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EULERIAN INTEGRAL FORMULAS AND ASSOCIATED
FRACTIONAL INTEGRATION

MRIDULA GARG AND MRIDULA PUROHIT

Abstract. In the present paper, we evaluate two unified Eulerian integrals whose integrands
involve the product of a general class of multivariable polynomials and the multivariable H-
function. The results obtained here provide interesting unifications and extensions of several
known [eg. [9], [11], [12], [18], [21], etc.] and new results. We have given two new special
cases which are also sufficiently general in nature and of interest in themselves. As an applica-
tion, one of the result has also been expressed as fractional integral which would provide useful

generalization of known results in the theory of fractional calculus.

1. Introduction

A large number of Eulerian integrals involving H-function of one or more variables
have been established by a number of research workers such as Srivastava and Singh [21],
Gupta and Soni [6], Raina and Srivastava [8], Saxena and Nishimoto [11], Srivastava and
Hussain [18], Saigo and Raina [9], Garg and Gupta [5] and many others. In the present
paper we shall obtain two main Eulerian integrals which provide generalizations of some
of the results mentioned above. The integrals obtained here involve product of a general
class of multivariable polynomial and the multivariable H-function.

Several generalizations of the multivariable polynomials have been studied by different
authors from time to time namely Carlitz and Srivastava [2], Carlitz [1], Chak [3], Erdelyi
[4], etc. [see also [21, Ch. 9]]. However, we shall consider here the following two general
class of multivariable polynomials

(i) The first class of multivariable polynomials introduced by Srivastava and Garg
[16, p. 686, eq. (1.4)] as follows

Uirki+4--+U1 k. <V xkl Ikr
Ui,...,Ur )
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where U --- U, are arbitrary positive integers and the coefficient A(V;ky,..., k.) are
arbitrary constants, real or complex.

(ii) The second general class of multivariable polynomials given by Srivastava [14]
defined and represented in the following slightly modified from

Vi) [Ve/Vi]
SO e, = Y Z VO Uiky - (=V) Uk,
k1=0
k1 k
ZCl ZCTT
XA(‘/i,kl,..., .7]@7.) ol ol (1.2)

where V; =0,1,2,...[i = 1,...7], Uy,...,U, are arbritrary positive integers, the coeffi-
cients A[Vi,k1;...; V., k,] being arbitrary constants, real or complex.

The multivariable H-function, introduced and studied by Srivastava and Panda [20]
occurring in this paper will be defined in the following contracted form [17, p. 251], e
(C.1)
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w(‘EM cee 7§t) = P — J (14)
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kljlr(dl(vj) 751(€j)€j)k1:[1F(1 (J)+')’(J)§])
¢i(&) = —a - —— (G=1,...,t) (1.5)
1 o)) G ¢ 1 G @
[I TA-di”+67&) I Tl —v"&)
k=M;+1 k=N;+1

For the convergence and existence conditions of the multivariable H-function, we
refer to the book by Srivastava et al. [17, pp. 251-253, eqs. ((C.2)-(C.8))]. It has
been assumed throughout the present work that the function satisfies the above cited
conditions.
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2. Eulerian Integrals

In this section, we shall obtain the following two integral formulas associated with
second class of multivariable polynomials and the multivariable H-function as defined in
the previous section.

First Integral

b
/ (2 — @)~ (b — 2)7 " (cx + d) (g2 + £)* STV [ys (@ — @) (b — 2)” (e + d)™
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{1’ P e+ d ] bg+ f |B:D;(0,1);(0,1) (2.1)
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1 1
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provided that the following conditions are satisfied

(i) Re(p,0) >0
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(i) min(p;,q;,75,8;) >0 (j = . ,t) (not all zero simultaneously)
(iii) When min (¢;,0;,) > 0 ( 1,...,7)
‘ 49
Relp] + z;pj lgrilér}wj Re @ >0 (1)
J:
t e
o]+ Z q; 1§r11€1%r11wj Re s >0 (11)
j=1 k
‘When max (CZ,&L) <0 (’L = 1,...,’)“)
r v, t . dl(cj)
Relp| + Z G [F] + Z;pj  dnin Re &> 0 (I11)

d;])
+Z€ { }—quﬁgﬁr}w <@ >0 (IV)

