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SASAKIAN ANTI-HOLOMORPHIC SUBMANIFOLDS

OF A KAEHLER MANIFOLD

TEE-HOW LOO

Abstract. Let M be a connected Sasakian anti-holomorphic submanifold of a Kaehler mnifold

with flat norml connection and with dim D ≥ 4, where D is the holomorphic distribution on M .

We show that M is locally Riemannian product M ′ ×M ′′ where M ′ is homothetic to a Sasakian

manifold and M ′′ is a locally Euclidean space.

1. Introduction

The concept of Saskian anti-holomorphic submanifolds of a Kaehler manifold was in-
troduced by Bejancu [2] in analogy with the theory of Sasakian structure. Recently, Sun-
Li [6] adapted the notion of Sasakian anti-holomorphic submanifolds to CR-submanifolds
and extended this study to Sasakian CR-submanifolds. They also proved that if M is a
Sasakian anti-holomorphic submanifold of a Kaehler manifold N with flat normal con-
nection and if dim D ≥ 4, where D is the holomorphic distribution on M , then the
D-mean curvature vector HD is parallel. Using this fact, we show that under certain
conditions, a Sasakian anti-holomophic submanifold is locally a Riemannian product
M ′ ×M ′′, where M ′ is homotheic to a Sasakian manifold and M ′′ is a locally Euclidean
space (cf. Theorem 3.9).

This work was done under the supervision of Dr. S. H. Kon at the University of
Malaya and formed part of the author’s thesis submitted for the M. Sc. degree.

2. Preliminaries

Let N be an n-dimensional Riemannian manifold and let M be an m-dimensional
manifold isometrically immersed in N . Denote by 〈, 〉 both the Riemannian metric of N

and M , ∇̃ the Levi-Civita connection on N and ∇ the connection induced on M . Then
the Gauss and Weingarten formulas are given respectively by

∇̃XY = ∇XY + h(X, Y )

∇̃XY = −AζX +
1

X
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for any X, Y ∈ Γ(TM) and ζ ∈ Γ(TM⊥), where TM⊥ denote the normal bundle of M

in N , ∇⊥ the normal connection on TM⊥ and h the second fundamental form of M .

The fundamental tensor of Weingarten Aζ is related to h by

〈AζX, Y 〉 = 〈h(X, Y ), ζ〉 (1)

Let R and R⊥ be the curvature tensors associated with ∇ and ∇⊥ respectively. If

R = 0 then M is called a locally Euclidean space and if R⊥ = 0 then we say that the
normal connection ∇⊥ is flat. A normal vector field ζ is said to be parallel if we have

∇⊥
Xζ = 0, for any X ∈ Γ(TM).

A distribution F on M is said to be auto-parellel if we have ∇XY ∈ Γ(F ), for any

X, Y ∈ Γ(F ). It is not hard to see that a distribution is auto-parallel if and only if
it is integrable and each of its leaf is totally geodesic in M . Also, a distribution F is

parallel if and only if both F and F⊥ are auto-parallel, where F⊥ is the complementary

orthogonal distirbution to F . In this situation, we say that M is locally a Riemannian

product M ′ × M ′′, where M ′ and M ′′ are the leaves of F and F⊥ respectively.

Now suppose N is a Kaehler manifold with complex structure J , i.e.,

(∇̃XJ)Y = 0, for X, Y ∈ Γ(TN).

If there exists on M a holomorphic distribution D such that its complementary orthogonal

distribution D⊥ is anti-invariant (i.e., JDx = Dx and JD⊥
x ⊆ T⊥

x M , x ∈ M), then M

is called a CR-submanifold of N (see [1]). If JDx = T⊥
x M is called an anti-holomorphic

submanifold. For each X ∈ Γ(TM), we put

JX = φX + ωX

where φX is the tangential part and ωX is normal part of JX . Similarly, we put

Jζ = Bζ + Cζ, for ζ ∈ Γ(TM⊥)

where Bζ is the tangential part and Cζ is the normal part of Jζ.

