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A different approach for multi-level distance

labellings of path structure networks
Laxman Saha, Mosaddek Hossain and Kalishankar Tiwary

Abstract. For a positive integer k, a radio k-labelling of a simple connected graph
G = (V, E) is a mapping f from the vertex set V(G) to a set of non-negative integers
such that |f(u)— f(v)| = k+1—d(u,v) for each pair of distinct vertices v and v of G,
where d(u, v) is the distance between « and v in G. The span of a radio k-coloring f,
denoted by span;(G), is defined as vg‘l/aé) f(v) and the radio k-chromatic number of

G, denoted by rcg(G), is min{ span¢(G)} where the minimum is taken over all radio

k-labellings of G. In this article, we present results of radio k-chromatic number of
path P, for k € {n — 1,n — 2,n — 3} in different approach but simple way.

Keywords. Frequency assignment problem, radio k-coloring, radio k-chromatic number,
span

1 Introduction

In the frequency assignment problem (FAP) the task is to assign radio frequencies to transmitters
at different locations without causing interference and also minimizing the span. FAP plays an
important role in wireless networking and is a well-studied interesting problem. Due to rapid
growth of wireless networks and to the relatively scarce radio spectrum the importance of FAP
is growing significantly. In 1980, Hale [5] has modelled FAP as a Graph labelling problem (in
particular as a generalized graph coloring problem) which is an active area of research now. In
1988, Roberts [6] proposed an FAP with two levels of interference which Griggs adapted to graphs
and extended to a more general graph problem of distance-constrained labelling [4] as follows:

Let j1,72,...,jqa € N be any integers, traditionally assumed that j; > jo > ... > j;. An
L(j1,j2,-- -, ja)-labelling of a graph G(V(G), E(QG)) is an assignment f: V(G) — {0,1,2,...}
such that |f(u) — f(v)] > ji for all pairs of vertices u, v whose distance in G is equal to ¢
(t =1,2,...,d). The span of an L(j1,ja,...,ja)-labelling f is the largest label assigned by f
to the vertices of G. The \j, j, .. ;,(G) is defined as the smallest possible span taken over all
L(j1,72,-- -, ja)-labellings of G, i.e.,

)\jlvj2w~ajd (G) = mflnyg‘l/az}é) f(v)
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Motivated by the problem of channel assignment to FM radio stations of Federal Communi-
cations Commission of the United States, Chartrand et al. [7, 8] introduced the following concept
of radio k-labellings of graphs.

For a positive integer k, a radio k-labelling of a simple connected graph G = (V, E) is a
mapping f from the vertex set V(G) to a set of non-negative integers such that |f(u) — f(v)| =
k+1—d(u,v) for each pair of distinct vertices u and v of G, where d(u, v) is the distance between u
and v in G. The span of a radio k-coloring f, denoted by spans(G), is defined as Ug%%}é) f(v) and

the radio k-chromatic number of G, denoted by rci(G), is mfin{spanf(G)} where the minimum

is taken over all radio k-labellings of G. For some specific values of k there are specific names for
radio k-labellings as well as the radio k-chromatic number in the literature. For k& = diam(G),
diam(G) —1 diam(G) —2, the rci(G) is known as radio number (rm(Q)), antipodal number (ac(G))
and nearly antipodal number (ac’(G)) of G, respectively.

The rcg(G) for k =n —1,n —2,n — 3 are known and each of them are in different papers
[14, 11, 15]. We obtained an improve lower bound for rc(P,) for any k and use this bound to
determine rcg(P,,), for k =n — 1,n — 2,n — 3 that unifying the proof given in [14, 11, 15]. The
lower bound presented in this paper is used to prove the above conjecture for k = n — 4. This
method can be extended to prove the above conjecture for most of the cases and this will be
reported in a subsequent paper.

The importance and complexities to prove the existing results on P,, motivated us to combine
and reprove all the results in a simple way. In this article, we determine the exact value of rn(P,)
in Section 3, then we give a lower bound of r¢i(P,) in Section 4, and use it in Section 5 to find
the exact value ac(P,), ac'(P,) in a simple but different approach.

