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A NON-COMMUTATIVE SOBOLEV ESTIMATE
AND ITS APPLICATION TO SPECTRAL SYNTHESIS

M. K. VEMURI

Abstract. In [M. K. Vemuri, Realizations of the canonical representation, Proc. Indian Acad. Sci. Math. Sci., 118
(2008), 115-131], it was shown that the spectral synthesis problem for the Alpha transform is closely related to the
problem of classifying realizations of the canonical representation (of the Heisenberg group). In this paper, it is

shown that discrete sets are sets of spectral synthesis for the Alpha transform.

1. Introduction

For p € [1,00], let SP denote the Schatten class of pth power traceable operators on [2(R).
For x,y € R, let T and My, denote the translation and modulation operators on I%(R), i.e. for
sel*(R)

(Tys)(t) = s(t+x) and
(Mys)(t) = ™V s(1).

If (x1,y1) € R? and X € SP, set
(x1, 1) - X =Ty, My, XMy, T,

If ge L'(R?) and X € SP, set

q-X=ffq(x1,y1)(x1,y1)-deldyl-

Then S” becomes an L' (R?)-module. Note that the previous integral exists by Lemma 2.4.

Main Theorem. If X € S, tr(X) = 0 and € > 0, then there exists pE LY (R%) with p=1lona
neighborhood of (0,0) such that
lo-X[g <e.
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Definition 1.1. If X € S!, the Alpha transform of X is the function on R? defined by

a(X)(x,y) = tr(TxMyX).

The Alpha transform is related to the module structure on S! in the same way that the
classical Fourier transform is related to convolution. In fact, we have the following lemma.

Lemmal.2. Ifge L'(R?) and X € S, then a(q - X) = a(X).

Proof. Note first that

a((x1, 1) - X)(%,9) = (T My Ty, Moy, XMy, Ty)
— e 2miyn tr(Ty, Tx M-y, My XMy, T—y,)
_ e_2ni(yy1+xx1) U'(Ty1 M_x1 TxMyXMxl T—yl)
= e_zni(yy1+xx1)tf(TxMyX)

= ¢~ M) g (X) (x, ).

The result now follows by integration.

By standard methods, the main theorem leads to the following corollary, which may be
viewed as saying that discrete sets are sets of spectral synthesis (more precisely, C-sets) for
the Alpha transform.

Main Corollary. Let D < R? be a discrete set. Lete > 0. IfXe S! and a(X) vanishes on D,
then there exists Y € S' such that a(Y) vanishes on a neighborhood of D and | X — Yl g1 <E€.

It was shown in [6] (see also [5]) that the spectral synthesis problem for the Alpha trans-
form is closely related to the problem of classifying realizations of the canonical representa-
tion (of the Heisenberg group).

2. Some Lemmas on Integration
In this section, we prove some slight extensions of [4, Theorem 3.27].

Definition 2.1. Let f be a continuous function defined on R?>. We say that f is rapidly
decreasing and write [ € R(R?) if for all positive integers n, the function (x,y) — (1 + X%+
y?)" f(x,y) is bounded. The best constants in the bounds give a countable family of norms
which turn £ (R?) into a Frechet space.

Let 9 be a Frechet space defined by a countable family of norms.

Definition 2.2. A function @ : RZ — J is bounded if for each norm ¢, the function g o ® is
bounded.
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Definition 2.3. A function ® : R> — 9 is polynomially bounded if for each norm o, there
exists a polynomial p such that
00®(x,y) = px,y)

forall (x,y) € R2.
Lemma 2.4. Let @ : RZ — I be a bounded continuous function. Let f € LY (R?). Then
f [, @(x,y)dxdy

exists.

Proof. There is a sequence {f;} of compactly supported continuous functions such that
fi — fin L' (R?). For each k, the integral

Ik:f fe(xe, NO(x, y)dxdy

exists by [4, Theorem 3.27]. For each norm o,

IA

o —1j) f Ifk(x, ) = fi (x, Mo (@(x, y))dxdy

supo (@(x, ) || fie — fill,
-0

IA

as k, j — oo. So {I}} is a Cauchy sequence. Since J is Frechet, there exists I € J such that

lim I = 1.

k—o0

Let A be a continuous linear functional on 9. Then

A(D

lim A(I})
k—o0

klgn A(fffk(x, NO(x, y)dxdy)

kh_{n fffk(x,y)A(CD(x,y))dxdy

= f f A@(x, y)dxdy (by the dominated convergence theorem)

= ffA(f(x,y)eD(x,y))dxdy.

