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Existence of periodic traveling wave solutions for

a K-P-Boussinesq type system

Alex M. Montes

Abstract. In this paper, via a variational approach, we show the existence of
periodic traveling waves for a Kadomtsev-Petviashvili-Boussinesq type system that
describes the propagation of long waves in wide channels. We show that those
periodic solutions are characterized as critical points of some functional, for which the
existence of critical points follows as a consequence of the Mountain Pass Theorem
and Arzela-Ascoli Theorem.
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1 Introduction

The aim of this work is to use the direct method of the calculus of variations to prove the existence
of 2D and 1D periodic traveling waves for a Kadomtsev-Petviashvili-Boussinesq type system,

N+ 0.2 4+ndn =0, (z,y) € R%t>0,

(1.1)
D+ 0, (n® +1n—92n) +0,'02n =0,

that describes the propagation of long waves in wide channels or open seas, where 7 is the ampli-
tude and @ is the horizontal velocity. This system was obtained by an appropriate approximation
from the basic equations of hydrodynamics (see [4], [8]).

For models that describe the evolution of nonlinear waves, it is very important to determine
the well-posedness for the associated Cauchy problem, and the existence of special solutions as
the traveling waves. For instance, traveling wave solutions are important in the study of dynamics
of wave propagation in many applied models such as fluid dynamics, acoustic, oceanography, and
weather forecasting. An important application is the use of solitons (traveling waves in the energy
space) as an efficient means of long-distance communication.

In the work [8], F. Soriano showed the local and global well-posedness in the space Y* for

s > 2, where
Y®=X°x H?,
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with H® = H*(R?), the standard Sobolev space and
X ={weH : w,€H and 0;'w, € H'},
where 9, 1w, is defined via the Fourier transformation as

1 &2
83: 1wy - 7w(£2a§1)-
&
In addition, F. Soriano established the existence of 2D-solitons, i.e. the existence of solutions
of the form

77(357 Y, t) = u(m - Ct7 y)7 (I)(I, Y, t) = U(LU - Cta y)a (12)
which propagate with speed of wave ¢, with 0 < |¢| < 1.

Note that if (1, ®) is a solution of the system (1.1) of type (1.2), then the traveling wave
profile (u, v) should satisfy the system

—cutv+3u? =0, (z,y) €R?,
(1.3)
—cv+u78£u+8;28§u+uv =0,

where
xT

0 wiry) = [ wlsy)ds

— 00

F. Soriano showed in [8], using the Concentration-Compactness Theorem, the existence of so-
lutions for the system (1.3) in the space Z = Z(R?) = X (R?) x L?(R?) for the speed of wave
satisfying 0 < |¢| < 1, where the space X = X (R?) is equipped with the norm

lullk = llullZzge) + llualZ2@e) + 105yl 72 ey
and
1w, 0)1Z = lullZe@ey + NualZeme) + 107 uy 22 @e) + I0ll72@2)-
In this paper we consider instead of (1.3) the following system on the infinite strip
Qr = [k, k] x R C R?,
with k € RT,

—cu—i—v—l—%u2 =0, in Q,

—chrufagqu@;i@gquuv =0,
where (u,v) is 2k-periodic in  and
xr
8;,1€w(:£, y) = / w(s,y)ds.
—k

Using the Mountain Pass Theorem we will show the existence of solutions for the system (1.4) in
the space Zp = Z;,(R?) equipped with the norm

), = Nl ey + 22 ey + 197 byl oy + 10113 g

where
LI(R*) ={w:R* >R : we LYQy) and z-periodic of period 2k}
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and
|wllzs g2y = llwllza@p)-

Also, in this work, we show the existence of 1D periodic traveling waves for the system (1.1).
This is, the existence of 2k—periodic solutions of the form

n(xv:%t) = ’QZJ(.’IJ + Yy — Ct)v (I)(!E,y,t) = ¢($ + Yy — Ct)7

where ¢ denotes the speed of wave. Then, one sees that (¢, ¢) must satisfy

—cp+ ¢+ 3?2 =0,
(1.5)
—cop+2¢ ="+ =0,

n [—k, k], where (¢, ¢) is 2k-periodic. In this case, using the Arzela-Ascoli, we will show the
existence of solutions for the system (1.5) in the space Z = Z;(R) equipped with the norm

||<1/J7¢)||22k = ||¢||2Li(11g) + le‘lii(R) + ||¢H%i(]g)7

where
LIR)={w:R—=R : we LI —k, k] and z-periodic of period 2k}

and
Hw”Lg(R) = ||wHL'1[—k7k]~

In the 2D case, let us define the profile of the wave at time ¢ to be the graph of the function

(z,y) = (n(x,y,t), @(x,y,1)) .

