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On the Signed strong total Roman domination

number of graphs

A. Mahmoodi, M. Atapour and S. Norouzian

Abstract. Let G = (V, E) be a finite and simple graph of order n and maximum
degree A. A signed strong total Roman dominating function on a graph G is a func-
tion f: V(G) — {-1,1,2,...,[5] + 1} satisfying the condition that (i) for every
vertex v of G, f(N(v)) =3 ey f(u) = 1, where N(v) is the open neighborhood
of v and (ii) every vertex v for which f(v) = —1 is adjacent to at least one vertex
w for which f(w) > 1+ [$|N(w) N V_1[], where V_; = {v € V : f(v) = —1}. The
minimum of the values w(f) = " .y f(v), taken over all signed strong total Roman
dominating functions f of G, is called the signed strong total Roman domination
number of G and is denoted by vss7r(G). In this paper, we initiate signed strong
total Roman domination number of a graph and give several bounds for this pa-
rameter. Then, among other results, we determine the signed strong total Roman
domination number of special classes of graphs.

Keywords. Signed total Roman dominating function, Signed total Roman domination
number, Strong Roman dominating function, Signed strong Roman dominating function

1 Introduction

Let G be a simple graph with vertex set V = V(G) and edge set E = E(G). The order and
size of a graph G are denoted by n = n(G) and m = m(G), respectively. For z, y € V(QG)
with & # y, d(x,y) denotes the length of a shortest path from x to y. If there is no such
path, then we will make the convention d(x,y) = co. A graph G is called connected if there
is a path between each pair x and y in V(G). The diameter of G is defined as diam(G) =
sup{d(z,y)|  and y are vertices of G}. For every vertex v € V, the open neighborhood Ng(v)
is the set {u € V | uv € E} and the closed neighborhood of v is the set N[v] = N(v) U {v}.
The degree of a vertex v € V is dg(v) = d(v) = |[Ng(v)|. The minimum and mazimum degree
of a graph G are denoted by ¢ = §(G) and A = A(G), respectively. A graph G is regular if the
degrees of all vertices of G are the same. We write K, for the complete graph, P, for a path and
C,, for a cycle of order n. We also denote the complete bipartite graph with two parts of sizes r
and s, by K, s. Let X and Y be two subsets of V(G). We denote by [X, Y] the set of edges of G
with one end in X and the other end in Y.

Received date: September 26, 2020; Published online: July 29, 2022.
2010 Mathematics Subject Classification. 05C69.
Corresponding author: Akram Mahmoodi.

265


http://dx.doi.org/10.5556/j.tkjm.54.2023.3907

266 A. Mahmoodi, M. Atapour and S. Norouzian

For a subset S C V and v € V, we denote by G[S] the subgraph of G induced by vertices
of S and by dg(v) the number of vertices in S that are adjacent to v. It is easy to see that
ds(v) = dgs)(v) for every v € S.

A subset S of vertices is called a 2-packing if N[u] N N[v] = () for every pair of vertices
u,v € S. The 2-packing number p := pa(G) of a graph G is the maximum cardinality of a
2-packing in G.

A subset S of vertices of G is a dominating set if N[S] = V. The domination number +(G)
is the minimum cardinality of a dominating set of G. A dominating set of minimum cardinality
of G is called a v(G)-set. A subset D of vertices of a graph G is a total dominating set if each
vertex in V(G) is adjacent to some vertex in D. The cardinality of a smallest total dominating
set in a graph G is called the total domination number of G and is denoted by 7:(G). We note
that this parameter is only defined for graphs without isolated vertices.

The definition of a Roman dominating function was motivated by an article in Scientific
American by Tan Stewart entitled Defend the Roman Empire (Stewart 1999) ([8]) and suggested
even earlier by ReVelle (1997) ([6]). In this way, Emperor Constantine the Great can defend the
Roman Empire, but it was so expensive to maintain a legion at a location, the Emperor would
like to station as few legions as possible, while still defending the Roman Empire (See [1]). To
solve this problem, other authors made some changes to the definition of the Roman function.
In particular, the signed Roman domination number was introduced by Ahanghar et al. in [1] as
below and has been studied in [7].