Therefore, [[ f(x,y)®(x, y)dxdy = 1.

Lemma 2.5 Let ® : R?> — 9~ be a polynomially bounded continuous function. Let f € (R?).
Then

fff(x, N (x, y)dxdy
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exists.

We omit the proof because it is very similar to the proof of Lemma 2.4.

3. An Interpolation Theorem

Theorem 3.1. Let 1 < py, p1, p;, p < oo and suppose that T : LP° (R2) N LP! (R2) — SPo A SP1
is a linear transformation which satisfies

I Tf”Sp(/) = My ||f||p0 and
1771, < ¥ 111

Then for each f € LP (R%) N LPY (R?) and each t € (0,1), Tfe SP: and

171l gy = M| 11,

where
1 r 1-1¢
—_— =+ —
Pt P1 Po
1 r 1-1¢
— = - + i and
Pt P1 P
1t st
M; = M,"" M.

Proof. This follows immediately from the abstract (Calderon-Lions) interpolation theo-
rem once we know that {LP (Rz)lp € [1,00]} and {SP|p € [1,00]} form complex interpolation
scales. For this, see [2, p38, Example 1 and p44, Proposition 8]. Note that we must take S* to
be the space of compact operators with the operator norm for all this to work.

4. Non-commutative Holder Inequality

Theorem4.1. Let1 < p<ocoandp™ ' +p ' =1.IfAc SP andBe S”', then AB € S! and

IABlisi < | Allsp I Bl gp -

Proof. This follows from Theorem 3.1. For details, see [2].

5. The Inverse Alpha Transform

Definition 5.1. Let f € L'(R?). Then the inverse Alpha transform of f is the bounded
operator defined by

G)(f)zf f,M_yT_xdxdy
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Note that this integral exists by Lemma 2.4.
Lemma5.2. If f € LY RY), then forall g € L2(R),
[N gl = fK(v, w) gw)dw a.e.
where

K(v,w) = ff(v— w,y)e 7 dy,

Proof. For any h € L2(R),

f O(f)gl(Whwdv = f ( ff f M-, T_rdxdyg| () h(v)dv

= [ ey [oa, g whtavasay
(by definition of integral)

=fff(x,y)fe‘z”iy”g(v—x)mdvdxdy

= ff f(x, e 2™V dyg(v—x)dxh(v)dv

(by Fubini’s theorem)
B fff fw=w,y)e ™" dyg(w)dwh(v)dv

=f K(v, w)g(w)dwh(v)dv.

The application of Fubini’s theorem is justified by the fact that F € L' (R®) if

F(x,y,v) = f(x,y)e "V g(v - x) h(v).

6. A Minimalist Alpha Inversion Formula

Lemma6.1. If X € S, then
la(X)lloo = 1 XIs1 .

99

Proof. Forany Y € S!, we have [tr(Y)| < tr(|Y]) by the spectral theorem. So for any X € st

la(X)lleo = sup [tr(T:MyX)|
(x,y)eR?

< sup tr(|TxMyX])
(x,y)eR?

=tr(|X]) (since Ty M), is unitary)
=1 Xllgt.
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Remark 6.2. Note that if X is given by an integral kernel K of Schwartz class, then

a(X)(x,y) =[ezniy”K(v, v—x)dv.

Theorem 6.3. If f is a Schwartz class function on R?, then

a@(f) =f.

Proof. By the Schwartz-Plancherel theorem for the classical Fourier transform, the kernel
K of O(f) is of Schwartz class. So

a@(MNx,y) = fez”iy”l((v,y—x)dy
=feZ”iy”ff(x,y')e_z””"”dy’dv

= f(x,) (by the classical Fourier inversion formula.)

Theorem 6.4. If X € S s given by an integral kernel K of Schwartz class, then
X =0(a(X)).
Proof. By Lemma 5.2, ©(a (X)) is given by the kernel K, where
KW', w) = fa(X)(l/— w,y)e_Z”iy”’dy.
However, by Remark 6.2 and the classical Fourier inversion formula,

I?(v’,w) = f[esz’VK(v’v_(v’_ w))dve—Zniyv’dy

=K@, w).

7. Non-commutative Riemann-Lebesgue Lemma
Theorem 7.1. If f € L' (R?), then |©(f)|| . < || f]|, and ©(f) € $*°.
Proof. Firstly,
[0 = | [ rew vy 1-caxay|

= fflf(x,y)l [ M-y T_«| dxdy

- f f \F G ) ldxdy



SPECTRAL SYNTHESIS 101

=71

Now, there is a sequence {fi} of compactly supported smooth functions such that fi — f
in L' (R%). Moreover, for each k, the operator O(fi) € S™°. But, by the previous calculation,
O(fx) — O(f) in operator norm. Since S* is closed in the operator norm, ©(f) € .