Next, let us recall the definition of a Sasakian manifold. Let M be a Sasakian manifold

with Sasakian structure (φ, ξ, η, 〈, 〉). Then they satisfy (see [7])

φ2X = −X + η(X)ξ, η(ξ) = 1,

〈φX, φY 〉 = 〈X, Y 〉 − η(X)η(Y ),

(∇Xφ)Y = 〈X, Y 〉 ξ − η(Y )X,

for any X, Y ∈ Γ(TM). The following theorem is known (see [5]).

Theorem 2.1. Let M be a Riemannian manifold. If M admits a killing vector field

ξ of constant length satisfying

λ2(∇X∇Y ξ −∇∇XY ξ) = 〈Y, ξ〉X − 〈X, Y 〉 ξ
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for a non-zero constant λ and X, Y ∈ Γ(TM), then M is homothetic to a Sasakian

manifold.

3. Sasakian Anti-Homorphic Submanifold

Let M be a CR-submanifold of a Kaehler manifold N . For any U , V ∈ Γ(TM), we

put
S(U, V ) = [φ, φ](U, V ) − 2Bdω(U, V ).

Here [φ, φ] is the Nijenhuis tensor field of φ defined by

[φ, φ](U, V ) = [φU, φV ] + φ2[U, V ] − φ[U, φV ] − φ[φU, V ]

and dω is the exterior derivative of ω with

dω(U, V ) =
1

2

[

∇⊥
UωV −∇⊥

V ωU − ω[U, V ]
]

.

The CR-submanifold M is said to be normal if the tensor field S vanishes identically on
M .

The following theorem characterizes a normal CR-submanifold of a Kaehler manfold
(see [3]).

Theorem 3.1. The CR-submanifold M of a Kaehler manifold N is normal if and

only if

AωZφX = φAωZX

for any X ∈ Γ(D) and Z ∈ Γ(D⊥).

Corollary 3.2. The CR-submanifold M of a Kaehler manfold N is normal if and

only if

Bh(U, φV ) + Bh(φU, V ) = 0 (2)

for any U, V ∈ Γ(TM).

Proof. Let P and Q be the projection of TM onto D and D⊥ respectively. Then

for any U, V ∈ Γ(TM) and Z ∈ Γ(D⊥) we have

〈AωZφU, V 〉−〈φAωZU, V 〉=〈AωZφPU, V + AωZφQU, V 〉 − 〈φAωZPU − φAωZQU, V 〉

=〈AωZφPU, V − φAωZPU, V 〉−〈QU, AωZφPV − φAωZPV 〉 .

It follows from Theorem 3.1 that M is normal if and only if

AωZφU − φAωZU = 0. (3)

On the other hand, we have

〈Bh(U, φV ) + Bh(φU, V ), Z〉 = −〈AωZφU − φAωZU, V 〉 .
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Together with (3) we obtain (2).

If M is an anti-holomorphic submanifold, then Jζ = Bζ, for any ζ ∈ Γ(TM⊥). Thus,

it follows from Corollary 3.2 that we have the following

Corollary 3.3. The anti-holomorphic submanifold M of a Kaehler manfold N is

normal if and only if

h(U, φV ) + h(φU, V ) = 0 (4)

for any U, V ∈ Γ(TM).

Let {F1, . . . , Fp, JF1, . . . , JFp}, (2p = dimD), be an arbitrary local field of orthonor-

mal frames on D. We define the D-mean curvature vector HD of M by

HD =
1

2p

P
∑

k=1

(h(Fk, Fk) + h(JFk, JFk)).

We say that an anti-holomorphic submanifold M is contact if HD 6= 0 and for any

U, V ∈ Γ(TM) we have

dω(U, V ) = −〈U, φV 〉HD

or equivalently,

h(φU, V ) − h(U, φV ) = −2 〈U, φV 〉HD. (5)

A Sasakian CR-submanifold is normal contact CR-submanifold of N .

The following characterization theorem plays a fundamental role in this paper.

