.2)
n=1

Let T = (an, k) be an infinite triangular matrix satisfying the Silverman-Toeplitz [12]
condition of regularity i.e.

g ani — 1, asn—o00, apr=0fork>n

and Y"1 _,lank| < M, a finite constant Let Y ~_ u,, be an infinite series such that
Sk = Zﬁ:o u, The sequence-to-sequence transformatlon

n n
tn = § an,ksk = § an,n—kSn—k
k=0 k=0

defines the sequence {t,, } of matrix means of the sequence {S,,} generated by the sequence
of coefficients (an ). The series Y uy is said to be summable to the sum S by matrix
method if Lim,,_«t, exists and equal to S (Zygmund [1]) and we write:

t, — S(T), as n — oo.

Seven important particular cases of matrix means are:
(C,1) means when a, j = vk

(i

(ii) Harmonic means when a, ; =

_1
n+1
S S
(n—k+1)logn
n—k+6— 1)

5—1

(iii) (C,d) means when a, j = W

)

)

)

(iv) (H,p) means when a, = (log)p TP H olog?(k +1)

(v) Noérlund means [10] when a,, ; = , where P, = Y1 pk
(vi) Riez means (N,p,) when a, = pk/P

(vii) Generalized Nolund mean (N, p,q) [4] when

n
Prn—kdk
anp = = where R, = > Prn—k

n k=0
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We define norm by

1= (/O%If(x)l”dx)%; p>1

And let the degree of approximation be given by (Zygmund [1])

En(f) = Min || = Tull,

where T}, (z) is some n'” degree trigonmetric polynomial.
A function f € Lip « if

fle+t)— flx)=0(¢|*) for 0 < a < 1
f € Lip(a, p) if

2T l/p
(/ Flatt) - f@)Pdr) =06, 0<a<ip>1
0

(def. 5.38 of Mc Fadden [9])
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Given a positive increasing function £(t) and an integer p > 1, we find (Siddiqui [2])

that

sy e it ([ 1o rwpa)

and that

fla) € WP, (o).(al is) if [ Cfa+ - f@) sin dr)’

=0(£(1)), (8 = 0).

In case § = 0, we notice that W (LP,£(t)) class concides with the class Lip (£(¢),p).

We shall use following notations:

U(t)=flz+t) = flz—1)

An,-r

An,n—k,
=0

=

1
7 = Integral part of - = [;]

cos(n —k — 1)t
n § an n—k— . ¢+ t
27r ns

3. Main Theorem

Our object of this paper is to prove the following theorem:
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Theorem. IfT = (an ) is an infinite regular triangular matriz such that the element
an,i; 15 non-negative and non-decreasing with k then the degree of approzimation of a
function f(x), conjugate to a 2w periodic function f belonging to weighted W (L, &(t))
class by Matriz summability means of its conjugate series, is givey by

[Fut) = T, =06 )n™)
provided &(t) satisfies the following conditons:
1/n 1/p
(/O (tzp(g)')psinﬁptdt) ! :0(%) (3.1)
T 4o 1/p
(L (%)%t) — 0(n?) (3.2)

n

where § is an arbitrary number such that g(1 — 0) — 1 > 0, conditions (3.1) & (3.2) hold
uniformly in x,

n
Zn(m) = Z an,nfksnfk
k=0
i.e. matrix means of conjugate series of a Fourier Series (2.2),
1/p+1/q¢ =1 such that 1 < p < co and

— 1 (7 1
flx) = 7%/0 Y(t) cot §tdt

4. Lemmas
For the proof of our theorem following lemmas are required.

Lemma 4.1. If ay j, is non-negative and non-dcreasing with k then for 0 <a < b <
00, 0 <t < m and for any n,

b

§ an n_kei(n—k)t

k=a

1 1
< O0(An,7) where 7 = Integral part of 7= [;]

Proof. Let 7 = [1], then

b b
§ an,n—kel(n_k)t eznt § an,n—ke_zkt
k=a k=0

T—1
E an,n—ke_lkt
k=a

< +

b
§ an,n—ke_lkt
k=1
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r

+ Qnp—r Z ekt by Abel’s Lemma

T—1
< E Gn,n—*k
k=a

T<k<r<b
e—iTt{l _ (e—it)'r‘—T—i-l}
< An,T—l + apn—r (1 — efit)
et 1— (e—i('r‘—T—i-l)t
S An,T + An n—1 efit/Q eit/Q _ 67it/2
or,
b
20y -
Z an, 7kez(n7k)t < An,'r Tl,nt T
e S 5
a _
— Ao 0 (41)
Now

r
An,'r = § U n—k
k=0

= Qn,n + An,n—1 +- Qn n—r
Z Qnn—r + Qnn—r +-- 4+ An n—1
= (T + 1)an,n77'

., 1 .
> an% (7= [;]) Thus we obtain that

fnnst _o(a,,) (12)

By (4.1) & (4.2) we have

b

§ an n_kei(n—k)t

k=a

< Anr+0(Anr)

= 0(Ap.r).