A signed Roman dominating function (SRDF) on a graph G is a function f : V — {-1,1,2}
satisfying the conditions that (i) f[v] = >_ cnp, f(z) 2 1 for each vertex v € V, and (ii) every
vertex u for which f(u) = —1 is adjacent to at least one vertex v for which f(v) = 2. The weight
of an SRDF is the sum of its function values over all vertices and denoted by w(f). The signed
Roman domination number of G, denoted vsg(G), is the minimum weight of an SRDF on G. In
this way, the defensive strategy is based in the fact that every place in which there is established
a Roman legion (a label 1) is able to protect itself under external attacks; and that every place
with an auxiliary troop (a label -1) must have at least a stronger neighbor (a label 2). So, if
an unsecured place (a label -1) is attacked, then a stronger neighbor could send one of its two
legions in order to defend the weak neighbor vertex (label -1) from the attack.

Next, for more study, the signed total Roman domination number was introduced by Volk-
mann (2016) in [9]. A signed total Roman dominating function (STRDF) on a graph G is a
function f : V' — {-1,1,2} satisfying the conditions that (i) f(N(v)) = >, cn() f(z) = 1 for
each vertex v € V (i.e., f is a total dominating function), and (ii) every vertex u for which
f(u) = —1 is adjacent to at least one vertex v for which f(v) = 2. The weight of an STRDF is
the sum of its function values over all vertices and denoted by w(f). The signed total Roman
domination number of G, denoted v5:g(G), is the minimum weight of an STRDF on G.

But still, there was a question. If several unsecured places which protected by one stronger
place are attacked at the same time, the stronger place will be not able to defend all its neighbors.
This persuaded researchers to define the concept signed strong Roman domination number as
follows. In this definition, a strong place should be able to defend itself and, at least half of its
weak neighbors.

Consider a graph G of order n and maximum degree A. A signed strong Roman dominating
function (abbreviated SStRDF) on a graph G is a function f : V(G) — {-1,1,2,...,[£] + 1}
satisfying the conditions that (i) for every vertex v of G, f[v] = 3=, cnpy f(u) = 1 and (ii) every
vertex v for which f(v) = —1 is adjacent to at least one vertex w for which f(w) > 14 [4|N(w)N
V_1]], where Vo1 = {v € V': f(v) = —1}. The minimum of the values w(f) =, ¢y f(v), taken
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over all signed strong Roman dominating functions f of G, is called the signed strong Roman
domination number of G and is denoted by 755z (G). A signed strong Roman dominating function
of weight vssr(G) is called 7,5z (G)-function. This concept has been introduced in [2] and studied
in [5].

With this motivation in mind and in graph theoretic terms, in this paper we generalize the
concept of signed strong Roman dominating function and initiate the study of signed strong total
Roman dominating function in graphs.

Consider a graph G of order n and maximum degree A. A signed strong total Roman domi-
nating function (abbreviated SSTRDF) on a graph G is a function f : V(G) — {-1,1,2,...,[5]+
1} satisfying the condition that (i) for every vertex v of G, f(N(v)) = X ey f(w) 2 1 (Le, f

is a total dominating function) and (ii) every Vertex v for which f(v) = —1 is adjacent to at least
one vertex w for which f(w) > 1+ [§|N(w) N V_1]], where V_; = {v € V : f(v) = —1}. The
minimum of the values w(f) = > .y f(v), taken over all signed strong total Roman dominating
functions f of G, is called the signed strong total Roman domination number of G and is denoted
by vssTtr(G). A signed strong total Roman dominating function of weight yss7r(G) is called
~vssTr(G)-function.

A signed strong total Roman dominating function f : V(G) — {-1,1,2,..., [%1 + 1} can
be represented by the ordered partition (V_1,V1,..., V[%Hl)’ where V; = {v e V : f(v) = j}

for j = —1,1,2,...,[5]+ 1. Let |Vj| = n; for j = —1,1,2,...,[5] + 1. In the course of

paper, for simplicity, we set B = UH[ el Vi, |B| = ng, Vip = ViUB, |Vig| = nip. We also
denote the size of G[VlB} G[B] and G[V}] for] =-1,1,2,...,[5] + 1 by mip, mp and m; for
j=-1,1,2,...,[5] + 1, respectively. Let f(X) =",y f(v), where X is a subset of V(G).

In this paper, we present some bounds on the signed strong total Roman domination number.

A
Among other results, we prove that vssrr(G) > % —n and Yss7r(G) > %n — 12m.

In Section 3, the signed strong total Roman domination number is determined for some classes
of graphs. Finally, in section 5, we indicate some possible directions of future research.

