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A CLASS OF P-VALENTLY ANALYTIC FUNCTIONS
WITH POSITIVE COEFFICIENTS

HUSEYIN IRMAK

Abstract. Certain subclass of p-valently analytic functions with positive coeffi-
cients is introduced, and some interesting properties belonging to the this class is
obtained.

1. Introduction
Let T,(n) denote the class of functions f(z) of the form:
flz)y =2+ Z apz® (ay >0, neN: pe N = {1,2,3,...}), (1.1)
k=n+p

which are analytic in the unit disk
U={z:2z€Cand|z] <1}.
A function f(z) € Tp(n) is said to be in the class T (n, ¢, A, 8) if it satisfies the inequality:
R{zTP(1+ Ap — )P (2) = AzfU79(2))) > 8 (1.2)

for some A(A > ;1;), B0 <B< (p_%),), n € N, p€ N,i <p, i € NU{0}, and for all
z € U. Here, and throughout this paper, f(* defined by for a function f(z) fiven by
(1.1):

o0

F9(2) = (——Z)‘ Z ki (1.3)
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forallzeU, ne€ N, pe N, i€ NU{0}, and i <p.
Other subclasses of the class T,(n) were studied recently by (for example) Saitoh et
al. [1], Yaguchi [2], and Nunokowa ((3], [4]), and (see also) Chen et al. [5].

2. A Theorem on Coefficient Bounds

Theorem 1. Let a function f(z) € Tp(n) is in the class Tp(n,i, ), B) if and
only if

KAk - p) — 1]
2, o

i
-(pf%),—ﬂ[A>%;0_<.ﬁ<

The result 1s sharp.

!
(1;?}2,-);; neN; peN; ie Nu{o} i<p] 2.1)

Proof. Suppose that f(z) € Tp(n,i, A, B). Then we find from (1.1), (1.2) and (1.3)
that

%{ pt i k![A(k—p)~1]akzk~p}

(p—1)! i (k—i)!
= )';neN;pEN;iGNU{O};i<p;zEU].

If we choose z to be real and z — 17, we get

>ﬁ[/\> ;0< B <

ag

P! = KAk —p) - 1]
(p—z‘)!~Z (k—i)!

k=n-+p

!
>5[>\> L 0<B< (—pfw)—,neN;pEN; ieNu{O};i<p],

which is precisely the assertion (2.1) of Theorem 1.
Conversely, suppose that the inequality (2.1) holds true and let

U={z:2€(C and |z| =1}.

Then we have

i : i i p!
7@+ M~ DO ) - Af @) - il
<= Z M._____k!['\((::i.};!" 1 apz" 7P| < Z ——*———k![/\((i:];)); l]aklz[k_”
k=n-p k=n+p

cneN; pcN;ie NU{0}; i<p; zE@(U)J,

! |
P pas L 0<pe P
! n (p—)!
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provided the inequality (2.1) is satisfied. Hence, by the maximum modulus theorem we
have f(z) € Tp(n,i, A, B).

Finally, we note that the assertion (2.1) of theorem 1 is sharp, the extremal function
being given by

; (n+p—z)l[pv B(p—-i)!]zwr " _ .
&= D - MENpENTENU{0}.  (22)

Corollary 1. If f(z) € T, (n,i, A, 0), then

(n+p—9)![p! - Blp—19)!]
Antp < A= D19 (p =) (ne N; pe N; 1€ Nu{0}). (2.3)

Corollary 2. Let a function f(z) € Tp(n) is in the class Tp(n,0,A,5) if and
only if

— 1
S Mk-p -lar<1-B(neN; pe N;A> =) (2.4)
k=n+p n
The result s sharp for the function f(z) given by
1-p
— P oM ntp .
flz) ==z +n/\—lz (ne N; pe N). (2.5)

Corollary 3. Let a function f(z) € Ti(n) is in the class T1(n,0,, 8) if and
only if _
S k1) -la<1-6 (neN; A> 5). (2.6)
k=n+1 n
The result is sharp for the function f(z) given by
-8B

f(z)=2z+ 12"’*1 (n € N). (2.7

Theorem 2. Let the function f(z) defined by (1.1) and the function g(z)
defined by

g(z) = 2P + Z biz® (by >0; n€ N;p€ N) (2.8)
k=n+p

be in the same class Ty(n,i, ), 3). Then the function h(z) defined by

Mo = (1= W) + gl =+ 3 aust (2.9)

k=n+p
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(Ck:(l—ﬂ>ak+/.tbk20; 0<pp<sl n € N; pEN)
is also in the class Ty(n,i, A, B3).