2 Preliminaries

Definition 1. For a path P, = (vg,v1,...,v,—1), a middle vertex is called a centroid of P,. For
even integer n, P, has two centroids, namely, vz_; and vz 41 whereas for even integer n, P, has
unique centroid v no1. We always fix a centroid s = v; for paths P,. Then the left and right
branch, denoted by L(P,) and R(P,), are the (vg,v¢—1) section and (vit1,v,—1) section of Py,
respectively.

Definition 2. Let s be the centroid of n-vertex path P,. Define the level of u € V(P,) (with
respect to ) by L(u) = d(s,u). A vertex u of T is in level [ if L(u) = [. For two paths P : (u,s)
and Q : (v,s), define ¢(u,v) is the length of P N Q. The weight of P,,denoted by w(P,), is
defined by

w(P,)= > L(u).

ueV (Py,)

It is known that w(P,) does not depend on the choice of s.

Lemma 1. Let P, be an n-vertex path and s be a centroid of P,. Then for distinct vertices
u,v € V(P,) the following hold.

n2 . .
o if n is even;
a) w(P,) = 4’ '
(8) w(Fa) { n =L if n is odd.
(b) There exists a sequence ug, U1, us, ..., u,—1 of vertices of P, such that no two consecutive

vertices are in same branch of P, — {s}.
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(¢) If s € {ug, un—1} and {ug, un—1}/S5 is not in maximal cardinality branch with respect to the
centroid s, then then there exist no alternating sequence 7y : ug, u1,ug, ..., u,_1 of vertices
of P, with respect to the centroid S.

3 Radio labelling of Path

Let V (P,) = {vo,v1,v2,...,v,_1} be the vertex set of an n-vertex path P,. A radio labelling
is a one-to-one function. On the other hand, any one-to-one integral function f on V(P,), with
0 € f(V), induces an ordering of V(P,), which is a line-up of the vertices with increasing images.
We denote this ordering by U(f), where V(P,,) = U(f) = {uo, u1, us, ..., Up—1} with

0= f(uo) < flur) < fluz) <...< flup-1).

Notice, if f is a radio labelling, then the span of f is f(u,—1). Now from the radio conditions we
have the following for 0 <¢ <n —2

fluipr) = f(ui) 2 n = d(us, wiv). (3.1)

To make it an equality, we add a positive quantity Jy(u;, ui+1), called jump of f from u; to w41,
in right hand side of the inequality (3.1). Therefore,

fluipr) = f(ui) = n —d(ug, wivr) + Jp (i, wigr).

Summing up these n — 1 equations, we have

n—2

Fluna) = D [f(wir) = f(u)] + f(uo)
i=0
n—2
= > In—d(ui,uip1) + Ty (wi, wi)] + fuo)
i=0
n—2
> nn—1)-2 Z Lg(u;) 4+ Ls(ug) + Ls(tn—1)
n—2 =
+ Z[Jf(ui,uiﬂ) + 2 (us, uir1)] + fuo) (3.2)
i=0
= n(n—1)—2w(P,) + f(uo) + Ls(ug) + Ls(un—1) + a(f)
n—2
where o(f) = Zof(ui,uiﬂ) and oy(u;, wiy1) = Jp(wi, wip1) + 2¢(ui, wip1). Here total jump
i=0
n—2 n—2
J(f) = Z Jr(ui, uis1). So the relation between o(f) and J(f) is o(f) = J(f)+2 Z O, Uig1)-
i=0 i=0

Definition 3. A radio k-labeling f is said to be alternating labelling if two consecutive colored
vertices are in different branches of P, with respect to a centroid of P,.

Observation 1. From above discussion, we can observe the following points

(a) ¢(u,v) >0, equality hold if u and v are in different branch or the centroid S € {u,v}.
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(b) a(f) > J(f) > 0, equality hold if f is an alternating labelling.
(¢) Lg(uo)+ Ls(up—1)>1.

(d) If n is odd and Lg(ug) + Ls(un—1) = 1, then at least one of (”51)—1eve1 vertices is in
{UQ,U3, . ,un_g}.

