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EXPANSIONS OF APPELL AND LAURICELLA FUNCTIONS

C. M. JOSHI AND N. L. JOSHI

Abstract. Expansion formulas for Fgﬂ) in terms of products of 2F; and Fg)
has been obtained by Srivastava et al. [5, 3.9]. In this note we present an ex-
tension of this result. Possibility of existence of analogous formulas for Lauricella
functions F/(:),Fg) and Fg) are examined and corresponding results for Appell
hypergeometric functions are also derived.

1. Introduction

The Pochhammer symbol (}), is defined by,

1 in=20
()‘)":{A(A+1)~-(A+n—1) n=1,2... (1)
or in terms of Gamma function,

T(A+n)

W = =103 A#£0,-1,-2,... (1.2)

The Gauss’s hypergeometric series, 2 F1 (a, b; ¢; z) is defined as,

= (@)m(B)m 2™
2Fi(a,b;¢;2) =m2::0 —a—(c—);-w-%l—!, c#0,-1,-2,... (1.3)

which converges absolutely if [2| < 1 and |z| = 1, if Re(c —a —b) > 0 and in that case,

I'(c)T(c—a—b)

2F1 (a, b; C; 1) = F(C — G,)F(C — b) (14)
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Srivastava and Goyal [5 3.9] obtained a typical expansion formula for Fp r+1) in terms of
products of 3 F'; and F ") Non- -availability of such type of expansion formulas for all other
Lauricella’s functions and generalized hypergeometric functions leads us to application
of identities in obtaining expansion formulas for all hypergeometric series. To this end
we shall consider the following identities (for m and n being positive integers):

SO: (c=a)elei =n)e Tlc+er +m)T(a+m+n)

= ; #0,-1,-2,.. ;R ,
(c+ca+m)k! Tla+ec +m)T(c+m+ n)’Re(C+C1)’ e(a) >0

(1.5)

(a1 —m)i(a —n)i _ __ T(@Tla+m+n)
Z (@)ikt " Tla+a+m)T(a-a +n)’Re(a) >0 (1.6)

k=0

and

(e}
(c1—c—n)g(c—ca+m)y Il +m)T(ca+n)
- ; 0,-1,-2,...:R ,
kz::O (c14+m)pk! L{ci+ea+c)T(c+m+n) Re(e,) 7 ele2) >0

(1.7
The proof of (1.5) follows on using Gauss theorem, if we assume R(c+¢;) # 0, -1, ~2, . ..

and Re(a) > 0. The proof of (1.6) and (1.7) follow on similar lines.

2. Expansion Formulas for Appell Functions:

Let,
4 = L)l (a+c) Ay F'la+a)l(a—ay) A I'(er + 2 — ¢)T(c)
YT T@T(eta) 2T I'(a)l(a) T T T (e (e)
(c = a)ilc)k _ (a)p(=a1)k _(e—c)ple— ek
¢1(k) = m»ﬁb 2 (k) = O and ¢3(k) = (1) ekl )

then the expansion formulas that are established in this section are,

Fi(a,by; ba;c; 21, 22)

0 a+cy; 1*01,1)2;
=A Z¢1(k)'2F1 22 | o F 2 |5
k=0

c+cy + k; 1—c —k;
Re(c+c1) #0,-1,-2,...; Re(a) > 0, (2.1)
I~ —: l4a,a+a1,bi; 1—a3,a—ay,by;
=Azz¢2(k)‘F3f,’13 ( 21,2’2);
k=0 c: 14 a; — k; 1—ay ~k;
Re(a) > 0, (2.2)

a: c—co+k,by; 1—c¢ +c¢ by
21,22 ’

“Asz%k) Ry
- c—c,e0+k; 1l—cp+ec—k;

e(cl) #0,-1,-2,...; Re(cz) > 0, (2.3)
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Fy(a, b, ba;cs,c4; 21, 22)