2 Preliminary results and examples

In this section we present basic properties of the signed strong Roman dominating function.

We make use of the following results in this paper.

Observation 2.1. Let f = (V_1,V4,..., Vl+(%1> be an SSTRDF for a graph G without isolated
vertices of order n. Then the following results hold:

(a) |B]+ Vil + [V_a| = n.
(b) Vi UB is a total dominating set in G.

() w(f) = ST 3l iv) - vy,

Proposition 2.2. Let f = (V_l,Vl,...,Vl_H%]) be an SSTRDF on a graph G of order n. Let
0 =0(G) and A = A(G). Then the following holds:

() SETEGA — )il > 5+ 1)V
(i) Y2 GA 4 8)[Vil > (0 + Dn.
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Proof. (i) We have

veV veV
14731

= id(v) — Z d(v)
i=1 weV; veV_q
14721

< 3 iAW -6V

i=1
by Observation 2.1 (a), the desired result follows.
(ii) Tt follows immediately from Part (i) by substituting |[V_1| =n — Eg;f%] [Vil. O
Observation 2.3. For any connected graph G with A < 2, v557r(G) = Ystr(G).

We make use of the following results which have been proved in [9].

Proposition A. [9] Forn > 3,

S NI

n =0 (mod 4)
3 n=1,3 (mod 4)
6

228 n =2 (mod 4)

YstR (Cn) =

and

n =0 (mod 4)
s P’ﬂ = 2 .
Ystr(Pn) { [%] otherwise.

By Observation 2.3 and Proposition A, we have the following corollary.

Corollary 2.4. For n > 3,

5 n =0 (mod 4)
PYSSTR(OIL) = n-2i_3 n = 1, 3 (mod 4)
246 =2 (mod 4)
and
3 n =0 (mod 4)
ss Pn = 2
Yasrr(Fr) {f"f’] otherwise.

The signed strong total Roman domination number is well-defined for all graphs G without
isolated vertices. Thus we assume throughout this paper that §(G) > 1.

Observation 2.5. Let G be a graph of order n. Then vss7r(G) < n, and this bound is tight.

Proposition 2.6. Let G be a graph of order n. Then vss7r(G) > 27:(G) — n.
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Proof. Suppose that f is a v5s7r(G)-function on G. Then by Observation 2.1, one has

1475
VssTR(G) = Z i|Vil = [V_1]

i=1

14731
= > (+DVil-n
i=1
14121
>2 > [Vil-n
=1
> 2v(G) — n.

O

3 Bounds on the signed strong total Roman domination
number

In this section, we present some sharp bounds for the signed strong total Roman domination
number of graphs in terms of several parameters.

The next theorem gives a simple lower bound for the signed strong total Roman domination
number using order of a graph, maximum and minimum degree.

Theorem 3.1. Let G be a graph of order n with maximum degree A and minimum degree 9.

Then vss7r(G) > % — n. Moreover, this bound is sharp.

Proof. Suppose that f is a signed strong total Roman dominating function for G. Define ¢ :
V(G) = {0,2,3,...,[5] 42} by g(v) = f(v) + 1. So we have

Y 9WN@)= Y (dz)+ f(N(x))

zeV(Q) zeV(GQ)

> > (0+1)=n@+1).

z€V(G)

One also has

zeV(G) z€V (Q)

Since f(V) = g(V) — n, we obtain

FV) > > zevic) 9N (@) Cn> n(d+1) .
> A >
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This implies that yss7r(G) > "(5:1) —n. This Bound occurs for C,,, n =0 (mod 4), by Corollary

2.4. O

As an immediate consequence of Theorem 3.1, we obtain a lower bound on the signed strong

Roman domination number of a regular graph.
Corollary 3.2. If G is an r-regular graph of order n, then vssrr(G) >

n
e

We propose a so called Nordhaus-Gaddum type inequality for the signed strong total Roman
domination number of regular graphs. The proof of next result is similar to the proof of [3,
Theorem 6] and therefore it is omitted.

Theorem 3.3. Let G be an r-reqular graph of order n. Then

€+ @ > % if n is odd
YssTR YssTR = % @f n 1s even.

Proposition 3.4. If G is a graph of order n with maximum degree A, then vss7r(G) > 1+A—n.