8. Non-commutative Plancherel Theorem

Theorem 8.1. O extends to an isometry
0:12([R%* — §°.
Proof. Assume first that f € LY (R?) N L2 (R?). Then ©( f) is given by the kernel
K(v,w) = ff(v— w,y)e_zmy”dy.
So
2 2
leNs = f IK (v, w)|>dvdw

. 2
=ff|ff(v—w,y)e_2”’y”dy dvdw

= f |f(u,v) Pdvdu (by the classical Plancherel theorem)
=71,

The rest is clear.

9. Non-commutative Hausdorff-Young Theorem

Theomre9.1. Let1 < p<2andp~'+ p’_l = 1. Then © extends to a bounded operator
0: PR} — 7.

Proof. The endpoint estimates are given by Theorem 7.1 and Theorem 8.1. The result now
follows from Theorem 3.1.

10. An Approximation Lemma

Recall that if ¢, € L2(R), the operator ¢ ® i : L?(R) — L?(R) is defined by

(W) () ={f, W),
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and is of rank one. Thus a general finite rank operator is of the form

n
X=Y gproyr  withgg,yiel*R).
k=1

Definition 10.1. The non-commutative Schwartz space is the space S of finite rank op-
erators X : L2(R) — L?(R) such that

n
XZZ(pk@W with ¢y € &,
k=1

where . is the space of Schwartz class functions on R.

Lemma 10.2. Let X € S, tr(X) = 0 and € > 0. Then there exists Z € S such that tr(Z) = 0
and
IX-Zlg <e.

Proof. It is well known (see e.g. [1]) that there exists a finite rank operator

n
Xy = Z POV
k=1
such that || Vi ||2 =land | X -Xillq < %. Itis also well known that there exist (p’k € % such that
||(pk—(p;C||2 < ﬁ. Set
n
X = Z (,0;C ®W.
k=1
Then

n
1= %0 = | Y (k-0 %k

k=1 st
! !

= $ oot vl
e

< ZIE

e

Fix W € 87 such that |W| = tr(W) = 1 and define Z = X, — tr(X>)W. Then Z € S, tr(Z) = 0
and

X2 — Zllg1 = [tr(X2)]

Y @ wo)]
k=1
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(P vy — (P — Qi) ‘

=

>
k=1
Y «pkﬂ//k)‘ + 3 Kok — 9wl
k=1 k=1

n
< XD+ Y ok =i, vl
k=1
<X+ 2
1 4'
But

[tr(X1)| = [tr(X) —tr(X — X3)|
< [tr(X)| + | tr(X — X3)|
= [tr(X - X1)I
s (X -X0)
=[1X-Xilg

£

< -.
4

Therefore, | X2 — Z]I g1 < % Therefore, | X - Z| < €.

11. The Action of Differential Operators

Definition 11.1. For ¢ € .#, define

_dy
(Po)(1) = ar
(Q) (1) = 2mite(t).

Lemma 11.2. [fX € 7, then PX,QX € S”. Moreover,

0 .
a(PX) = (a - Zmy) a(X)

d
a(QX) = —a(X).
ay

Proof. It follows immediately from the definition that PX,QX € S . Since for any ¢ € &,
limy,_.¢ %(p = Pginthe L?(R) sense, limy,_. %X = PX in S'-norm. So
g a(X)(x,y) = 9 tr(Ty M, X)
0x V)= o My

 tr(Tesn My X) — tr(Tx My X)
m
h—0 h
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2niyh _
e TeM, Tp X — T M, X
= limtr( Yk e )

h—0 h

_ (eZ”iythMyThX—eZ”iythMyX
= limtr

h—0 h

. 2" YN T My, X — T My X

h

= limtr(T M Th_IX) N aidiid: tr(Tx M, X)
= ) h oy

= tr(TxMyPX) +2miytr(TxMyX)
= (a(PX) +2niya(X))(x, ).

So 5
a(PX) = (a —Zmy) a(X).

By essentially the same argument, we get

F)
a(QX) = = a(X).
y

Lemma 11.3. If X € S and g € Z(R?), thenIm(q-X) < .