s c: a+c,bi; 1—c¢1,bo;
:A12¢1(k) -Fyyy 21,22 |
k=0 —: c+ke; 1—a—kcg
Re(c+c1) #0,—-1,-2,...; Re(a) > 0 (2.4)
o0 1+a1,a+ag,by; 1—ay,a—a,bs;
=42 Y ¢a(k) -3 F, 2 | 3P 2 |
k=0 1+a; —k,c3; 1—a1—k,cq
Refa) >0 (2.5)
00 a,c: c—co+k, b 1—c+¢b
=Asz¢3(k) -Fozf?if 21,22 | ;
k=0 - c—cy,a+k 1—ca+c—kc, e
Re(cy) #0,—1,-2,...; Re(c2) > 0, (2.6)
F3(as,as, b1, ba; ¢; 21, 22)
oo —: a-+c,a2,b; 1—ci,a3,bo;
=A12¢1(k) CFPE z129 |;
k=0 a: c+a+k; 1—c —k;
Re(c+c¢;) #0,-1,-2,...; Re(a) > 0, (2.7)
oo - 1+a1,d+01,a2,b1; 1—a1,a—a1,a3,b2;
=AY balk) - Fyy 21,22 | ;
k=0 a,c: 1+a; —k; 1—a1—k
Re(a) > 0, (2.8)
00 ¢ —ca+ k,a2,b1; 1—c1 +c,as3,bs;
=As Y ¢3(k) - 3F, 21 | -3F z2 |5
k=0 c—cg,c1 +k 1—c+c—k,c
Re(c1) #0,-1,-2,...; Re(cz) > 0, (2.9)
Fy(a,b,;c3,c4;21,22)
o b,c: a—+cy; 1—cr;
=AY (k) Fol 2,2 |
k=0 —: c+ep+kez; 1—c —kcq
Re(c+c1) #0,-1,-2,...; Re(a) > 0, (2.10)
o0 b: 1+a,a+ay,ae 1—a,a—a1,as;
=A22¢2(’€) i z1,22 |5
k=0 - 1—a, —k,cs; a1 — k, cq;
Re(a) >0 (2.11)
and
oo a.b.c: c—co+ k; 1—c +¢
:ABZ(bB(k) ~F03§§;‘§ 21,22 |
k=0 —:  c¢—cy,c1+kye3; 1—ci+c—k,e2,05
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Re(c1) #0,-1,-2,...; Re(cy) > 0. (2.12)
For proof of (2.1), consider,

( )F(G“"Cl - (C”G)k(cl)k G+Cl,b1; 1_01,172;
F(a)I‘(c+c1)Z (c+ c1)pk! '2F1( z1 | oF, Z

c+ci +k; 1—c —k;

F(c)l“(a+cl) Z Z (bl m\bg)n Z? (C‘" a)k(cl)k ] (a+cl)m(1 —Cl)n

"T(@T(c+e) '_“'"!' (c+c)rk!  (c+er +E)m(l—ciy)n

Interchanging summation under the stated conditions and using the identity (1.5), the
L.H.5 of (2.1) is established. In a similar manner, the proof of (2.2) and (2.3) follow on
using the identities (1.6) and (1.7), under the stated conditions.

3. Extension in terms of Kampé de Fériet Functions

Extension of all these formulas in terms of Kampé de Fériet’s functions admit the
forms,

a: (br):(eu)5
Fllsrvu ( Zl)
¢t (ds); (fo);
) a+ci, (b); 1 —ec1,(ew);
=4 Z¢1(k) 1 ( 21) w1 F ( 22) ;

k=0 c+c +k,(ds); 1—c =k (f);
R8(0+ cl) # O,—l, —"Qa s 'aRe(a’) > 07

(3.1)
00 a: a+ay,l+a1,(b); a-a,l—ag,(c); ‘
=4 Z¢2( Ffﬁffi‘ff ( Zlaz2) ;
c: 1+ay —k,(ds); 1—a; — &, (fy)
Re(a) >0 (3.2)
o0 a: c—ca+k,(b); 1—c1 +cley);
=43y ¢s(k) - Byt ( zl,22) ;
— C“C2,61+k, (ds); 1—-()1 +C—}C,Cz,(fv);
Re(c1) #0,-1,-2,...; Re(cy) > 0 (3.3)

a:  (br);(ew);
Fori 21,22
= (ds); (fo);