Then the initial profile (at time ¢ = 0) is just the graph of (u,v), and at any later time ¢, the
profile at time ¢ is obtained by translating each point ((z,y) , (u(z,y),v(x,y))) of the initial profile
ct units to the right to the point ((z + ct,y), (u(x,y),v (m y))). In other words, the wave profile
of a 2D traveling wave just propagates by rigid translation with velocity c. In the 1D case, the
traveling waves propagate with wavefront normal to z = (1,1) € R?, velocity ¢, and profile (1, ¢).

We will see that the 2D and 1D periodic traveling waves are characterized as critical points
of some action functional. It is straightforward to write the action functional associated to the
systems (1.4) and (1.5). For the system (1.4) is relatively standard to establish that this functional
has a minimun in a suitable set of periodic functions, we follow a similar approach by A. Pankov
and K. Pfliiger in [6] for the Kadomtsev-Petviashvili equation,

— B30+ ndum + 3;18577 =0.

For the system (1.5) we follow the approach by H. Brezis and J. Mawhin (see [3]) in a recent
work related with the existence of periodic classical solutions for a differential equation

o(u') — g(x,u) = h(x),

where ¢ : (—a,a) = R is an increasing homeomorphism, g is a Charatéodory function k-periodic
with respect to x, 2m-periodic with respect to u, of mean value zero on [0, k], and h € Lio.(R)
is k-periodic and has mean value zero. A special case of this interesting model is the relativistic
forced pendulum differential equation

<\/1u_7u2> + Asin(u) = h(z).
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In a work in preparation (see [5]), we establish some properties of the z-periodic traveling
waves. In particular we study the inter-relation between z-periodic traveling wave solutions of
period k and traveling wave solutions of finite energy (solitons); in the spirit of [7], we want to
show the existence of a sequence of k—periodic 2D traveling waves, k € N, which is uniformly
bounded in norm and converges to a soliton in a suitable topology, indicating that the shape of
z-periodic 2D traveling waves of period k and solitons are almost the same, as the period k is
big enough.

Throughout this paper, if not specified, we denote by C' a generic constant varying line by
line.

2 Two-Dimensional Periodic Traveling Waves

In this section we will establish the existence of xz-periodic solutions with period 2k for the system
(1.4). To do this we use a variational approach based on the Mountain Pass Theorem without
the Palais-Smale condition together with the existence of a compact embedding result.

First, formally we define the space in order to look at x-periodic solutions. Denote by
(G (R?) the space of smooth functions which are x-periodic with period 2k and have compact
support in y and define

Vi = Yi(R?) = {D,¢lo, : ¢ € CP(RY)}, Qi = [~k k] xR.

Then any function u from Y} satisfies

/k u(z,y)dr = 0.

—k

We define X, = X;(R?) as the completion of Y}, with respect to the norm given by

2
o M e C e L
k

and the inner product
(u,U)x, = / {uU 4+ u, Uy + (8;,1€uy) (8;,1€Uy)}dxdy.

From the local version of the embedding theorem for anisotropic Sobolev spaces (see [2], p.
187), for any compact Q C R? and 2 < q < 6, we have that

2
||uH%q(Q) < C/Q {uz + (ug)? + (G;iuy) ] dxdy. (2.1)

Moreover, A. Pankov and K. Pfliiger in the work [6] showed the following embedding result, in
the case of x—periodic traveling waves for the generalized Kadomtsev-Petviashvili equation.

Lemma 2.1. The embedding Xy — L9(Qy) is continuous for 2 < q < 6, where the embedding
constants are uniformly bounded with respect to k, and Xy, — Ll (Qg) is compact for 2 < q < 6.

loc
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The existence of solutions for the system (1.4) in the space Z, = X}, x L (R?) is a consequence
of a variational approach which apply a minimax type result, since solutions (u,v) of (1.4) are
critical points of the functional Jj given by

Ji = I + Gy,

where the functionals I, and G are defined on the space Zy by
1 2 2 1\, 2
I (u,v) = = u” + (ug)” + (0, puy ) +v° — 2cuv| dady,
2 Qk ’
1
Gi(u,v) = 5/ vuldxdy.
k

First we have that Iy, Gi, Jr € C'(Zg,R) and its derivatives in (u,v) in the direction of (U, V)
are given by

(I (u, ), (U, V) = / [t + s + (9 by ) (9540, ) + 0V — e (u +00)] dudy,

k

(G} (u,v), (U, V) = / <uvU + ;zﬁv) dxdy.