When ¢; > 0,0, <0, (¢ =1,...,7), (I) and (IV) are satisfied
When 0; > 0,¢; <0, (¢ =1,...,7), (II) and (III) are satisfied

(iv) max{| o], | 0-ma)) < 15 p £a

Second Integral
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|:J17"'7Jta

where

H*[z1,..., 2] stands for H[z1,..., 2] with N = 0.

o i (b— a)pj+Qj o
Jj_zj (ac + d)7i (bg + f)*s U=1....1) (2.8)
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A'=1-p- Zgiki;pl,---,pt,LO), (I—0-— Zeiki§q17---aQt;O71);
i=1

i=1

(1+7’+Z>\iki;rla"'arta]—70)ﬂ(1+w+25iki;51a"'ast70a1)a
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(]- - bka 6}21)7 s 7[3](:); 07 O)I,Q (29)
B*:(l +7’+Z)\zkurla ~,7"t,070); (1 +w+zézkz,51a "astaoao)a
i=1 i=1
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=1
cr=(1—d", 0" (@), 5, (2.11)
D*=(1- CS), 7,21))1,131; ol (c,(:),%(:))Lpt (2.12)

provided that the following conditions are satisfied

(i) Re(p,0) >0
(ii) min(pj, a5, 75, Sj) >0 (]
(iii) When min (¢;,0;) >0 (¢ =1,...,7)

¢ )
4 . ¢y’ —1
Re[p] + ij | Dning Re ( 7 ) >0 V)
j=1 Vi
¢ cg) -1
Relo] — Z q; 1;22;}}(\[3_ Re —5— | >0 (VI)
J=1 7k
When max ({;,0;) <0 (¢ =1,...,7)
T ‘/; t c](j‘) _1
Re[p] + ; Gi [E] + ij 1522%3{% Re v,ij) >0 (VII)
T V; t c](j) 1
Relo] + Zl 0; [E] ) 1 q; 1;22;}}(\[3_ Re ( %(cj) >0 (VIII)
1= j=

When ¢; >0,0; <0, (i=1,...,7), (V) and (VIII) are satisfied
When 6; >0, ¢; <0, (¢=1,...,7), (VI) and (VII) are satisfied

(iv) max{| ] [S2)} < ;b # a

Proof. To establish the integral given by (2.1), we first express the multivariable H-
function and the second class of multivarible polynominal occurring in the left hand side
of (2.1) with the help of (1.3) and (1.2) respectively, then collect the powers of (cz + d)
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and (gx + f) and apply the following binomial expansions for z € [a, b]

n _ n = (_77)11 —(I—G)C h _
(cx +d)" = (ac+d) llzzjo I { py—— } (= a)e| < lac+ d| (2.13)

(gz+ £)¥ =g+ £)* > (7;:)12 {+l()l;+zf)g

12=0

12
} Jb—a)gl < g+ Sl (214)

with 1 and w replaced by n+ >.7_, A\ik; — Z;Zl r;& and w4 > 0ik; — Z;Zl 555
respectively. Here £1,...,& denote the variables of the aforementioned Mellin Barnes
contour integral of H-function. Finally, making use of well known Eulerian integral

b
/ (x—a)’"t(b—2)" tdr = (b—a)" " 'B(p,0); Re(p) > 0,Re(c) > 0;b#a

and iterpreting the resulting Mellin Barnes contour integral as an H-function of (¢ + 2)
variables, we arrive at the right hand side of (2.1) after a little simplification. To prove
the second integral given by (2.7), we follow the same lines as in the proof of (2.1) except
the following changes. Here, we apply the binomial expansions (2.13) and (2.14) with n
and w replaced by n+>_i_; A\ik; + 22:1 ri& and w4 > i, 6k + 22:1 s;&; respectively
and then set {; = —(;(j = 1,...,t) to interpret the resulting Mellin Barnes contour
integral as an H-function of (¢ + 2) variables and arrive at right hand side of (2.7).

Two more integral formulas, involving the product of first class of multivariable poly-
nomials Sgl"”’U" [1,...,2.] and the multivariable H-function, can also be obtained sim-
ilarly. However, we omit the details here.