In the following we give a general lower bound for radio number of P, in terms of first colored
vertex ug, last colored vertex u,_1, weight w(P,) and total jump J(f).

Theorem 1. Let P, be an n-vertex path and f be any radio labelling of P, with first and last
colored vertices ug and u,_1, respectively. Then

span(P,) > n(n —1) = 2w(Py,) + f(uo) + Ls(uo) + Ls(un—1) + J(f),

where J(f) is total jump in P, under the radio labelling f.

Proof: From Equation (3.2), above result follows immediately.

The above theorem immediately gives the lower bound of rn(P,) when n is even.

Theorem 2. Let P, be a path of even number of vertices n. Then rm(P,) > %2 —n+ 1

Proof: From Lemma 1, w(P,) = %2 Also Lg(ug)+ Ls(un—1) > 1, f(upg) > 0and J(f) > 0.
Thus from Theorem 1, by simple calculation, above result follows immediately.

In the next lemma, we determine the jump from u; to u;1 and then u;41 to u;4o.

Lemma 2. If u; and u;yo are in the same branch of P, and w;;1 is in a different branch of P,,
then

Jp (i wig1) + Jp(Wig1, wig2) > max{2L(u; 1) + 2¢0(u;, uiy2) — n,0}.

PI’OOf: f(’uiJrl) — f(ul) =n-— d(uz, Ui+1) + Jf (ui7 ui+1) =n-— L(uz) — L(UZ‘+1) =+ 2(}5(’11,17 uiJr])
and f(uig2)—f(uit1) = n—d(Uit1, Uit2)+JT ¢ (Uit1, Uiva) = n—L(wip1) —L(tit2)+20(Uit1, Uiy2).
Summing up we get

fluire) = f(us) = 2n — L(u;) — L(uitz) — 2L(uit1)
(i wivr) + Jp (Wi, wita)

where Jy(ug, upr1) = Jp(ue, wegr) + 2¢(ug, ugq1) for t = 4,4+ 1. On the other hand, since f is a
radio labeling, we have

fluize) — f(u)) > n—d(us, uitzz)
= n— L(u;) — L(uit2) + 26 (ui, wita).

Combining the two expressions above, we get J ¢ (w;, wit1)+Jf(Wit1, Wit2) > 2L(wit1)+20 (s, Uig2)—
n. Since the value Jf(ug,upy1) > 0 for ¢ =i,4 + 1, the result follows immediately.

From here to onwards, the highest level vertices with respect to a centroid S we mean the

vertices which are L%J distances from the centroid S.

Observation 2. If u; and u; o are in the same branch of P, and u;; is in a different branch of
P,, then from Lemma 2, we can observe the following points

(a) Jump is due to highest level vertices.
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(b) If n is even and the vertex w;41 is in highest level, then Jy(w;, wit1) + Jp(wit1, wiva) > 2
when S & {u;, ujy2}.

(c) If n is odd and the vertex w;4q is in highest level, then Jy(u;, wit1) + Jf(wig1, uip2) > 1
when S ¢ {ui7ui+2}'

(d) If f is not an alternating labelling, then o(f) > 2 because there exist vertices u; and wuzq;
which are in same branch i.e., ¢(ug, wpqr1) > 1.

Notice that, jump is due to highest level vertices. When n is odd and Lg(ug)+Ls(tun—1) =1,
from Observation 1(d) and Lemma 2, we have J(f) > 1 if f is alternating labelling. Again
if f is not alternating then o(f) > 2. Thus in each case whether f is alternating or not,
Lgs(ug) + Ls(up—1) +o(f) > 2 if n is odd. Using this fact, following we give a theorem on lower
bound of rn(P,) when n is odd.

Theorem 3. Let P, be a path of odd number of vertices n. Then span;(P,) > @ + 2.

Proof : Let f be any radio labelling of P,,. Using Lemma 1, the weight of P, is w(P,) =

2 2
%. Then from Theorem 1, span;(G) > @—|—f(u0)+L3(u0)+Ls(un,1)+J(f) > @4—2.
The lower bound given in Theorem 2 and Theorem 3 are coincide with the exact value of

rn(P,) which has been shown in Section 5.

