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A REFINEMENT OF HADAMARD'’S INEQUALITY
FOR ISOTONIC LINEAR FUNCTIONALS

GOU-SHENG YANG AND HUEY-LAN WU

Abstract. A general refinement of Hadamard’s inequality for isotonic linear func-
tionals and some applications to norm and discrete inequalities are given.

I. Introduction

Let f: I C R — R be a convex function. The following double inequality

1=

(1.1)

where z,y € I is known in literature as Hadamard’s inequality (see [7][9][5] or [6]). For
some recent results in connection with this famous integral inequality we refer to [2-5]

and [9-11] where further applications are given.

In this note we will give a refinement of Hadamard’s inequality for isotonic linear
functionals (compare with [8]), and some natural applications. As in [1], let E be a
nonempty set and let L be a linear class of real-value functions g : E — R having the

properties:

Ly: f,g € Limply (af + bg) € L for all a,b € R;
La:1 €L, thatis, if f(t) =1 (¢t € E) then f € L.
We also consider isotonic linear functionals A : L — R. That is

Al : A(af + bg) = aA(f) + bA(g) for all f,g € L;
A2: fe L, f(t) > 0on E implies A(f) >0
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We note that some examples of such isotonic linear functionals A are given by A(g) =
S 9du or A(g) = 3 g cpPrge Where u is a positive measure on FE in the first case and
E is a subset of natural number N in the second case with py > 0 for k € E.

Jessen’s Inequality: Let L satisfy properties L1, L2 on a nonempty set E
and suppose ® is a convex function on an interval 7 C R. If A is any isotonic linear
functional with A(1) = 1, then for all g € L so that ®(g) € L, we have A(g) € I and

®(A(g)) < A(2(g)).

2. Main Result

We will start with the following simple lemma.

Lemma 2.1. Let X be a real linear space and C be a conver subset of X.
If f:C — R is convex on C, then for all z,y in C the mapping g, : [0,1] = R
given by

Gay (1) —af[——w+ (1—-2*) ] +61((1- tﬂ)“‘z‘z; ]

where B> a >0, a+ 8 =1 is also convez on [0,2a].
In addition, we have the inequality:

floy + Bz) < goy(t) < af (y) + Bf(2) (2.1)

for all z,y in C and 0 <t < 2a.

Proof. Suppose z,y € C and let t1,t2 € [0,2a] and a,b > 0 witha +b= 1.
Then

g:t,y (at1 - btz)

:af[%ﬁszr (1 3 at12’;bt2)y:t +ﬁf[(1 3 at12-;bt2)z+ atlzzbtzy]

werlo(fre (1= ) 4 (- £)0)
arf{(1- d5)e= o)+ (0~ 5)e 530

Saaf[g}—:v+ (1 — —2——&) ] +baf[£2—a:+ (1 — %)y]

+aﬂf[(1——ﬁ> +—- ]+bﬂf[(1——6) +-B y]

=agz,y(t1) + bga y(t2)

which shows that g, , is convex in [0, 2a].
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By the convexity of f we have
oy (t) > f[ai—x + a(l - %)y n g((l _ %)x n ﬂ%y]

= flay + fz)
geslt) < a2 1(@) + (1= 32) 1)) + B[ (1~ 55)e+ 5

= af(y) + Bf(z)
for all ¢ in [0, 2a]. This completes the proof.

(y)]

Remark. By the inequality (2.1) we have:

SUD;e(0,1] 92,5 (t) = af (y) + Bf(z) and infycpo 1) 9o y(t) = foy + B)
for all z,y € C.

Now we given our main result.

Theorem 2.1. Let f: C C X — R be a convex function on a convez set C.
Let L and A satisfy conditions L1, L2 and Al, A2 and let h: E — R,
0 <h(t) <2a(t € E),h € L is so that f(hz + (1 —h)y), f((1 — h)z + hy) belong to L
for z,y fized in C. If A(1) =1, then we have the inequality:

flay + z) < af [ 5 B +(1- z(f)) o] +8s[(1- ’2(5)) *é(ﬂi)]

@Af[gﬂ(l—%))wfif[( )7+ 35
< af(y) + Bf(z) (2:2)

where 8> a >0 withoa+8=1.
Proof. Consider the mapping g, : [0,1] — R given above. Then by lemma 2.1

we know that g, , is convex [0, 1]. Applying Jessen’s inequality for the mapping g,,, we
get

92,y(A(h)) < A(gs,y(h))
where g, ,(A(h)) = af[ 5 T+ (1 —(-—l> ] +ﬂf[(1 - M)an %(-gly] and
A(gzy(h)) = aAf [ﬂm -+ (1 - %)y] +ﬂAf[( - 55)93 + ﬁy]. This proves the second
inequality in (2.2).
To prove the first inequality in (2.2) we observe that, by (2.1), we can write f(ay +
Bx) < g2,y (A(R)).