3. Special Cases

Each of our integral formulas (2.1) and (2.7) possesses manifold generality. The mul-
tivariable H-function occurring in these results can be suitably specialized to yield a wide
variety of special functions (or product of such functions) of one or more variables [17, pp.
18-19, 88-93, 253-254]. Again by suitably specializing the coefficient of the general class
of multivariable polynomials it can be reduced to other multivariable hypergeometric
polynomials and classical orthogonal polynomials of one or more variables.

Thus our results and their several variations (obtained by letting any desired number
of exponents {(;,0;, A\, 0:,p;,q;,75,5;(i =1,...,m5 =1,...,t)} tend to zero in such a
manner that each side of resulting equation has a meaning) would yield the corresponding
results involving a large number of simpler functions and polynomials.

To illustrate we now obtain some new special cases of our result (2.1) and also give
references to several known results which follow as special cases of integral formulas (2.1)
and (2.7).

(i) On taking A(Vi,k1;...; Vi k) = A1(Vi, k1) -+ - Ap (Vi k) in (2.1), the multivari-

ceey
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of polynomial SY[x] introduced by Srivastava [[13, p.1, eq. (1)]; for more details see [21]]
and the result assumes the following form

Third Integral

T

/b(ac —a)P H(b—x) N ex +d)"(gx + f)* H {SU yi(z —a) (b — 2)% (cx + d)™
a i=1

(gz + f)‘”]} H {zl (z —a)? (b —z)" (z — a)P (b — ) ]

(cotdy(ge+ )7 e +d)(ge + )

r Vi/Ui] ks
— 0= ae @+ TIL Y (Vw4 k)4

i=1 % k;=0

_ )Gtk Aiki 5iki (b—a)c —(b—a)g
(0= @) g+ ) L e OO S0 oy

where the H-function occurring in the right hand side of (3.1) is same as in right hand
side of (2.1) and the conditions mentioned with (2.1) are assumed to be satisfied.
(ii) On taking

4 o @ w
ll:ll(all)¢§1)k1+m+¢§”kr ll:ll (ul )Hgl)kl e L (ul )Ml(r)k
A(Vh kl) S ‘/tl“; kT) - ;/ D_(l) " _(7,) ) (32)
/ T
ll;[1(bl)¢;l)kl+"'+wz(r)kr zl;[1 (v )”z(l)kl o =1 (v )”z(r)kr
in (2.1), Sy, Ul’ ‘(/J "[z1, ..., 2] reduces to the polynomial form of the generalized Lauricella

functlon of Srivastava and Daoust [15, p. 454] as follows

Us,...Uy, A:cM 41,0 41
SVu...,Vr[‘fEl’ ] = B DM, D"

1 T T T
(a; : ¢l§1§7. .. 7¢l ()21,14’7 (U’l(()laul((i))l,c(lh (_V17 U(vl; ( 7)( l( )7Ml( ))I,C(”a (_V;“? U”)
(b; . 1 o lr )LB/’(UI ,Vl )LD(Q,.. (’Ul7 Vl7 )LD(T)

(3.3)

and we easily arrive at an Eulerian integral involving product of general Lauricella func-
tion and the multivarible H-function. We however, omit the details of the result due to
lack of space.

. a+1 . .
(i) On taking A(Va,k1;...; Vi kr) = & +Vi‘|/1+v X (a+1)uk11+u,+uk7. (1 being arbi-
trary) and U; = 1(i = 1,...,7) in (2.1), SUl’ ‘(,J [1,...,2,] reduces to the polynomials

Ly" v l21, ..., @] which are an extens10n due to Chak [3, p-14, eq.(1.1)], of the gen-
eralized Laguerre polynomials in several variables studied by Erdélyi [4] and the result
(2.1) assumes the following form
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Fourth Integral

b
[ @ - a e g+ DPEEE e = 0 (0= ) ex + )
(x —a)Pr(b—a)n

(cx +d)" (g + f)5

(gz+ ), .. yr(z — ) (b— 2)% (cx + d) (gz + )P ]H |

(x —a)Pt(b—x)®
(cx + d)(gx + )5t ] d
Vi Vi

Z Z (*‘/l)kl ~.~(*V;")k7v ﬁ{%(b a)((i+0i)ki(ac+d))\iki(bg+ f)ziiki}

ki=0 k=0 R s

(b—a)e —(b—a)g
xH[Il,...,It, vt d bt ] ] (3.4)

)

1
v = (b= a)*7 ae 4 d) by + )T
T

c.y 2t

where H-function occurring in the right hand side of (3.4) is same as in right hand side
of (2.1) and the conditions of validity of (3.4) can easily be obtained from those stated
with (2.1).