4 Lower bound of radio k-chromatic number of path P,
with £ <n —2

Definition 4. Let f: E — F be a mapping from a set F to a set F. For a set A C F, we call
the mapping f|,: A — F as the restriction of f on A.

Lemma 3. For an n-vertex path P,, rcg(P,) > r(Pgy1) for any sub-path Pyy; of P, with
k<n-—1.

Proof: Let f be a radio k-labelling of P,,. Here the diameter of Py is k with £ < d. Thus
V(Pgy1) C V(P). Let g = flv(p,,,) be the restriction of f on V(Pgy1). Then spang(P,) >
spang(Py+1) and this is true for any radio k-labelling of P, and its restriction g = flv(p,,,)-
Since the diameter of Py is k, we obtain the required result.

Following we give a general lower bound for rc(P,,) where k < n — 2.

Theorem 4. For an n-vertex path P,, and a positive integer k < n — 2,

2 . .
% + 2, if k is even;

reg(Pp) > 2
Hn) {““;”—k, if k is odd.

Proof: Consider a sub-path Pj1 of P,. Now find the radio number of Py 1, using Theorem
2 and Theorem 3. Then using Lemma 2, we get the result by simple calculation.

Now we study some special types of radio k-labelling for £ = n — 2, k = n — 3 separately
and try to improve the general lower bound for them.

Definition 5. A radio labelling f of P, is said to be an optimal radio labelling, if

2
L —n+1, ifniseven;
spang(Pn) = § (1) o
+2, ifnisodd.

2
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The following lemma give that the position of first and last colored vertices for an optimal
radio labelling f.

Lemma 4. Let f be an optimal radio labelling of P,,. Then f has following properties:

(a) The labelling f is alternating labelling.

(b) First and last colored vertices are adjacent and one of them must be a centroid of P,.
Moreover, when n is even then first and last colored vertices are the centroids of P,

Theorem 5. For an n-vertex path P,,

2
L —2n+4, if n is even;
ac(Pn) =4 (G 1y o
—— —n+3, ifnisodd.

Proof: Case-I: n is even. In this case k = n — 2 is also even. Hence from Theorem 4 result
follows immediately.
Case-II: n is odd. In this case k = n—2 is odd. There are two (k + 1)-vertex sub-paths P, and
P? 1 of P,. Two sub-paths P} 41 and P? 1 are obtained from P,, by removing a vertex from right
end and left end of P,, respectively. Let f be any radio k-labelling of P,. For each i € {1,2},
let g, : V (P,i_H) — {0,1,2,...} be a restriction of f on Pli+1' So g; is a radio labelling of P,2+1.
Here span(P,) > max span,, (P,iﬂ).
Our claim: All g; are not optimal and there exist one g;, ¢ € {1,2} such that span,, >
rn (Ply,) + 1.
If possible, let both ¢g; and go are optimal. So both ¢g; and g satisfy the properties of Lemma
4. With out loss of generality we consider the first and last colored vertices ug, u,—1 be the
centroids of Pkl_H. Then {ug,u,—1} # {C1,C2}, where C; denote the centroids of P13+1' Thus
from Lemma 4, we get g2 is not optimal, which is a contradiction.

Theorem 6. For an n-vertex path P,,

/,'Lz . . .
ac'(P,) > (Z_:)Q?m +7, Tf n %s even;
5 —2n+7, ifnisodd.

where ac’(P,) denotes the nearly antipodal number of P,.

Proof: Let k = n —3. Then there are three (k + 1)-vertex sub-paths Pli+1v 1=1,2,3 of P,.
Let Pk1 41 be the sub-path removing two consecutive vertices from right end of P,; P,f 1 be the
sub-path removing two end vertices of P,; and P} 11 be the sub-path removing two consecutive
vertices from left end of P,. Let f be any radio k-labelling of P,. For each ¢ € {1,2,3}, let
gi : V(Pi,) —{0,1,2,...} be a restriction of f on P, . So g; is a radio labelling of P/, , for
each i € {1,2,3}. Here span;(P,) > max spatl, (Piyq).