Proof. Let f be a vss7r(G)-function and v be a vertex of degree A. Since f(N(v)) > 1, we have
VssTr(G) = w(f) =2 f(N()) =1 -(n—A-1) >1+A—n.
O

The next results give a lower and upper bound for the signed strong total Roman domination
number using 2-packing number.

Proposition 3.5. If G is a graph of order n with 6 > 1, then v,s7r(G) > p(G)(6 + 1) — n.

Proof. Let {v1,v2,...,v,a)} be a 2-packing of G, and let f be a v,s7r(G)-function. Assume
that A = Uficf) N (v;). Since {v1,va,...,v,} is a 2-packing, one has

p(G)
A=Y d(w) > (@),
i=1

So we have

p(G)
Yosrr(G) = Y fl@) =Y f(Nw)+ > flx)
z€V(G) i=1 z€V(G)—A
>p(G)+ > f@)=p(G)— (n—]A])
zeV(G)—A
> p(G) —n+ p(G)s
=p(G)(6 + 1) —n.

O
Proposition 3.6. Let G be a graph of order n with minimum degree § > 3. Then vss7r(G) <
n—p.
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Proof. Suppose that S = {vi,vs,...,v,} is a 2-packing set of G. For 1 < i < p, choose an
element u; € Ng(v;) and define f as follows:

-1 zeS
fle)=<¢ 2 z=w,and i=1,...,p
+1 otherwise.

We have § > 3, so clearly, f is a signed strong total Roman dominating function on G. Since S
is a 2-packing set, one has

YosTR(G) Sw(f)=—p+2p+n—2p=n—p

as desired. O

The following corollary is an immediate consequence of Proposition 3.6.

Corollary 3.7. Let G be a cubic graph of order n different from the Peterson graph. Then
'YssTR(G) < [%r‘

Proof. By [4, Lemmal, G contains a 2-packing set of at least § vertices which in turn implies
that vssrr(G) <n — [2] = [%], by Proposition 3.6. O

We next present a lower bound for signed strong total Roman domination number with
regard to the diameter.

Proposition 3.8. Let G be a graph of order n with § > 1. Then

YssTr(G) = (6 +1)(1 + LM

) —n.

Proof. Suppose that vo, ..., Vgiam(g) is a diametral path, diam(G) = 3t + r with integers ¢ > 0
and 0 < r < 2. Tt is easy to see that A = {vg,vs,...,v3:} is a 2-packing set of G such that
Al =1+ L%(G)j Then we have p > |A|. So by Proposition 3.5, one has

YesTr(G) > (6 +D)p—n> (6 + )|A —n=(6+1)(1+ th%(G)J)—n.

O

The following proposition bounds the signed strong total Roman domination number in
terms of the maximum degree, when v(G) = 1.

Proposition 3.9. Let G be a graph and ¥(G) = 1. Then 0 < v5,rr(G) < 2+ [5]. Moreover,
these bounds are sharp.

Proof. Suppose that {v} is an arbitrary (G)-set. Hence d(v) = A = n — 1. Let V(G) =
{v,v1,v2,...,va}. Suppose first that A is even and define f : V(G) — {-1,1,2,..., (%W +1} by
flv)y=1+ [%1, fv;))=(=1)for1 <i<n-—2and f(v,_1) = 2. Assume now that A is odd and
define f: V(G) = {-1,1,2,...,[§]+1} by f(v) =1+ [5] and f(v;) = (~1) for 1 <i<n—2
and f(v,—1) = +1. Clearly in each cases f is a signed strong total Roman dominating function
for G and one has

PYSSTR(G) S w(f) =2 + ’V%—I
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To prove the left inequality, assume that g is a vss7r(G)-function. Then one has

VssTr(G) = w(g) = g(v) + g(N(v)) > 0.
O

We next present a trivial necessary and sufficient condition for a graph G with v(G) = 1
such that vssrr(G) =24 [ (G)]

Proposition 3.10. Let G be a graph of order n and v(G) = 1. Then v,,7r(G) = 2+[ AG )1 if and

only if there exists a 57 r(G)-function f = Vo, Vi, Vo,..., V. +[A(G)-|) such that U el Vi=0,

1
[V_1] = |[V4]| — 1 when n is even and U ]V = and |[V_;| =|V1| + 1 when n is odd.