Proof. Without loss of generality, we may assume X = ¢ ® y with ¢ € #. Let g € L*(R).
Since the map (x,y) — (g, TyM-,y) is bounded and continuous, q(x1,y1){g, T, M—x, ¥) €
R(R?). Since (x1,y1) — Ty, M_y, ¢ is a polynomially bounded continuous map R? — .,

I :f 6/(x1y_)/1)<g; Tyl M—X1w> Tyl M—xl(pdx1dy1
exists in . by Lemma 2.5. Now, for any & € I2(R),
f[(v)h(v)dv = ffq(xl,y1)<((x1,y1)~X)g, hydx)dy, (by definition of integral)
={(g-X)g .

It follows that
I=(g-X)g a.e.

In particular (q- X)g € &.
Lemma11.4. Let X € S¥ and qge R(R2). Then
P(g-X)=(-2mix1q9)- X+ q-(PX).

In particular, P(q - X) € St.
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Proof. Since for any ¢ € .,
lim (E) @ =Py
h—o\ h
in the L?(R)-sense and Im(qg- X) €.%#, we have
P(g-X) =lim E(q-X)
h—0 h

in the strong operator topology. For the same reason,

. Ty—1
PX = }llrr%) " X
in S'-norm. So

o oT,—1 o Th—Iff
}llil(l) 7 (q X)—Ililir(l) - q(x1, y1)(x1,y1) - Xdxidy

. T,—1
= }ll_r%ffq(xl,yl) hh (x1,y1)- Xdx1dy

. 1 _opi
= }llr%ffq(xl,yl)ﬁ(e iy My Ty XMy, Ty,

=Ty M_y, XMy, T- ) dx1dy

e—Zﬂixlh_l
= }llil’%)ffq(xl,yl) TTJ’IM—XI T],ZAXM)C1 T—}’l

Ty -1
+T}’1 M—x1 TXMXI T_J/l) d.X,'ld_)/l

= f q(x1, y1)(=2mixy (x1, y1) - X + (x1, 1) - (PX))dxrd yr
= (2mix1q)- X+ q-(PX)
in S'-norm. This proves the claim.
Lemma11.5. Let X € S¥ and qge R(R?). Then
Q(g-X)=(-27iy1q)- X+ q-(QX).
In particular, Q(q - X) € st
Proof. This is proved by the same sort of reasoning as Lemma 11.4.

Lemma 11.6. If X € 7 and q € Z(R?), then

0 .
a(P(g-X)) = (a —Zmy)a(q~X).

Proof. By Lemma 11.4, we have

P(g-X) = (-2mix1q)- X +q-(PX).
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It follows that

5
a(P(q-X)) = a—Za(X)+5,a(pX)

= Z—Za(XHE;

0

= P (Ga(X))-2rmiyga(X)

0 PR
= (a - 27ny) (qa(X))

0 .
x —Zmy) a(X)

0 .
= (a —27ny) a(q-X).

Lemmall.7. [fX e S and qge R(R?), then

0
a(Q(q-X)) = a—ya(q-X).

Proof. This is proved in the same way as Lemma 11.6.

12. The Harmonic Oscillator
Definition 12.1. The harmonic oscillator is the differential operator

H=P*+ Q%

Lemma 12.2. IfX € S and g € Z(R?), then H(q-X) € S' and

a(H(g-X) =Za(q-X),

62
5

where
2

0
@z(a—Zniy +

Proof. By Lemma 11.4 and Lemma 11.5, we have

P?(g-X) = P(-2mix1q)-X)+ P(q-(PX))  and
Q%(g-X) = Q(=27iy19)- X) + Q(g - (QX)).

So P?(q-X),Q%(q-X) € S' and hence H(g-X) € S'.
By Lemma 11.6 and Lemma 11.7, we have

a(P?(q- X)) = a(P(-2mix1q)- X)) + a(P(q- (PX)))
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27ny)a(( 2nix1q) - X) + ai—any)a(q (PX))

y|(a((=2mix1q)- X) + a(q- (PX)))

a—qa(X)+ (i—Zm )a(X))
y ox q y

|
| ;
/)
|
|

Il
—_—— e

3|°) %Im 3|©%|©3|©%|©

—2mi
—21i (
—2mi (6( a(X))-2mi a(X))
ox q y
2
—21i

(Ga(X))

2
alg-X).

y

—2miy

and

20-3) = 2 atcomivia)- X+ L ala.
alQ*(q-X)) = Foal=2ning)- X+ 3-a(g Q)

0
= a—y(a((—zmqu) -X)+a(g-(QX))

= i a—qat(X)+ Aia(X)
oy \ay Tay

92 .
= W(CICI(X))

2

= W (1(6] - X).
The result now follows.