Our claim: All g; are not optimal and there exist one g;, t € {1, 2,3} whose span

. rn (Pl ) +1, if kis even;
span,, (Pig1) > { . (péil) +2, if kis odd.

Case-1 : n is odd. In this case three centroid S;, i = 1,2,3 of Pli+1 are consecutive vertices
of P,. So it is not possible for all the restriction function g; to satisfy the properties of Lemma
2
4. So there exist one g, t € {1,2,3} which is not optimal and span,, (Pliy) > % + 3.
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Case-II : n is even. Since k+1 = n — 2 is even, so each ¢t € {1,2,3} the path P/ , has
exactly two centroids and let them C% and C%. For each t € {1,2,3}, define C* = {C%,CL}.
If d(ug,un_1) > 3, then Lg(ug) + Ls(u,_1) > 3 for all S € US_;C*. Thus in this case
span,, (Pf,,) >rn(P{,,)+2 for each t € {1,2,3}. Again if d(uo, u,—1) < 2, using Lemma 1(e)
either span,, (Pkl_H) >rn (P]J;H) + 2 or span,, (PEH) >rn (P1§+1) + 2.

So there exist one g;, t € {1,2,3} whose span,, > (k+1 ko

5 Radio k-chromatic number of P, for k=n—-1,n—2,n—3

Let V(P,) = {v1,v2,...,v,} be the vertex set of an n-vertex path P,. In this section, we give
the exact value of m(P,), ac(P,) and ac'(P,,). The lower bound of rn(P,), ac(P,) and ac'(P,)
are given in Theorems 2, 3, 5, and 6 respectively. To prove equality, our task is to find a radio
k-labelling f of P, with the span as specified in their respective lower bound theorem. Reader
can easily verify that the following defined labellings f satisfy radio k-condition and are optimal.

5.1 A radio labelling of P,

Define a mapping f : V(P,) % {0,1,2,...} as follows:
CaseI:niseven. f(v;) =12 (zfl)(n—l) 1<i <% f(vngyy) =jn—1),1<j<%—

Case I : n is odd. f(vl):LH;f<UL4_i> :n(z+1)+2,0§1§772;f(v%+1) = 0;

f(z)w 1+]> f(UJ)_|_n+1 2<]<" ,f(vn):n?ﬂ'*‘l.

5.2 An antipodal labelling of P,

Define a mapping f : V(P,) — {0,1,2,...} as follows:

Casel:niseven. f(v1) =45 —1; f(vz) (n—1)(2-i)+1,2<i< 2—1; f(va) = %272n+4;
2

floges) =% =2 +4—f(ug), 1< <5

Case II : n is odd. f(vl):M—l—l' flva) =251 flo) =i(n—2) -2t +2,3<i< L

f(v%)fn f(vn+1+1>f0 f(vn 1+J)fj(n72)—n+33 j<z ,f(v,,)fl

5.3 An nearly antipodal labelling of P,

Define a mapping f : V(P,) — {O, ...} as follows:

Case I : n is even. f(v) = 2; f(va_1- z) =(@+1)n-3)+1,0<4i < 5 =3
f(vs) = %2—371—&—7; f(vaga) =0; f (ve_1-5) = "2 +j(n=3),0 < j < %-3; flun) = & — 5 +9.
Case II : n is odd. f(v1) = %52 f(ve) = % _ 5(n D 16 f(vsgs) = 3(”% +i(n — 2),
0<i<nlogf (UHH) = (n—2)j,0<j<1;f <v%+2> = oD opi7 (U,L 1+3+l) _

(n—2)1+1)—1,0<1< 250 — 45 fu,— 1+m):"7_1+m(n—2)—170§m§1.
Following theorem is the summery of radio k-chromatic number for each k € {n —1,n—2,n—3}.

Theorem 7. Let P, be an n-vertex path P, and | € {1,2,3}. Then radio (n — l)-chromatic
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number is given by

%2 —Iln+3l-2, if n is even;

rCn—1(Py) = 2
1(Fn) { (n—zl) _(1_1)(n_1)+3LéJ+2, if n is odd.
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