Proof. Suppose that n is even and there exists a yss7r(G)-function f = (V_1,V,..., V(Mm-l)
such thatU WV =), |V_1] = |Vi] — 1. Hence one has

Tural(©) = Vil = [Voal + (14 T DIV, g | > 24 120

By Proposition 3.9, we have vs,7r(G) = 2+ (A(G)] Assume now that n is odd and there exists

a vss7r(G)-function f = (V_q,V4,... V’—A(G)-|+1) such that U[ 1 Vi=0and |V_1| = |V1| + 1.

So
AG AG
Teern(G) = Vil = Vel 4 20Val + (14 T2V, 51 2 24 12,
By Proposition 3.9, this yields vss:r(G) = 2+ fA(QG)] Conversely is clear according to the proof
of the Proposition 3.9. O

Proposition 3.11. If T is a tree of order n and maximum degree A(T') > 2, then
'YssTR(G) > A(T) +4—n.

Moreover this bound is sharp for graphs K; 3 and Kj 4.

Proof. Let f = (V_l,Vl,...,VH[

A(T) and A; = V;(\N(v) for i = {-1,1,...,1+ [%1} Suppose first that f(v) = 1. Each
vertex x in A_; must have a neighbor 2’ with label at least two. Note that if y # x € A_1, then
y' # 2’. Thus we have

A(2T)W) be a vssrr(T)-function, v a vertex of maximum degree

14720

Yosrr(G) = f0)+ Y A=A+ A +2A 1 — (n— (A(T) +1+ A1)

1250

>142 > A +2A 5+ A —n+AD)+1
=2

1+A(T) —n+A(T) +1

(T)

>
>A(T)—n+4.
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Assume that f(v) > 2. Then we have

1260
Yoorr(G) = f(0)+ D i = Ay + Ay — (n— (A(T) +1))
i=2
>2+1-n+A(T)+1
> A(T)—n+4.
Finally, suppose that f(v) = —1 and note that each vertex x in N(v) have a neighbor z’
with label at least two. Note that if y # 2 € A_q, then ¢ # 2’. Thus we have
1412571
VssTr(G) = f(v) + Z iA; — A+ A+ 2A(T) — (n— (2A(T) + 1))
i=2
>2A(T) —n+2A(T) +1
—AA(T) —n+1
>A(T) —n+4.

as desired.
O

In the following theorem, a lower bound is presented for signed strong total Roman domi-
nation number in terms of order and size of a graph.

Theorem 3.12. Let G be a graph with minimum degree § > 1. Then

174+ 11[2]

n—12m.
1+[5]

VssTR(G) >

Where n and m are order and size of graph, respectively.

Proof. Suppose that f = (V_1, V1, Va,. .., Vl—i—(%l) is an 557 r(G)-function. Every vertex in V_4
A
is adjacent to at least one vertex in B = Uj;r 2] Vi. So one has
n-y = [Voq| < |[Vo, B]| Z dv_,( (3.1)
vEG|B]

On the other hand, for every vertex v in G[B] we have

1< FVW) < (L4 T3 Ddn(0) +dys (0) — dy (v). (3.2)

Remember that mp and np are size and order of G[B], respectively. As mentioned in the
introduction, Vig = V4 U B. Note that m; +mp + |[V1, B]| = m1p and n1p = ny + np. Hence
from (3.1) and (3.2), we obtain the following inequality

n1< Zdvl

vEG[B]

< 3 (5 dn() + dwi () 1)
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= Y g ICCED WIS

vEG[B] veG[B vEG[B]

2<1+(§w>m3+|[v1,31|—n3

S ma+ (<204 51 + DIV, Bl ~ .

=21+ [STymip — 20+ |

It follows that
n_y+np+2(1+ [$1)m1 — (=2(1+ [5]) + 1)|[V4, B]|
21+ 27 ’

On the other hand, one has m = myp +|[V_1, Vig]|+ m_1 and n = n_; +ny 5. Hence we obtain
the following inequality

mip =

m > mip + |[V-1, ViB]

1 A A
> m(ﬂq +np +2(1+ (g])ml - (—2(1+ [E]) +1)|[Vi, B]|) +n_1

= ;((2(1 + (%D +Un_1+mip—n1+2(1+ [%Dml —(=2(1+ (%1) + 1)|[V1, B]])

21+ 121
1 A A
= m(@(l + [ED +1)(n—nig)+np—n1+2(1+ [E])ml
@0+ 157) - Dl Bl)
1 A A A 1

> m(@(l +[S D+ Dn—ni+ 201+ [ZDmi+ Q201+ [51) = DIV, Bl) = g

This means that
S 4
T"IBZ T A%

21+ 721)