Finally , we have

af[éha:c—i— (1— ;—) ] +ﬂf[(1— ﬁ)x-%——y]
<SH(@) +al) - 21) +Bfa) ~ 2@ + 2 pw)
=af(y) + 1 (2)
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Hence, the last part of (2.2) follows from

A[af[i%m + (1 —a—f)(yl ig;(&(} 35)% + 2—%9]] < A1) =1
Remark. If we choose: A = [*°, E = [0,1,a(t) = t, C = [z,4] C R, then a
simple calculation shows that
/Omf[é%m (1- ;&)y}dt - —2—“—/y F()dt
[lO-gergl =2 [ soa

it follows from (2.2) that

2 (1-%$)zay
a 2? z / T fwdt < of @)+ 616 (23)
By letting o = 8 = § in (2.3), we recapture the Hadamard’s inequality
Tt y f@)+ W) + fy)
f ( 2 / f(t)dt <

Lemma 2.2 Let X be a real linear space and C be a convex subset of X. If

f:C — R is convez, then
——[f (1=t +ty) + f((1 — )y + t2) + F((1 — t)z + tx)]

9z,y, (t) =
18 also convex on [0, 1]. In addition, we have the inequality:
z+y+z x) + + j{z
FEEEEE) < g,y < (DI 2T (2.4)

for all z,y,z in C and t € [0,1].
Proof. Suppose z,y,z € C and let t1,t € [0,1] and a,b > 0 with a+ b = 1. Then

gac,y,z(atl -+ bt2)
1
—f((1 = aty1bt2)z + (aty + bla)y) + f((1 — aty — bty)y + (aty + bta)z)

+ f((1 = aty — bta)z + (aty + bts)z))]
fall = t)z + tiy) +b[(1 — ta)z + tzy]}+%f{a[(1 = 1)y + 02l +H{(1 = &)y + 2]}

+ lf{am )z + m] B[ = t2)z + o]}
%f[(l —t)z + byl + 5 f[l — ta)x + tay] + gf{(l —t)y +tizl+ 3 f{(l — t2)y +taz]
+ g'f{(l —t1)z + ] + gf[(l —t3)z + tox]

=Qgz,y,z (tl) + bgz,y,z (t2)
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so that g, 4,.(t) is convex on [0, 1]. By the convexity of f, we have

9o,y,2(t) > f[(l—t;x-i—ty N (1—t)3y+tz N (1~—t)3z+tx} :f(x+§+z)

and gg 5 :(t) < U532 f(@)+ £ f () + L2 f () + 2 £ () + L5 2 f(2) + L f () = LS 0)+/ ()
for all ¢ in [0, 1].

Remark. It follows from the inequality (2.4) that

SUD¢e[0,1] Go,y,2(t) = L xH—fgy +12) and infie(0,1)) 9z,,:(t) = f(ﬁéﬁi)

for all z,y,z in C.

Theorem 2.2. Let f : C C X — R be a convex function on a convez set C, L
and A satisfy conditions L1, L2 and Al, A2 and h: E — R, 0< h(t) <1 (t € E),
h e L is so that f((1—h)z+ hy), f((1—h)y+hz), f((1—h)z+ hz) belong to L for
z,y,2 fited in C. If A(1) =1, then we have the inequalities:

f(l’+y+2) < flA=Am)z+ ARyl + f[(1 - A(R)y+ A(h)2]+ f[(1- A(h))z+ A(h)2]

3 - 3
< Afl(1 = h)x + hy] + Af[(1 — h)y + hz] + Af[(1 — h)z + ha]
- 3
SCESORIE 05

Proof. Consider the mapping g;,,..[0,1] = R given as in lemma 2.2 above. Ap-
plying Jessen’s inequality for the mapping ¢, . we get

» gz,y,z(A(h)) < A(gm,y,z(h))

where
Gops(A(R)) = flA=A(R)z+ A(h)y]+ f{(1~A(h);Y+A(h)z}+ fl(1=A(h))z+ A(h)z)]
and

Alge () = AN+ ATA =~ By bl AT~ )z + b

so the second inequality in (2.5) is proved.
To prove the first inequality in (2.5) we observe that by (2.4), we have f (ﬁ%ﬂ) <
9z,y,2(A(h)) which is exactly the desired statement.
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Finally, we have

ug (i) = AL =Rzt bp £ 710 = Wy hel 4 [0~ W)z b

AP pay+ 2y + LS ) + B + L5

(fﬂ) + /) +f( )
3

Hence the last inequality of (2.5) follows from

£)+ 2 5(a)

<

1
Alor. () Trmgere | < AW =1
3

Remark. if we choose A = fol, E =[0,1], h(t) = t, C = [z,y]U[y, 2] C R, then, a
simple calculation shows that

/f(l‘t)m-kty ——-—/ ft)dt

/f [(1 -2ty +tz]d :————/ft)dt

/ fl(1 = t)z + tz)dt

and the inequality (2.5) reduces to

f(m+§+2) < 3(3/?&9:) /jf(t)dt+———~3(zl_y) [f(t)dwrm_—?)(zl_z) /:f(t)dt

J@ W16 (2.6)

If we put z = z—}‘i in (2.6), we recapture the Hadamard’s inequality.