k

As a consequence of this, after integration by parts, we conclude that

i) = (

u—@iu—k@;i@ju—cv—kuv)

2.2
v—cu—I—%u2 ( )

meaning that critical points of the functional Jj, satisfy the traveling wave system (1.4). Hereafter,
we will say that solutions for (1.4) are critical points of the functional Ji. In particular, we have
that

(Ji.(u,v),v) = 21 (u,v) + 3Gk (u,v) (2.3)

Thus, on any critical point (u,v) we have that
3 1 1
Iy (u,v) = —QGk(u,v), Ji(u,v) = —in(u,v), Ji(u,v) = glk(u,v). (2.4)

On the other hand, using that the embedding X3 — L*(Qy) is continuous, one can see easily
that the functional G}, is well-defined on Z. In particular we have that

Gi(w,0)] < 3ol a0, )2y sy < Cllol, (2.5)

Moreover, if 0 < |¢| < 1 then there are some positive constants C1(c) < Ca(c) such that
Cull(u, )%, < Ti(u,v) < Cof|(u, )17, (2.6)
Our approach to show the existence of a non trivial critical point for Jj is to use the Mountain
Pass Theorem without the Palais-Smale condition (see M. Willem [10], A. Ambrosetti et al. [1])

to build a Palais-Smale sequence for Ji for a minimax value and use the local embedding result
to obtain a critical point for Ji as a weak limit of such Palais-Smale sequence.
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Theorem 2.1. Let X be a Hilbert space, J € C1(X,R), e € X and r > 0 such that |le||x > r
and
b= inf J(u)> J(0) > J(e).

llullx=r
Then, given n € N, there is u, € X such that
J(up) = d, and J'(up) —0 in X',
where
d = inf max p(n(t)), and T ={m € C([0,1],X):7(0) =0, =(1)=e}.

mel' te0,1]

Before we go further, we establish an important result for our analysis, which is related with
the characterization of “vanishing” sequences in Zj. Define for ¢ € R? and r > 0 the rectangle

R.x(C) = [k, k] x[( =7, C+T].

Lemma 2.2. If {(un,vn)}n is a bounded sequence in Zj and there is a positive constant r > 0
such that

lim sup/ v2 dady = 0, (2.7)
RT,)C(C)

n— o0 CE]R

then we have that
lim Gg(up,v,) = 0.

n—oo
Proof. From Holder inequality and the local embedding (2.1) we see that
|Gk (un, vp)| < C||U7L||L2(Rr,k(<))||un||%4(R1v,k(<))

2
< C||vn||L2(RTYk(<))/ . {u%-i—(azun)Q—i— (a;;ayun) ]d;vdy.
R, (¢

Covering @y, by a countable number of rectangles such that every point in Q) is contained in at
most 3 rectangles R, ;((), we obtain that

|G (tn, vp)| < 3C sup onll L2 (&, 4 (o) lunll X -

We conclude using the condition (2.7) and that {u,}, is a bounded sequence in X}, that

lim |Gy (un,v,)| = 0.

n— oo

O

Now, we want to verify the Mountain Pass Theorem hypotheses given in Theorem 2.1 and
to build a Palais-Smale sequence for Jj.

Lemma 2.3. Let 0 < |c| < 1. Then
1. There ezxists p > 0 small enough such that

b:= inf Ji(z)>0.

211z, =p

2. There is e € Zy, with |le]|z, > p such that Ji(e) < 0.
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8. If d is defined as

d= ;relff“tren[gﬁ] Ji(n(t)), T ={reC([0,1],Zx) : 7(0) =0, n(1) =e},

then d > b and there is a sequence (Uy, vy )y C Zi such that

T (U, vn) = d, T} (un,vn) — 0 in (Zg)".

Proof. From inequalities (2.5)-(2.6), we have for any (u,v) € Z that

Te(u,v) > Cil[(u, v)lIZ, = Cll(u, v)]1Z,
> (C1 = Cll(w,)llz) I (u, )%, -

<

Then for p > 0 small enough such that
Cp — pC >0, (2.8)
we conclude for p = ||(u, v)||z, that
Ji(u,v) > (Cy — pC) p* := 6 > 0.
In particular, we also have that

b= inf  Ji(u,v) > > 0. (2.9)

= jies
l(w,v)ll 2, =p

Now, it is not hard to prove that there exist (ug, vg) € C§°(Qx) X C§°(Qk) such that G (ug,vg) <
0. Then for any ¢ € R we have that

Jk(t(uo, 'Uo)) = t2Ik(’LL0, ’Uo) + t?’Gk(uo, 'Uo)
= ¢2 (Ik(UO, ’Uo) + tGk(uo, ’UQ)) .
As a consequence of this, we have that

Jm Jg (t(ug, vo)) = —oc,

and so, there is ¢y > 0 such that e = ¢y (ug, vo) € Zy satisfies that to||(uo, vo)||z, = |lellz, > p and
that Jg(e) < Jg(0) = 0. The third part follows by applying Theorem 2.1. O

Theorem 2.2. For 0 < |c| < 1, the system (1.4) has a nontrivial solution in Zj.