It yields that

(4 [ F I+ )nn 20145 Dm0 5 =DV, Bl -0+ 5 )m).

vVssr(G) > 2ng +n1 —n_y

=3mip—n—ni

A
23(4Hﬂ%@a+(2n+nnm
P20+ [ Tm + @0+ 151~ DIV Bl - @0+ [ 1)m) —n—m
17 +1174] —7-14] 6+12[2]
= 7[%]2 —12m + ﬁnl + 12mq + ﬁHVDB”

|'A

A
ﬁnl + 12m; + 6;{?;1 [[V1, B]| > 0. Suppose first

that n; = 0. Then obviously the assertion holds. So assume that ny > 1. Since 6 > 1, if v € 1}
and dy, , (v) = 0, then every neighbor of v belongs to V_;. Hence f(N(v)) < —1 and this is a
contradiction. Therefore dy, , (v) > 0, for every v € V5. So we have

~7-13] 6+12[3]

ni1+12my + ——5>—|[V1, B]|
1+ (5] 1+ 2]

To complete the proof, we claim that
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A
= 12+ 04, B + 15 2= V1,1
S .
1 1+|—%-| 1
6/
>6 > dy(v)+6 > dp(v) + —25=|[Vi, B]| — 4my
vEV] veEV] 1+|—5.|
6/
>6 Y dy,(v) + Y I[Vi, B]| — 4ny
veV; 2
6ra
> 2my+ 15 AV B
>0

O

4 Special values of signed strong Roman domination num-
ber

In this section, we determine the signed strong total Roman domination number of special classes
of graphs including star graphs and complete graphs.

Proposition 4.1. Forn > 2, vserr(K1n-1) =2+ ["T_2]

Proof. Let G = Ki -1 and V(G) = {w,v1,v2,...,v,-1}. Suppose that w is central vertex of
the star graph. Consider the following two cases:

Case 1. Suppose first that n is odd and define f : V(Ky,-1) — {-1,1,2,...,1+ [251]} as
follows:
1+ [22] z=w
flz)=14 2 T =Up_1
(—1)+t r=wv, and 1<i<n-—2.

Obviously, f is a signed strong total Roman dominating function for K ,_1 of weight w(f) =
2+ [,
Case 2. Assume now that n is even. Define f : V(K ,—1) — {-1,1,2,...,14 [251]} as
follows:
14+ [22] z=w
fly=¢ 1 T =Up_1
(—1)+t rz=v; and 1<i<n-—2.

One can see easily that f is a signed strong total Roman dominating function for K ,,—1 of weight
w(f) =2+ [272].

The proof is completed by showing that this inequality becomes an equality. To this, suppose
that g is an ys57r (K1 n—1)-function, for n > 2. If |V_;| = 0, then one has w(g) =n > 2+ ["772]
and we are done. So assume that |V_1| > 0. Since g is a signed strong total Roman dominating
function, it is clear that g(w) > 1. Let [V_; N {v1,...,vp—1}| = ¢. Then one has g(w) > 1+ [£]
and w(g) = g(N(w)) + g(w) > 2+ [L]. If t > [251], then

n—1 n—2
>2
1224+ [

w(g) 22+ (51224
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and we are done.
Suppose thus ¢ < [251]. In this case
t 3t

w(@) 214 5]+ (-t =1+ (t) 20— T

Consider the following two subcases.

Subcase 1. Assume that n is even. Hence t < 2 —1,s0 [3f| < |22| — 2. Then

N}

wlg) - 5] > [ +22 "5

T+2.

Subcase 2. Assume now that n is odd. Hence t < 251 — 1,50 [3t] < |22| — 3. Then

n—2
4

and the assertion holds. O

wlg) = 15) > 71 +32 [T 7] +2

1+ [272] n is even

Proposition 4.2. Forn >4, v.srr(K,) = 4

P 2 4 Yoot r(En) {1 + 2221 n is odd.
Proof. Let G = K,, and V(G) = {v1,va,...,v,}. Suppose first that n is even. Then the function
I V(G) - {ila]-va'”a]- + [%_l—l} define by f(vl) =1+ [nT_Q—Ia f(vn) =1 and f(vj) =
(—1)7*1 for 2 < j < n — 1, is a signed strong total Roman dominating function on K, of weight
1+ [272]. Assume now that n is odd. Then the function g : V(G) — {-1,1,2,..., 1+ [251]}
define by g(v1) =1+ [2532], g(v2) = g(vs) = 1 and g(v;) = (—1)7 for 3 < j <n —1, is a signed
strong total Roman dominating function on K, of weight 1+ [2:3]. Hence For n > 4,

1+ "L*Q] n s even
58 K’ﬂ < :
Y TR( ) — {1 4 "”T*?’] n s odd.

