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A HILBERT TYPE INEQUALITY

G. D. HANDLEY, J. J. KOLIHA AND J. PECARIC

Abstract. In this paper we obtain a new inequality of Hilbert type for a finite number of
nonnegative sequences of real numbers from which we can recover as a special case an inequality

due to Pachpatte. We also obtain an integral variant of the inequality.

1. Introduction

The well known Hilbert’s inequality [2, p.226] has been generalized in many directions
by a number of mathematicians (see [1, 2, 3, 4, 5]). The purpose of the present paper is
to derive a new inequality of Hilbert type, which will subsume, as a special case, a recent
result of Pachpatte 7, Theorem 1].

Theorem 1. Let {a;m;} (i =1,...,n) be n sequences of nonnegative real numbers
defined for m; = 1,2,...,k; with a19 = az0 = -+ = ano = 0 and let {p;m;} be n
sequences of positive real numbers defined for m; = 1,2,...,k;, where k; (i =1,2,...,n)

are natural numbers. Set P, = > o pis (i = 1,...,n). Let ¢; (i =1,...,n) ben
real-valued nonnegative convex and submultiplicative functions defined on Ry = [0, 00),
let a; € (0,1), and seta; =1—q; (i=1,...,n),a=> 1 o andad’ => " o} =n—a.
Then

i= 1¢z Qi m;
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vai,mq, = Qjm; — Gim,;—1 (Z =1,... ,’n).
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Proof. From the hypotheses it is easy to observe that

aiymi:ZVaiysi (mi:1,2,...,ki,izl,...,n).

si=1

So we have

Py, Z:jl_l Pi,s; (vai Si /pi,si) }

¢i(ai,mi) = ¢; { Zln:1 Do

Zml 1 Pis; (Vais, /Dis,)
< 0i(FPsmi ) @i I :
< il >¢{ S

sz_1 Di,s; Di (Vai,sl- /pi,Si)

< ¢i(Ps,m,) 2
i,mg

fori=1,...,n.

Further, by Holder’s inequality (see [6, p. 99]) we have

qui(azml)g <¢11(31m1 szs (7252 ValSl/pzs)>
i=1 i=1 P |
. i P’L m 4 — -
<11 { [%} [mi] [Z(Pi,si¢i(vai,sq,/pi,sq,)1/0”1 } (2)
i=1 LM s;=1

Let us note that

so we have

and (2) becomes

mg

]:E¢i(aimi)§(z 1a mZ )e H{{ Zl ml)] lz [piysi‘ﬁi(vaiﬁsi‘ﬁi(Vai,si/piysi)]l/o‘%] } .

i=1 i si=1
(3)

Dividing both sides of (3) by (31, a/m;)® and taking the sum over m; (i = 1,...,n)
from 1 to k;, then using Holder’s inequality (see [6, p. 99]) and interchanging the order
of summation, we observe that

o Iy 61(0im.)
ZI PN ey

mi=1 mn—l
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1 n ki (Z5(P ) m; Qi
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i=1 Um;=1 Rl si=1
n ki 1/ a ki mg i
1 ¢z P; ,m; ‘ «
< Na' H |:P7):| Z Z (pi,si(bi(vai,sq, /pi7si))1/ ¢
(@) i=1 m;=1 L m;=1 Ls;=1
- M(kl’ H { [ pl7si¢i(va’i,87, /pi,si))l/aq"| }
=1 m;=1 Ls;=1
n my ki [e7)
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i=1 Us;=1 m;=s;
:M(kl’ H{ SZ+1)[pz 51¢2(vazs /pz sl)]l/al} s
=1 5, =1

which is equivalent to (1).

Remark 2. For oy =+ =, = (n —1)/n, (1) becomes
Z Z Hz 1(151 (@im,)
ml + - +mn
mi=1 My =
n 4 v n/(n—1) (n—1)/n
- Qj,my;
SMk'l,..., H{Z kmz+1)|:pz,m1¢z< ’ 1):| } 5
i=1 =1 1,m;
where

1/n
7 1 - ¢z( [ mq) "
M(k:l,...,k;n):EI:[l{mzjl[ P .
For n = 2, this is Pachpatte’s result [7, Theorem 1].

There is also an integral analogue of Theorem 1.

Theorem 3. Let fi € C[0,k;],Ry], i = 1,...,n, with f;(0) =0 (i = 1,...,n),
let pi(0;) be n positive functions defined for o; € [0,z;] (i =1,...,n), and set P;(s )
fo‘s“ pi(oi)do; for s; € [0,x;] where z; are positive real numbers. Let ¢;, a;, o}, a and «
be as in Theorem 1. Then

[ Ty

<Lir...n H{/ O O VS L S

!

where
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Proof. From the hypotheses we have

fi(si) = /0 i f/(O'i)dO'i, S; € [O,$i],

Using Jensen’s integral inequality (see [6, p. 6]), we obtain
Pi(si) [y pi(oi)(fl(03) /pi(o
®i(fi(s:)) = bi (51) Jy sq,( Jilos)/md 1))d0'i
o piloi)do;

037, pi(oi)(fi(os)/pi(oi))do; }

o piloi)do;

< ¢i(Pi(s:)) s {
< @I(DJ;ES;)) /OSi pi(0)di(fl (o) /pilo))dos, i=1,....n.

The rest of the proof is similar to that for Theorem 1.

Remark 4. For a1 =--- = a,, = (n — 1)/n, (4) becomes

/ /a,n L Jlrdn Z(S;))dsl"'dsn

<l e o (0]

o= 48 )

For n = 2 we recover Pachpatte’s result [7, Theorem 2.

(n=1)/n

where
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