3. Applications

1. Let A : [0,1] = [0, 2a] be a Riemann integrable function on [0, 1] and p > 1. Then
for all z,y in a norm space (X;] ||) with 8 > a >0, a+ B =1, we have

loy + Bl <a (3— /01 ht)dt) + (1 i- /01 ey )y

+B”(1—-- [ n )dt)x—i— 25/ dt dt“

/ Hh(t) - ] dt+8/ ” 1— my (;)yupdt

<allyl +ﬁ1|9:|1”- (3.1)
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If we choose h(t) = t, we obtain
low+oiP < [ oot (1= ol 6 [ (1 5)e + e
< allyll” + Bll=|l” (3.2)
for all z,y in X.

The inequality (3.1) follows by theorem 2.1 for the functional A = fol

2. Let f:C C X = R be a convex function on a convex subset C of a linear space
X,and ¢; € [0,2a],t = 1,2

sooon. f B> a>0,a+ 8 =1, then we have the inequality:

flay + Bo) < af [ Z ML Z(1--)]+ﬂf[ 2(1-55) +i—i-2%y]
<83 S5 (1= )] + ﬁzf[(“gg) +559)
<af (y) + Bf(z). (3.3)
If we put t; =sin®ay, a; € R, i =1

.,n, then we have
floy + Bz)

1 <= sin? o5 1« 51n2a, sin? a; 1
sef [0 25 ”5;(1‘ e o] o[ 2;(1“ )
n

28 “ﬁ;ﬁ%ﬂy]
oS (- 0 (), ey
<af(y)+Bf(z).

The inequality (3.3) follows by (2.2) for

tn, =L <t<1
By the use of the inequality (3.3), we have the following arithmetic mean-geometric mean
inequality

ay + Pz > y*zf

where z,y > 0. Indeed, chosing f(z) = —Inz,z > 0, we obtain

ez (5 e (- WS (- ) S )

i=
n

> T (g5 (1= 5] [0 55)e 5501 ) 2

25"

™
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where inequality holds if and only if z = y.

3. Let h: [0,1] — [0,1] be a Reimann integrable function on [0, 1] and p > 1. Then
for all z,v, z vectors in normed space (X;|| ||) we have the inequality :

[ <o f e o)l
A 0m [ e ([ mo)e o [ o]

<3 [ 1= nm -+ nwiras + 5 10 nepy + ozipar

1 [t ,
+3 /0 1(1 — h(t)z + h(t)z||Pdt
< lzlP + llyllP + |l=IP

< ; (3.4)
If we choose h(t) = t, we obtain

“““3/“ /1|1 t)z+ty||Pdt+ - /Hl t)y+tz|Pdi+ /lll t)z + tx||Pdt
< M=l + Hzgll”*-llzw” (3.5)

for all z,y,z in X.
The inequality (3.4) follows by theorem 2.2 for the functional A = fo

4. Let f: C C X — R be a convex function on a convex subset C' of a linear space
X,t;€[0,1],¢=1,...,n. Then we have the inequality:

f(z+y+Z)
lsa-nes (S a0
syl R ()]

5.31_n }i:l FlA =tz + tiy] + 3% é Fl =ty + ti2] + 517-1 }; fIL = t)z + tiz]

< f(z) + féy) + f(2) (3.6)

If we put t; = sin®a;, a; € R, i=1,.

f(:r+y+Z)

.,n, then

3



A REFINEMENT OF HADAMARD’S INEQUALITY FOR ISOTONIC LINEAR FUNCTIONALS 335
1 1,.1,1¢ 1<
- cos? o)z + Zsm a;) p [——Zcosr"a‘ + —Zsinzaiz
<3 f[c Z o+ (- 1+ 37]G ) OTRIED )2]
=1 i=1
1 1 1 .
~f [(—— Z cos® )z + (— Z sin’ ai)x}
gt "o

flz)+ fly) + f(2)
_ 3 *

The inequality (3.6) follows by (2.5) for A = = 37" |, h(t) =t; € [0,1].
By use of the inequality (3.6), we obtain arithmetic mean-geometric mean inequality

ﬁ%tf > (myz)% where z,y,z > 0.
Indeed, choosing f(z) = —Inz,z > 0, we have
L[S0 we (R [T v ()
33 0-0e (G20’
i=1 i=1

o
[S—
BT

g
> TT {10 - )z + 6] (1 =ty + 62101 — t)z + tiz]
i=1
>(ay2)3
where equality holds if, and only if z = y = 2.
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