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DISCRETE OU-TANG TYPE INEQUALITIES

WEN-RONG LI AND SUI SUN CHENG

Abstract. Discrete Ou-Iand type inequalities are established which find applications in stability

of difference equations with sublinear perturbations.

In [1], Ou-Tang derived the following result: Let x, f : [0,00) — R be nonnegative
and continuous functions which satisfy

23(t) < C* + Q/t f(s)z(s)ds, C >0,
0

then .
x(t) < C+/ f(s)ds, t€]0,00).
0

Since such a result is useful when dealing with stability of differential equations,
several extensions [2, 3, 4] have then been obtained for continuous functions of the form
x : [0,00) — [0, 00) which satisfy

()< C+ / F(5)a?(s)ds + / g()29(s)ds, p,q> 0, t € [0,00),

where f, g : [0,00) — R are continuous and nonnegative functions.
It is equally important to consider stability of difference equations. For this reason,
we will consider in this note nonnegative sequences of the form {z,}22 , which satisfy

n—1 n—1
xp <+ Z fm@h, + ngxgrm nza, (1)
m=«x m=«

where « is an integer, p,q > 0 and {f.}>2,, {2, {1n}52, are nonnegative se-
quences.

We remark that when n = «, the two sums on the right hand side of the above
inequality are taken to be zero. This practice is in line with the general convention that
empty sums are taken to be zero, and empty products to be one. We remark further
that when ¢ = 1, v, = 7, fm = f and g, = g, the functional inequality (1) has been
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considered by Pang and Agarwal [6]. For other discrete Ou-lang type inequalities, see
[7, 8].
In case p=1, ¢ > 0 and {7,}22, is the null sequence, (1) implies

Az, < fpxn + gnzl, n>a
According to [5, Lemma 15.5], we can then assert that

1/(1-q)

n—1 n—1 m 1 1-q
oo <[ JTO+5) ) Qa9+ 0 -a) D gm | I (2)
*- — L1+ f
1= m=« 1=
forn=a,a+1,...,0, provided that ¢ # 1, and
n—1 m 1 1—q
x4 (1 — m >0, n=a,a+1,...,08.
B+ ( Q)mz::ag ]1 7 3

The case where p = ¢ > 0 can also be dealt with easily by means of a discrete
Gronwall type result of Sugiyama [5, Corollary 15.3]: If {u,}>2 , satisfies

n—1

Un < an+ Y btim, 1>,

m=o

for some nonnegative sequence {b,,}22 ,, then

n—1 n—1
ungan—l—meam H (14+b), n>a
m=«

i=m-+1
Indeed, suppose {z,}52 , is a nonnegative sequence which satisfies
n—1
IEZS%JF Z(fm+gm)mfn; n = a,
m=«

where p > 0, {7,}52, is a nonnegative and nondecreasing sequence, and {f,}5,,
{gn}22, are nonnegative sequences. Then according to the result of Sugiyama, we have

n—1 n—1
m£§7n+ Z(fm‘i’gm)’ym H (1+fi+gi)a n > a.
m=«a 1=m-+1

Next, we consider the case where p #qgand ¢ >p—12>0.

Theorem 1. Let p,q be distinct positive real numbers such that ¢ > p—1 > 0.
Furthermore, let {f,}52, and {gn}S2, be nonnegative sequences, and {v,}32, be a
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nonnegative and nondecreasing sequence. If {x,}52 ., is a nonnegative solution of the
functional inequality (1), then

opt S pP—yq o
zjg{n[[a_pm} (pq)/p Z <Hp+f>

for each j > «, provided that

pP—q
§ ‘
TRE) |

1/(p—q)

Proof. Let j be an arbitrary integer greater than or equal to a. Let {z,}/__ be
defined by

n—1 n—1

="+ Y fmth 4+ Y gmal, n=aa+1,...,]

then it is easily seen (see e.g. [5, Lemma 15.1]) that 2, = v, < 7, = 2z, and from (1),
we have

n—1 n—1
<Yt > fmth D> gmad, = 2,
m=«x m=«
or, &, < z,l/p forn=a,a+1,...,j. Since
0< Az = fua® + gnzl < fozn + 902P, n=o,a+1,...,j—1,
by means of the mean value theorem, we see that

2711{’_1 1/17 < p 1/10 IAZ

1

< Ezvlz/pil(fnzn + gnzg/p)
fn 1/p+ ( 1/p)1 ptq
p p

forn=ca,a=1,...,j — 1. In view of (2) and the fact that 0 <1 —p+ q # 1, we then
obtain

n—1 n_1 m p—q 1/ (P—9)
2lp < < p+fi> 2P=0/P 4 (p — ¢) gm <H p )
i=a p m=a p i=a p+ ‘fl
n—1 n_1 p—q) /(P—9)
p+fi v-a)/p  P—4 P
= Vi t—2_9
<, P ) 7 P mz: at p+fi

=« 1=«
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forn=a,a+1,...,j, provided that

pP—q
pP—q j
V?qu E:gm<IIp+f> >0, n=a,a+1,...,j. (3)

Thus,

P—q
1/ p+ fi ( Ve, P—4
x; P~ <H ) P—q p Z <Hp+f1>

for each j > a, provided that (3) holds. The proof is complete.

As an example, let p > 1, let {7,}52,, be a nonnegative and nondecreasing sequence,
and let {fn}°2 ., {9n}52,, be nonnegative sequences. If the real sequence {z,}>2 , is a
nonnegative solution of the functional inequality

1/(p—q)

n— n—1
oh < +p Z fm@h, +p Z gmva;la n > a,

m=« m=«

then in view of Theorem 1, we have

Ijg (1:[(1+f1>{ l/p‘f'z_:gm <H1+

1 )} '>
) j—a7
i=o 'ﬁ

1/p 1 :
m ) = G, 17“'; ; 4
+Zg <H1+f1>>0 n=aa+ J (4)

1=

provided that

for j > a. Note that if 7, > 0, then 7; > 74 > 0 for j > «, and hence (4) will be satisfied
automatically.

As another example, let 0 < ¢ < 1, let v > 0, and let {f,}22,, {gn}22, be nonnega-
tive sequences. If the real sequence {z,}22 , is a nonnegative solution of the functional
inequality

n—1 n—1
Tn SY+ Y fnm Y gmh, n>a, ()
m=au m=«a

then in view of Theorem 1, we have [5, Theorem 15.6]
1/(1—q)

j—1 j—1 m 1 1—q
et Ea (i)

= =

since
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As a final example, consider the perturbed difference equation
Az, = hpz, + G(n,x,), n=0,1,2,...,
where {h,}52, is a real sequence,
|G(n,t)| < gnlt]!, n=0,1,2,...; 0<g<1,

and {g,} is a nonnegative sequence. Let {x,}52, be the unique solution of this equation
which satisfies the initial condition z¢g = v # 0. Then

n—1 n—1
|lzn| < ||+ Z |han @] + Z gnlzml|?, n=0,1,2,....
m=0 m=0

This functional inequality has the same form as (5), and hence

1/(1—q)

|| < (H(l + |hi|)> AT+ (1) i Gm (H 1+1|h-|)
m=0 i=0 ¢

=0

for n > 0.
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