Theroem 3.4. Let M be an anti-holomorphic submanifold of N . If HD 6= 0, then

M is a Sasakian anti-homorphic submanifold if and only if

h(X, V ) = 〈X, V 〉HD (6)

for any V ∈ Γ(TM) and X ∈ Γ(D).

Proof. If M is a Sasakian anti-homolorphic submanifold, then by using Corollary

3.3 and (5) we have

h(φU, V ) = 〈φU, V 〉HD

for any U, V ∈ Γ(TM). In particular, if we put X = φU then (6) is obtained.

Conversely, for any U , V ∈ Γ(TM), since φU ∈ Γ(D) we have

h(φU, V ) = 〈φU, V 〉HD.

By a direct computation, we can see that conditions (4) and (5) are satisfied. Accordingly,

M is Sasakian.

The following result on a Sasakian anti-holomorphic submanifold with flat normal

connection is due to Sun-Li [6].
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Theorem 3.5. Let M be an anti-holomorphic submanifold of N with flat normal

connection. If dim D ≥ 4, then the D-mean curvature tensor HD is parallel.

Form now on, we assume that M is a connected Sasakian anti-submanifold of a

Kaehler manifold N with flat normal connection and with dimD ≥ 4. Then HD is

parallel by Theorem 3.5. If we put µ = ‖HD‖, then

Xµ2 = X 〈HD, HD〉 = 2
〈

∇⊥
x HD, HD

〉

= 0, for X ∈ Γ(TM).

This means that, µ2 is a constant on some open subset of M and so is µ. As M is

connected and HD 6= 0, µ is a non-zero constant defined on M and hence ξ = 1
µ
JHD is

unit vector field in D⊥ defined on the whole of M . Furthermore, for any U ∈ Γ(TM),

since HD is parallel we have

∇⊥
UJξ = ∇⊥

UJ
[ 1

µ
JHD

]

= −
1

µ
∇⊥

UHD = 0.

It follows that Jξ is also a parallel normal vector field.

Next, we define a distribution F on M by

F : x → Dx ⊕ {ξx}, for x ∈ M

where {ξx} is the vector subspace of TxM spanned by ξx. Denote by F⊥ the comple-

mentary orthogonal distribution to F .

For each Z ∈ Γ(F ) we put

η(Z) = 〈Z, ξ〉 .

Then we have

Z = PZ + η(Z)ξ.

We now prove a useful lemma.

Lemma 3.6. ∇Uξ = −µφU , for any U ∈ Γ(TM).

Proof. For any U, V ∈ Γ(TM), since N is Kaehlerian we have

〈(∇̃UJ)Jξ, V 〉 = 0.

By using the fact Jξ is parallel, and together with the Gauss and Weingarten formulas,

this yields

−〈∇Uξ, V 〉 + 〈φAJξU, V 〉 = 0.

Now, by using (1) and Theorem 3.4 we get

〈∇Uξ, V 〉 = 〈−µφU, V 〉 .

Hence, the lemma is proved.
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We now consider the following local field of orthonormal frames on D⊥

{ξ = E1, E2, . . . , Eq}, (q = dim D⊥)

such that each JEi is a parallel normal vector field. The existence of such a distinguished

field of frames is assured by [4, Prop. 1.1 and Prop. 1.3 of Chap.4]. Then we have the

following

Lemma 3.7. ∇Ej
Ei = 0, for i, j = 1, 2, . . . , q.

Proof. First, for any X ∈ Γ(D) we have

〈−AJEi
Ej − J∇Ej

Ei, X〉 = 〈(∇̃Ej
J)Ei, X〉 = 0.

It follows from (1) and Theorem 3.4 that we obtain

〈

J∇Ej
Ei, X

〉

= 〈X, Ej〉 〈HD, JEi〉 = 0.

Therefore, ∇Ej
Ei ∈ Γ(D⊥). Moreover, taking into account that JEi is parallel and

〈(∇̃Ej
J)Ei, JEk〉 = 0, we obtain

〈

∇Ej
Ei, Ek

〉

= 0. Accordingly, ∇Ej
Ei = 0.