Theorem 12.3. There is a complete orthonormal set {¢}} in L2(R) such that

Hpy =-2n2k+ 1) y.

Proof. See [3, Lemma 10.34].

Corollary 12.4. For p > 1,
H'esP.

Proof. This follows from the p-series test.

13. A Versal Constant

For § >0, let Bs = {(x,y) € R%:\/x?+ y? < 6}. Fix a radial smooth function T with support
in By and identically 1 in a neighborhood of 0. Set

V=I7l.
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Set
15(x,¥) =1(x/8,y/0).
Then
T5(x1, 1) = ffez””xxlﬂ’y”rg(x,y)dxdy

=ffez”i(xx1+J’J’1)T(x/6,y/6)dxdy
— ff eZni5(xx1+yy1)T(x, y)52dxdy
= 521(8x1,6y1).

So for any 6 >0,

sl = 62ff|f(6x1,6y1)|dx1dyl

= 52ff|f(x1,y1)|5‘2dxldy1

=7l
=W
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14. The Heart of the Matter

14.1. If X € S7, tr(X) = 0 and € > 0, then there exists pE LY (R%) with 0 =1 on a neighbor-

hood of (0,0) such that
lo-X|s, <e

Proof. Let r = y/x? + y2. Let

Cy =sup|Va(X)|.
B
Since a(X) is smooth and a(X)(0,0) = 0, it follows from the mean value theorem that

la(X)(x, )| <Cyir on Bj.

Let
Cy = sup|Aa(X)]
B
D; = sup|t|
B
Dy = sup|VT|
B
D3 = sup|AT1].
B
Then

D(rsa(X)) = (A —4m‘y% —47r2y2) (Tsa(X))
= (At5)a(X)+2V1s-Va(X) + 15Aa(X)

—4mi (aréa(X)+T aa(X))
J 0x 56x
—4ﬂ2y215a(X).

Therefore, on Bs, we have by the Cauchy-Schwarz inequality that

D (Tsa(X))| < [IATsla(X)|+2|VTsIVa(X)| +|T5|Aa(X)]
6‘[5 0
+47ly| (|§||a(X)| + '75'|a“(X)|)

+4m? |y |75 lla (X))
< (Atslla (X +2IVTs[IVa(X) | + 75 1Aa(X)]
+Amr (VTslla(X)| + 175 Va (X)) +47° r? |75l a(X)])
< (6 2D3Cir+2671DsCy + D1 Gy
+4nr(6 'DyCir + D1 Cy) +47% 2Dy Ci 1)
< (672D3Cir+612DoC1 + 41D, Cy) + (D1Co + 41D, Cy + 472D, C1))
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< (416721 + A6 + Aj).

Moreover, 2(tsa(X)) is supported in Bs. Fix p € (1,2). Then

1/p 1/p
+ A6 ! (ff dxdy)
Bs

12(TsaX)l, < A62 (ffB rPdxdy
5
1/p
ff dxdy)
Bs
5pP+2 1/p 52 52 1/p
A15_2( ) +A26_1(— —)
p+2 2 2

= emYP (A1(p+2)7VP + A,27VP)52/P71 4 a327 VP 2IP,

+As

1/p
+ As

< @em'?

Therefore,
(1$irr(1) D(Tsa(X)=0  inLP(R?).

If p~1+ p'~! =1, then we have

(lsirr(l) H(@s-X) = (lsirrg)(a @ (rsa(X))) (by Theorem 6.4 and Lemma 12.2)

=0 ((lsirr(l)@(rga(X))) (by Theorem 9.1)
=0 ins”.
By Corollary 12.4, H™! € SP. So by Theorem 4.1, we have
lim¥s-X = H ' (lim H(# - X))
6—0 6—0
=0 inSh

Therefore, there exists 6o > 0 such that || T, X || g1 <&. Take p =175,. Then p = 1in a neighbor-
hood of (0,0) and ||p- X | & <.

Proof. of the Main Theorem. Now, if X € S! and tr(X) = 0, by Theorem 10.2 we can find
X' € §7 such that ||X - X,”sl < 3y and tr(X’) = 0. Then by Lemma 14.1 we can find p € LY (R?)
such that ||p-X’ ”sl < £. Thus

lo-X[lg = flo- X' = (X'~ X0 s
lo- Xl +llo- X' =20 s

£
> el X -x's
<E.

IA

IA
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