0o c: a+cy,(by) 1—ec1,(cy)
=4 Zfﬁi(k) Fo it 21,22 | ;
= - ctea+k(ds); 1—e—k (fo);
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Re(c+c¢1) #0,-1,-2,...;Re(a) > 0, (3.4)
00 (b’r‘))1+a17a+a1; (eu)’l""alva’“al;
=4 Z p2(k) - rp2Foyy 21 |rur2 g Z22 |
k=0 (ds)11+a1 _ka (fv)al—a'l _k1
Re(a) > 0, (3.5)
0 a,c: (br),c— o + K, (ew), I —c1 + ¢
=A3 Z o3 (k) - Folfsrjzl;;:;gl 21,22 |
k=0 —: (ds),er+k,c—ca; (fo),l—c1i+c—~k, e
Re(ey) #0,—-1,-2,...; Re(cz) > 0, (3.6)
- (br); (eu);
Flosrvu 21, 22
c:(ds);  (fo)s
- a+ ci, (br); 1*61,(6u);
=A o1 (k) - PR 21,22 |5
a: c+ec+k(ds); 1—e =k, (fo);
Re(c+¢) #0,-1,-2,...,Re(a) >0, (3.7)

- (b),1+a,ata; (ew),l—a,a—ai;
21,22 y

a,c:  (dg),1+a —k; (fo),1—a1 —k:
Re(a) >0 (3.8)

o}
=42 Y do(k) - BTN
k=0

and

0 (by),c— o+ k; (en),1—c1+¢;
=43 Z¢3 (k) : r+1Fs+2 21 u+1Fv+2 22 |,

k=0 (ds),c1+k,c—ca; (fo),1—c1+c—k, co;
Re(cy) #0,-1,-2,...; Re{cz) > 0 (3.9)

The inverse series expansion corresponding to (3.1), (3.2) and (3.3) are given by

((br)§ ) ((eu)§ )
»Fs 21 ) qu 22
(ds) (fo);

o a a+c,br; 1= ciew);
=41 Z (k) - Folialsts 21,22 | ;
k=0 a: c+c+k,(ds); 1—c1—k, (fo);
Re{c+c1) #0,-1,-2,...; Re(a) > 0, (3.10)
oo - (b)), 14+ar,a+ai; (euw)l—an,a—ar
=42y (k) Fr it 2,22 |5
k=0 a:  (ds),1+a1—k; (fu),1—a1—k:
Re(a) >0 (3.11)

and
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00 c: (by),c—ca + k; (ew) — 1 + ¢
=As Z¢3( ) - Fossiamis Z1,22 |
- (ds),er +kye—co; (fo),l—a+ec—k e
Re(ci) #0,—-1,-2,...;Re(cz) >0 (3.12)

4. Extension in terms of Lauricella’s functions:

The expansion for FI(Dr+1) given by Srivastava and Goyal [5, 3.9] is
Fy ™ a,by,. .. be, By 21, 20, w) (41)
o0
Amu I ()
= : 1o l—m: B o),
z( m >F(u+m)1“(1—m) 2Py (1,05 1=ms w) S (N, By - s pbmms 21, -, 27)

The extension of this formula is given by:

Fgﬂ)[a, by,...,br,Bci21,. .. Zp,w)

o) 1—017:8)
=4 Zqﬁl(k)~Fg)(a+cl,bl,br;c4rcl +k;21,20) - 2F w

k=0 1—c¢ —k;
Re(c+ 1) #0,—-1,— .; Re(a) > 0. ‘ (4.2)

Indeed this follows by expressing the R.H.S. in the form;

o ZMmr 2w (T(C)(a+c1)
> BB (B g T

my,...,Mr,N

i (c—a)ilc)e  (a+ci)mysdm,(I—c1)n }

(C’f‘Cl)kk! (C+C1 +k)m1+'~'+m,‘(1 —C] — k)n

m,!

Then summing w.r. to k by using the identity (1.5) for m = m; + --- + m,, after
appropriate simplication, one obtains the L. H. S. of (4.2). This corresponds to Srivastava
and Goyal’s result (4.1) for ¢; — 0.