Proposition 3.8. The distributions F and F⊥ are auto-parallel and consequently

are integrable.

Proof. For any Z, W ∈ Γ(F ) and j, (2 ≤ j ≤ q), we have

〈∇ZW, Ej〉 = 〈∇ZPW, Ej〉 + 〈∇Z(η(W )ξ), Ej〉

= 〈∇ZPW, Ej〉 + η(W ) 〈−µφZ, Ej〉 , by Lemma 3.6

= 〈∇ZPW, Ej〉 .

On the other hand, we have

〈h(Z, φPW ) − J∇ZPW, JEj〉 = 〈(∇̃ZJ)PW, JEj〉 = 0.

It follows that

〈∇ZPW, Ej〉 = 〈h(Z, φW ), JEj〉 = 〈Z, φW 〉 〈HD, JEj〉 = 0,

since HD = −µJξ⊥JEj . Hence, ∇ZW ∈ Γ(F ), i.e., F is auto-parallel.

In order to prove F⊥ is auto-parallel, it suffices to shows that ∇Ej
(fEi) ∈ Γ(F⊥),

for i, j ≥ 2 and for any differentiable function f on M . Since ∇Ej
Ei = 0, we obtain

∇Ej
(fEi) = (Ejf)Ei ∈ Γ(F⊥).

We are now ready to prove the main result of this paper.

Theorem 3.9. Let M be a connected Sasakian anti-holomorphic submanifold of a

Kaehler manifold N with flat normal connection and with dimD ≥ 4. Then M is locally
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a Riemannian product M ′ × M ′′, where M ′ is homothetic to a Sasakian manifold and

M ′′ is a locally Euclidean space.

Proof. Let M ′ and M ′′ be the leaves of F and F⊥ respectively. Since both F and

F⊥ are auto-parallel, M is locally a Riemannian product M ′×M ′′. Moreover, since M ′′

is totally geodesic in M , form the Gauss formulas and Lemma 3.7 we have

∇′′
Ej

Ei = ∇Ej
Ei = 0,

where ∇′′ is the Levi-Civita connection induced by ∇ on M ′′. It follows that

R′′(Ei, Ej)Ek = 0

where R′′ is the Riemannian curvature on M ′′ and i, j, k ≥ 2. Consequently, M ′′ is a
locally Euclidean space.

Next, denote by ∇′ the Levi-Civita connection induced by ∇ on M ′. Taking into

account that M ′ is totally geodesic in M , from the Gauss formulas, for any Z, W ∈ Γ(F )

we have
∇′

ZW = ∇ZW = P∇ZW + η(∇ZW )ξ. (7)

It follows from Lemma 3.6 and (7) that we obtain

∇′
Z∇

′
W ξ −∇′

∇′

Z
W ξ = −µ(P∇ZφW − φ∇ZW ) − µ2 〈φW, φZ〉 ξ. (8)

On the other hand we can see

〈P∇ZφW − PAωW Z − φ∇ZW, X〉 = 〈(∇̃ZJ)W, X〉 = 0, for X ∈ Γ(D).

Together with Theorem 3.4, we obtain

P∇ZφW − φ∇ZW = −µ〈ξ, W 〉PZ.

Therefore, (8) becomes

∇′
Z∇

′
W ξ −∇′

∇′

Z
W ξ = µ2 〈ξ, W 〉PZ − µ2 〈φW, φZ〉 ξ

= µ2η(W )PZ − µ2 〈W, Z〉 ξ + µ2η(W )η(Z)ξ

= µ2{η(W )Z − 〈W, Z〉 ξ}.

Furthermore, by using Lemma 3.6 and (7) we can see

〈∇′
Zξ, W 〉 + 〈Z,∇′

W ξ〉 = 0, for any Z, W ∈ Γ(F )

which means ξ is a killing vector field on M ′. Hence, M ′ is homothetic to a Sasakian

manifold by means of Theorem 1.1 and this completes the proof.
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