The proof is completed by showing that this inequality becomes an equality. To this, suppose
that h is an yss7r (K, )-function, for n > 2. If |[V_;| = 0, then one has

n—2
4 ‘I

wh)y=n>24+]

and we are done. So assume that |[V_1| =t > 0. Without loss of generality, let h(v;) = —1. So
there exist a vertex v;, 2 < j <n, such that h(v;) > 14 [%]. One has

w(h) = h(N (1)) + h(vg) > 2+ [ ]

If t > [251], then
n— 21
4

n —

4

W) 2245224 M 2 14T

and we are done.

Suppose thus ¢ < [271]. In this case

w(h)>1+[%1+(n—t—1)+(—t)zn—L—j.
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Consider the following two cases.

Case 1. Assume that n is even. Hence t < 2 —1,s0 |3] < |22] — 2. Then
3t n n—2
— > | — 2>1 .
w(t) 2~ 5] [41+ > 1422
Case 2. Assume now that n is odd. Hence t < 251 — 1, s0 |3] < |22] — 3. Then
3t n n—3
— > | = >1
o) 2= 2] > M 4a> 14120
and the assertion holds. O

Proposition 4.3. Forn > 1, vserr(Kn.n) = 2.

Proof. Let X = {u1,uz,...,un} and Y = {v1,...,v,} be the partite sets of K, ,, for n > 1.
Consider the following two cases:

Case 1. Suppose first that n is odd. Define f : V(K, ) — {-1,1,2,..., 1+ [5]} by f(u;) =
fwi)=—-1for1 <i<n-—2, flup_1)= f(vp_1) = "T_l +1and f(u,) = f(vn) = "—1 —1.

Obviously, f is a signed strong total Roman dominating function on K, ,, of weight w(f)=2.
Case 2. Assume now that n is even. Define f : V(K,,) — {-1,1,2,.. + 51} by
flui) = f(vi) = =1for 1 <i<n =2, flup_1) = flon_1) = 252 (un) = f(vn) =222,

One can see easily that f is a signed strong total Roman dominating function on Kn,n of
weight w(f) = 2. Therefore for n > 1, one has vssrr(K,.n) < 2.

The proof is completed by showing that this inequality becomes an equality. To this, suppose
that g is a Yssrr (Kp,n)-function, for n > 1. By definition, we have g(N(u1)) > 1 and g(N(v1)) >
1. Hence w(g) > 2 and the assertion holds. O

2 r—2>2
(5;217T+3 r—35 <2

Proposition 4.4. For 2 <r <s, yes7r(K, ;) < {

Proof. Let X = {u1,...,us} and Y = {v1,...,v,} be the partite sets of K, ;. Consider the
following two cases:

Case 1. Suppose that r > 5 + 2 and consider the following two subcases:

Subcase 1.1. Suppose first that s is even. We deﬁne f V(Krs) — {=1,1,2,...,1+ [5]}
by f(v;) = (1) for 1 <i<r—2, f(vr_l) = (vr) =7 —2—(5332), f(u;) = —1 for
1<i<s—2, flus—1) = 552 and f(us) = is a signed strong total Roman
dominating function on K, s and w(f) = 2.

Subcase 1.2. Assume now that s is odd. We deﬁne fV(K,s) — {— 1, L2,...,1+[5]}
by f(v;) = (1) for 1 <i <r—2, f(uv.— 1): - (vr)ferf( Ly, f(u;) = —1 for
1<i<s—2, flus—1) = % and f(us) = 2 It is easy to see that f is a 51gned strong total
Roman dominating function on K, ; and w(f) =

Case 2. Let r < § + 2 and consider the following two subcases:

Subcase 2.1. Suppose first that s is even. We deﬁne [ V(Kys) — {-1,1,2,...,1+ [5]}
by f(v;)) = (=1) for 1 < i < r—1, f(v,) = 2 (u;) = =lfor 1 < i < s—2,
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f(us—1) = *52 and f(u;) = %52 + 1. Then f is a signed strong total Roman dominating

function and w(f) = [552] —r+3.