Using the identity (1.6) and (1.7) we have respectively for F/({) and Fg), the formu-

las:
FXH)[a,bl,...,br,ﬁ;cl,...,cr,v;zl,...,zr,w)
l+ai,a+ay: bi;... ;b
__AZquQ (k)FZEL ( 21y s 2y )
14a;: ¢y ;Cr;

1—ai,a—a1,p;

3 F, w) ; Re(a) >0, (4.3)
1—a; —k,v;

and
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(r+1 ‘o
FB )[al,-’-,ar,a,bl,..,,br,ﬂ,C,Zl,-“,Zr,U))

0 c—as+k,a,by;... ;ar,by
:AS Z ¢3 (k)F2102,‘,€ Z1yeeey Zr

k=0 c—co,c1+ ki —; ... 5=
1—ec¢ +c¢a,pb;
-3 Fy ( w) iRe(c1) #0,-1,-2,...;Re(cz) > 0. (4.4)
1—¢ +c—k,co;

However, repeated use of identify (1.6) for Fg) gives:

Fg+1)[a,b;c,...,cr,v;zl,..,,zr,w)
00 1+ay,a+a,1+b,0+b5... 5—;
=4 Z ¢(k,R)F24j1°;{jﬁ( ' zl,...,zr)
k,R=0 14+a1—k,1+b—R:c15... ;¢
1-ay,a—ay,1—b1,b—0bi;
'4F3 ( : w) N (45)
l1—a—k,1-b; —R,v;
Provided Re(a) > 0, Re(b) > 0,
where
4= I‘(a+ al)I‘(a - al)F(b—F bl)F(b - bl) and (b(k,R) = (al)k(—al)k(bl)}{ - (‘bl)R

I'(a)L(a)T(5)L'(b) (a)k(b)rE!R!
Similarly, by using identities (1.6) and (1.7), we get

Fg+1)(a,b1,...,br,ﬂ;c;zl,...,zr,w)

o a’llul_a'lal"l'c—cl;ﬂ;
=B Z ¢ (k, R) - 4F'3 w

k,R=0 l1—ay —k,1+c—c1 —k,cg;

a+ay,l1+a,c—co+k:a;-ar,;
F3:1;.4.;1
s L'3.0.. 0 Zlye ey R2

..... 1+a;—kec—cy,er+k:—5--;
Re(c;) #0,-1,-2,...; Re(a) > 0; Re(cz) > 0. (4.6)
where
B:F(a +a1)T(a — a))T ()1 + ¢o — )
B I'(a)T(a)T(e1)T(e2)
The repeated use of the identity (1.5), gives

(a)k(~a1)i(cr —c)r(c—c2)r

and ¢' (k,r)= (@)% (c1) REIR!

7+1
F[() M@, b1, bry1; 621, Zr1)

) <« 3 _ Tla+ Y c)
), 2T e S et T B

Laeeey k=0

T (C')k 1 -Ci,bi; a+Z:ci,br+1;
. H (]:3); . QFI 2 . 2F1 Zr41 y (47)
1 e 1—c — ki c+ > Tei+ Y1 ki
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provided Re(a) > 0; Re(c-{-zjzl ¢)#0,-1,-2,...; Re(a+ 27:1 ¢)>0;7=1,2,...,7.

It may be remarked that expansion formula for F), F{)| FX) analogous to F (r)
that express the function in series of the same type of function are not possible. How-
ever, such symmetrical results are possible in terms of multiple series expansions if one
expresses Lauricella’s function in terms of Kampé de Fériet function of several variables
due to Srivastava and Daoust [4]. For example,

+1
F}({ Naby,. . by, Bicay o e v 21, . . Zp, W) (4.8)
L: ar;...5ar 0
1:1;..51
=F0:1;‘..;1 ZlyeveyZp,W
- Ciy. .- Cpy Uy
o< ‘a—a;,1-ay,f;
=41 > Bi(kr,.. . k) 3 Fs w
kiyeoke 1—a1 =k,
r—1
1+a;y : 1=71,b1; 1=y, br—15a+a1+ ) 75, by
1:25..52 i=1
CFon T 21, .., 2
""" r—1 r—1
— i l-m—ki,c1; 5 1=v—1, 6o — kprs 14ar—ke+ 20 v + 3 kiyor
=1 i=1

provided Re(a) > 0, Re(1 + a; + 23:1 ) #0,-1,-2,...; Re(a+a; + 2{:1 i) > 0;
i=1,2,...r—1.

r—1

) F(l +a — k)
F(1+al—kr+2;_l ’Y@'{"ZI_I kl) ’

I'a—a;)T(a+a; +E§_1 ;)

A= T(@)r(a)

Similarly, results can also be established for Fgﬂ) and Fgﬂ) , but the details are
omitted for reason of brevity. It may be remarked in conclusion that various permutations
and combinations of identities (1.5), (1.6) and (1.7) may be taken to derive numerous
other forms of formulas for these functions.
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