Proof. Suppose that each of functions f(z) and g(z) are in the class Ty (n, 1, A, 8).
Then, making use of the inequality (2.1), we see that

KMk -p) -1
Z Ak —p)—1]

A S T
=n-4p

2 kAE-p) -1 2 kM k-p) -1
:(l—ﬂ)k—z *[—(?_—-%T—Jak—%u —Z —'—((—k*_%r*lbk

=n-p k=n+p

! ! !

S<1“ﬂ>[(—p—57“ﬁ]+“[ﬁm‘ﬂ]=@%ﬁ‘ﬁ
[/\> 0<,6<( )',0<u<1 neEn; peN; zeNU{O},z<p]

which completes the proof of Theorem 2.
Next we define the modified Hadamard product of the functions f(z) and g(z), which
are defined by (1.1) and (2.8), respectively, by

fxglz) =2+ Z apbpz® (ar >0; by >0; n€ N; pe N) (2.10)
k=n+p

Theorem 3. If each of the functions f(z) and g(z) are in the class
Tp(n,i, A\, B), then f x g(z) € Tp(n,i,A,6), where

§< (pzfi)! —~ [p! "(pﬁf”i)‘! i)’]z (n}(\”ff)’(;i)’p)! (n€ N;pe Niie NU{0}). (2.11)

The result is sharp for the functions f(z) and g(z) given by

_ — D (”JFP‘Z)'[P'“/G(P—%)'} n-+p
1) = 9(2) = 2+ S = + (2.12)

Proof. From the inequality (2.1), we have

- Kp=lAE—p) 1] e
k% k=) - Blp—a] " <1 (neN;peN;ie NU{0}) (2.13)

and
i k;c(]i_i)i!){g!/\ikﬂ?pp:)!l}] be<1 (n€N;pe€N;i€NU{0} (2.14)

k=n+p
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we have to find the largest ¢ such that

5 N e pense . o

k=n+p

From (2.13) and (2.14) we find, by means of Cauchy-Schwarz inequality, that

2 Kl (p—)![Mk—p) - 1] . o
k:%p G 80— abr <1 (neN;peN;ie NU{0}). (2.16)

Therefore, (2.15) holds true if

I §(p — i)
Varby < Q_i(l}_“}_)_ (k>n+p;, neN; peN; ie NU{0}), (2.17)
pl—B(p—i)!

that is, if

(k=i = Bo— D) _ P =bo-0 o L
Ko=)k —p) 1] = pl—Blp— 0! (k>n+pneN; i€ NU{0}), (218)

which readily yields

p! pl-Bp-i2  (k—1)
6 (p-—z)' B { (p—i)! ] k!{/\(k"'p)—l] (2.19)

(k>n+p;,neN; pe N, ie NU{0}).

Finally, letting

I (e LI )]
(k) = (p—1i)! [ (p—i)! ] kIA(k —p) — 1] (220)
(k>n+p, neN; pe N;ie NU{0}),
we see that the function (k) is increasin;}n k. This shows that
_ _ Pt et Blp—i)h? (n+p—1i)!
s+ = o - ST mo e (2:21)

n(n € N; pe N; i € NU{0}),

which completes the proof of Theorem 3.
Setting ¢ = 0 in Theorem 3, we obtain

Corollary 4. If each of the functions f(z) and g(z) are in the class
Ty(n,0,),8), then f x g(z) € Tp(n,0,X,0), where

(1-p)? 1
<1l- ; ; —-). .
6<1 1 (n€ N; pe N; ,\>n) (2.22)
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The result is sharp for the functions f(z) and g(z) given by (2.5).
Setting p = 1 in Corollary 4, we obtain

Corollary 5. If each of the functions f(z) and g(z) are in the class
Ti(n,0, X, ), then f x g(z) € Ty(n,0,A,8), where

Py
5<1- (:M_ﬂ)l (neN; x> %). (2.23)

The result is sharp for the functions f(z) and g(z) giwen by (2.7).