Subcase 2.2. Assume that s is odd. We define f : V(K,,) — {-1,1,2,...,14+[5]} b
fl)= (-1 for 1 <i<r—1, flv,) =L +1, fw) =—-1for 1 <i<s—2, flus—1) = %5

=<

2 2
and f(us) = 351. Clearly f is a signed strong total Roman dominating function and w(f) =
[£52] —r+3. O
Proposition 4.5. For 1 <r <s, vesrr(DSrs) < [5] —r+4.

Proof. Suppose that u and v are non-leaf vertices. Let uq,...,u, and vy, ...,vs are leaves adja-

cent to u and v, respectively. Consider the following three cases:
Case 1. Assume that » = [§] + 1 and consider the following two subcases:

Subcase 1.1. Suppose first that s is even. We define f : V(DS, ) — {-1,1,2,...,1+ [5]}
by f(v)) = —1for 1 <i<s—1, f(vs) =3, f(v) =5+2, f(u)) = —1for 1 <i<r, fu)=3.
Obviously f is a signed strong total Roman dominating function on DS, s and w(f) = 2.

Subcase 1.2. Assume now that s is odd. We define f : V(DS, ) — {-1,1,2,...,1+[5]} by
flvi))=—1for 1 <i<s—1, f(vy) =2 =1, f(v) ==L +2, f(u;) = —1for 1 <i <rand
flw) = %1 Clearly f is a signed strong total Roman dominating function on DS, ; and w(f) = 2.

Case 2. Assume that » > [£] + 1 and consider the following two subcases:

s
2
Subcase 2.1. Suppose first that s is even. We define f : V(DS, ) — {-1,1,2,..., 1+ [5]}
by f(v;)) = =1for 1 <i<s—1, flvs) =5 -1, f(v) =5 +1 f(u;)) = =1for 1 <i <r—1,
flup) =r—(5+1) and f(u) = 5 + 1. It is easy to see that f is a signed strong total Roman
dominating function on DS, ; and w(f) = 2.

Subcase 2.2. Assume that s is odd. We define f : V(DS, ) — {-1,1,2,...,1+ [5]} by
flo))=—-1for1<i<s—1, f(v,) ==L —1and f(v) == +1, f(u;) = —-1for 1 <i<r—1,
flup) = r— (22 +1) and f(u) = =2, Then f is a signed strong total Roman dominating
function on DS, s and w(f) = 2.

Case 3. Let » < [5]| + 1 and consider the following two subcases:

Subcase 3.1. Assume that [$]+1 < 4r —s+1. Then define f: V(DS, ) — {—1,1,2,...,1+
[51} by f(vs)) = —1for 1 <i<2r, f(v;) =+1for2r+1<i<s, f(v) =r+1, f(u;) = —1 for
1<i<rand f(u) =4r — s+ 1. Clearly f is a signed strong total Roman dominating function
on DS, s and w(f) = 2.

Subcase 3.2. Let [5] +1 > 4r — s+ 1 and define f : V(DS, ) — {-1,1,2,...,1 4+ [5]} by
flo) = ~Lfor 1< i < [5], foi) = (~1)" for [§] + 1< <s, fv) = [T 41, flug) = -1
(u) =T

for 1 <i<rand f(u) 51+ 2. Then f is a signed strong total Roman dominating function
on DS, and w(f) = —r + [ZH21] 4 4. m
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5 Concluding remarks

In this section we indicate some possible directions of future research. We present some questions
and open problems about signed strong total Roman domination number which can be a new
fields of research.

Let k < |V(G)| be a positive integer. Does G have a signed strong total Roman dominating
function of weight at most k? Since we can check in polynomial time that a function f: V(G) —
{-1,1,2,..., [%1 + 1} has weight at most &k and is a signed strong Roman dominating function,
so SSTRDF is a member of NP and we conjecture that:

Conjecture 5.1. Problem SSTRDF is N P-complete for bipartite graphs.

We gave an upper bound for the signed strong total Roman domination number of K, g, for
2 < r < s and double stars. So the following problem is another thing worth trying could be to
see.

Problem 5.2. Give equality for Proposition 4.4 and Proposition 4.5.

We conclude the section and the paper by the following problem.

Problem 5.3. Characterize all connected graphs G of order n and size m attaining the bound
of Theorem 3.12.
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