(iv) If in integral formulas (2.1) and (2.7) we take V; =0 (i = 1,...,7), reduce the
multivariable polynomials to unity and further take p; =¢; =0 (j =1,...,t), we arrive
at the integral evaluated recently by Srivastava and Hussain [18, p. 79, egs. (2.5), (2.6)]
after a little simplification.

In the results thus obtained if we further take w =0, s; =0 (j = 1,...,t) and reduce
the multivarible H-function to product of ‘¢’ Fox’s H-function (by taking N = P =Q =
0), then on taking ¢t = 1, we arrive at the integrals evaluated recently by Saxena and
Nishimoto [11, p. 69, eq. (4.1)].

(v) On taking V; = 0 (¢ = 1,...,7) in (2.1) and reducing the general class of
multivariable polynomials to unity. Further, on taking w =0, s; =0 (j = 1,...,%)
and reducing the multivarible H-function to product of ‘¢’ Fox’s H-function (by taking
N =P = (Q = 0), then on taking t = 1, we arrive at the integral evaluated recently by
Saxena and Saigo [12, p. 37, eq. (2.1)]

(vi) If we take r = 1 in (2.1), the general class of multivariable polynomials reduces
to SY[z], and further on taking @ =1,(=A=6=0,r; =s; =0 (j = 1,...,t) therein,
we easily arrive at an integral obtained earlier by Srivastava and Singh [21, p. 166, eq.
(2.2)]

(vii) Next on reducing the H-function occurring in the left hand side of (2.1) to unity,
and settingn = —p—0o,c=A—p, d=1+pb—(1+Naand \; =6, =0, ; =1,
0; = —1(i = 1,...,r) therein, we arrive at the result recently obtained by Saigo and
Raina [9, eq. (2.1)]
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4. Applications

Each of the Eulerian integrals obtained in previous sections can be expressed as
fractional integrals involving the operator D" defined by [see [7], [10]]

DIV f(2) = % / et (ds Re() >0 (4.1)

when a = 0, the fractional integral operator (4.1) corresponds to the classical Riemann-
Liouville fractional integral of order v. Moreover, when a — oo, equation may be iden-
tified with the definition of Weyl fractional integral of order v. Thus for example, for
b=20,=0=¢q; (i=1,...,mj =1,...,t), we express below the integral (2.1) as
fractional integral formula which is valid under the conditions easily obtained from those
state with (2.1)

aDz”{<z )P ez + d)(gz + )

XSyl lyi(z — a)? ez + d) M (g2 + )7 ye(z — @) (e d) (g2 + )]

(z —a)P? (z —a)P } } 1 _
H yeeesy = _ g)pto—1 +d)"
: {Zl v gzt o M erdy (e e | i@ ¢ et d)
Vi/th]  [V2/U]
gz )2 D - Z VD uiks - (=Ve)uk, X AL Ko Ve k)
k1=0

i=1

T ki
Yi ks Aik; ik 0,N+3:M;,Ny;...;M¢,Ny;1,051,1
II { 7 (0= @) (ac+ d)* (g2 + f) } X H Py Q48P 015 PG Q0,11
;!

A**S ;7.(17
1

c(z—a) —g(z—a) : 0,1
|:Kia~'~aKt; B** ZD;(O, );(0’1

ac+d ' gz f

))} (4.2)

where K; stands for I; as given by (2.2) with ¢; =0 (j =
by (2.5) and (2.6) respectively.

1,...,t), C and D are given

T r
A :(1+77+Z)\iki;r1,...,rt,l,O),(1—|—w+25ikzi;51,...,st,0,1),

i=1 i=1
(1 —pP— Zgzk"upla -y Pty 150)7 (ak;aél)a s 7a§€t)507 1)I,P (43)
r r
B =(1 +77+Z)\iki;7°1,...,7“t,0,0), (1 +w+25ikzi;51,...,st,0,0),
i=1 i=1

(1_p_U_Zgiki;pla"'aphlal) (bk7 a'-"ﬁkt)50 0) (44)
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