3. Distortion Theorems

Theorem 4. If f(z) € Ty(n,i, A\, B), then

; p! (n+p—9)lp! - B(p —i)!] p—i
N e R P Ty ey 3.1)
d
" 179 (2 ) > [ p! (n+p—i)lp!' - Blp— ] | & }Mp—j (3.2)
“l-) -)n+p-in '

forallzeU; ne N; peN; ie NU{0}; je NU{0}; i<p; j<p.
The result is sharp for the function f(z) given by (2.2).

Proof. Suppose that f(z) € T,(n,p,i,a). We then find from (2.1), that

i klap < (n+(p1)——zz))'![§77;:\—_ﬂ(lp;—z)] (ie NU{0}; neN;peN; i<p). (3.3)
k=n+p ’

and, we have from (1.1) and (1.3) that

k"‘n—&-p

fU)(z)

1
(pp])’z” I4 Z klg(k)arz""7 (p€ N; ne€ N; j € Nu{0}; j<p), (3.4)
k=n+p

where, for convenience,

1
¢ (k) =G (PEN;neN; JENU{0}; k>n+p; j<p). (35)
Clearly, the function ¢(k) is decreasing in k, and we have
1
0< k) <dn+p) = ——=

(peNineN;je NUu{0}; j <p). (36)



A CLASS OF P-VALENTLY ANALYTIC FUNCTIONS WITH POSITIVE COEFFICIENTS 321

Making use of (3.3), (3.4) and (3.6), that

i p!
if(a)(z)[ < [(p 7 +|z|"¢ n+p,k§pklak] |z|P~ i
p! (n+p—i)lp! - B(p — i)!] p—j
S[(P“j)!+(P—l)(n+p I nX — )!I]Izl
(nEN;péN,zGNU{O};}ENU{O};i<p;j<p;zEU),

which is precisely the (3.1), and that

B 2" g(n + ) klay||z|P™
[(p L "’ k;p k]

Pl (ntp=)p - BT n] -
. [(p—j)! (p—i)!(n+p-j)g(n)\_l)‘z| ]t |

IfP ()] >

which is the same as the assertion (3.2).

In order to complete the proof of Theorem 4, it is easily observed the equalities in
(3.1) and (3.2) are satisfied by the function f(2) given by (2.2).

One of the interesting properties of this work is that we can easily determine the
lower and upper bounds for the functions f(z) in this classes and the derivatives of f(2)
of arbitrary order whenever we choose the index i (or j ) =0,1,2,... appropriately. For
this purpose on mind, we give the following corrollaries:

Setting j = 0 in Theorem 4, we obtain

Corollary 6. If f(z) € Tp(n,i. A, B), then

(ot p B0 0 )

I < =P 1+ 0 — i )

and

oy (= i)lpt = Ao~ )]
1@l 2 e - S ) (3.8)

forallzeU; ne€ N; pe N; i € NU{0}; i <p.
The result is sharp for the function f(z) given by (2.2).
Setting i = 0 in Corollary 6, we obtain

Corollary 7. If f(z) € Tp(n,0, X, 8), then

1= 2= L] <ps < 1P [+ L] (59
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forallzeU; ne N; and pe N.
The result 1is sharp for the function f(z) given by (2.5).
Setting j =1 in Theorem 4, we obtain

Corollary 8. If f(z) € Tp(n,i, A, B), then

(n+p— Z)'[pl = B(p - Z)'} |z!n]
!

N D - )ln+p=1)

and

, pi (ntp—i)pl =B -] .
[f'(2)] > |2 I[P_ (nA—1)(p—i)ln+p— 1)!‘2I ]

forallze N; ne N; pe N; i€ NU{0}; i <p.
The result is sharp for the function f(z) given by (2.2).
Setting i = 1 in Corollary 8, we obtain

Corollary 9. If f(z) € T,(n,1,),8), then

'Z'p[p - :/\———ﬂl

"] < 17 @ < e [+ 222 pep]

forallzeU; ne N; and pe N.
The result is sharp for the function f(z) given by

f(2) =2p+m-§yz;ﬂ/\‘jﬂzn+p (n€ N; peN).
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