)

In this way Lemma is proved.
Lemma 4.2. Under the condition of our theorem on (an), for 0 <1/n <t <m,

An,'r

)

K, (t) =0(

Proof. Since for 0 < 1/n <t <, sin(t/2) £ therefore for t > 0 and 7 < n, we have

cos(n —k — 1)t
| Zann T E— Lt
)
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an n_kei(n—k—%)t

< —
Sln§

1 n
— Real t of
o eal part o ];)

n
E i(n—k)t
Qn,n—kE€ ( )
k=0

n
§ amn_kez(n—k)t
k=0

Anr
= 0(%) by Lemma (4.1).

1
=0

efzt/2‘

o )

5. Proof of Main Theorem
Let S,,(z) denote nth partial sum of the series (2.2). Then following Lal [16], we have

cos(n + 1)

dt.
sint/2

Sula) — (5 / (t) ot Sdt) = - / ")

Now

- — 1 [" 1 1 [" " cos(n —k — 1)t
];O an,n_k[sn_k — (—% /O w(t) cot gtdt)] = % /O w(t) I;Oa"%"_det

2

or

L) - T0) = i [ 00 anas
k=0

0
1/n T
= YO Ka(t)dt+ | p(t)Kn(t)dt
0 1/n
=1 + I, say (5.1)

Applying Holder’s inequality and the fact that:
Y(t) € W(IP,£(t), we get

1/n o
L] = / ()T ()t
1/n ) p e (MK, q 71/q
< 0[/0 (% sin® t) dt} [/0 (Lts(zgit)) dt}

1/n n
- oz

§ An n—k

k=0

— k-1 1/
M)th} q7 by condition (3.1)

sint/2
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oy )]

~
—
+
=

I
o
~
S|
SN~— SN~—
— —
o\
>
-
3

dt 11/
[tq(ﬁ—+2)} ] , by mean value theorem
tfq(ﬁ+2)+1 }l/n:| q

—q(B+2)*!

~—

o
8%
—~
~—

SI—= 3=

o\
2.
~
3
~—_ ~—— —
MA
+ |
\Q\—/
~
[te)
QL
B
| I
—
-
[te)

1

~—
jen)}
/N N
I
—~

— — <k
=

Mme3 = 3k 3

—~

S|=

~—

I
S
—
~
=
—~
RS
=y
+
¥
Q|
~

Q|
~

\
jel
—~
AN
—~
sy
+
=
|

SI=3|—3
3

~
—
I
o
—~
™
—

Let us consider I

™ )t sin? p /o [T . q 11/q
=, (=] L Yo
—of 7 (Y ) ol [ DAY )™ by Lo a2

t
= O(n‘S)O[/ (f(t)An, T)th] l/q, by condition (3.2)
1n

t—6+1+5
o] [ (Lo

1 " dy 1/q
— 4 — LA
=0(n )0(§(n)An, n) [/1 yq(5717[3)+2} , by mean value theorem

—q(6=1=F)=1  qn\1/q
- o(nég(%))([fqy((; “1-5)— 1}1) /
1

= 0(n’¢(-))0(n " +1H78)

= 0(€( 1)
— 1 nBtEy (- 1.1
b= 0((n’*h) (o= 1) 3

By (5.1), (5.2) & (5.3) we get

[Tn(—2) — F(@)] = 0(E(=)n?*H).

n
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Therefore

[Ta(@) = F@)lp = 0(( / 2”{s<%>nﬁ““’}pdx>1/p)

—oe ([ a)"]

_ — 1 1
wam—fump=m@gyﬁ”wy
This complutes the proof of the theorem.

Thus

6. Corollaries
Following corollaries can be devived from the main theorem.

Corollary 1. If 8 =0 and £(t) = t*, 0 < a < 1 then degree of approzimation of
a function f(x), conjugate to 2w periodic function f belonging to the class Lip(a,p), is
given by

) = F)| = 0(—27)
Proof. o ,
) =Tl = (| Fute) ~Tyrar)
o) = ([ ) = Farar)
’ 27 _ _ » 1/p 1
o) = ([ Fate) ~Flde) 0y )
Hence

_ — 1

[fn () = F(@)] = 0(¢(-)n1/7)
for if not the right hand side will not be 0(1), therefore
1

a,1/p
Lyt

L

na*I/P

[tn(2) — f2)] = 0((
= ()(
This completes the proof.
Corollary 2. If p — oo in corollary 1 then we have, for 0 < a < 1,
1
)

n()é

[tn(@) = f(2)] = 0(
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Remark. An independent proof of corollary 1 can be derived along the same lines
as the theorem.

7. Particular Cases

(a) If anx = (Pn—k/Pn), B=0,&(t) =1t% 0 < a < 1and p — oo then result of Qureshi
[7] becomes the particular case of main theorem.

(b) Result of Qureshi [8] becomes the particular case of our theorem if a, ; and § are
defined as in (a) and () =t*, 0 < a <1
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