Proof. We will see that d is in fact a critical value of J. Let {(un,vn)}n C Zi be the sequence
given by previous lemma. First note from (2.9) that d(c) > b(c) > . Using the definition of Jj
and (2.3) we have that

T (un, vn) = 3Tk (un, vi) — (T (n, vn), (tn, vn)) -
But from (2.6) we conclude for n large enough that
Cull(un, va)l1Z, < I (n, va) < 3(d(c) + 1) + [[(un, vn)l| .-

Then we have shown that {(u,,v,)}, is a bounded sequence in Z;. We claim that

0* = lim sup/ v2 dxdy > 0.
R1,1(¢)

n—oo CE]R
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If we suppose that

lim sup/ UTQL dxdy = 0.
"0 CER J Ry 1 (C)

Hence from Lemma 2.2 we conclude that

lim G(up,v,) = 0.

n—oo

Now, using (2.3), (2.5) and (2.9) we have that

0< 0 < d = Jiltm, vn) = 5 (it ), (m, ) + (1)

= f%Gk(un, vn) +0(1)
< |Gr(un, vn)| +o(1)
< o(1).

But this is a contradiction. Thus, there is a subsequence of {v, },, denoted by the same symbol,
and a sequence (,, € @ such that

5*
/ v2 dedy > —. (2.10)
Ry, 1k (¢n) 2

We define the sequence (@, (x,y), Un(z,y)) = (un(x,y + ), vn(x,y + ¢,)). For this sequence we
have that

(@, o)l 2 = I (un, vi)ll i Ji(fin, On) = dy - Ji(lin, Bn) — 0 i Z'.

Then {(tn,?n)}n is a bounded sequence in Zi. Thus, for some subsequence of {(in,0n)}n,
denoted by the same symbol, and for some (u,v) € Z} we have that

(U, Tp) = (u,v), asn — oo (weakly in Zy).

Since the embedding Xy < LI (Qy) is compact for 2 < g < 6 we see that

loc

Op — v in LY (Qp).

loc

Then v # 0 because using (2.10) we have that

6*
/ v? drdy = lim (0 ) dwdy > —.
Ry 1(0) 2

" J Ry (0)
Moreover, if (U, V) € C5°(Qy) x C5°(Qy), then for K = supp (U, V) we have that

(I1.(u,0), (U, V)

/ [uU + u, Uy + (3;,1€uy> (8_in> + oV —cuV — ch} dxdy
K

w)

= Jm | (U + (@)U + (07 4(80)y ) (0740, ) + 50V — eV — 0| dady

n—oo

= lim (I (i, 0n), (U, V).

n—roo
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Now, noting that (i,)? — v? and 4,7, — uv in L?(Qx) then (taking a subsequence, if necessary)
we see that

/ Un0pU dady — / wV dzdy, / (,)?V dxdy — / uw?V dzdy.
K K K K
In other words, we have shown that
<G;€(u, ’U), (U7 V>> = lim <G;€(ﬂn, 'En)’ (U7 V>> )
n—oo

and also that
<Jl/c(ua ”U), (Uv V)> = lgn <Jl/f(ﬂna 1~)n)7 (U’ V)> =0.

Now, let (U, V) € Zi. By density, there is (Up, V;,) € C§°(R?) x C§°(R?) such that
(U, Vi) = (U, V) in Zj.
Then

(k. (u0), (U, V)] < [(Ji (1, 0), (U, V) = (Un, V)| + [(Ji (1, 0), (Un, Vi)
S ||Jllc(u7U)HZk’ H(U7 V) - (Unavn)HZk + |<J;€(u, 1}), (Un’Vn)>| — 0.

Thus we have already established that Jj (u,v) = 0. In other words, (u,v) is a nontrivial solution
for equation (1.4). O

3 One-Dimensional Periodic Traveling Waves

In this section we show the existence of 1D periodic traveling waves of period 2k for the system
(1.1). The result will be a direct consequence of the coerciveness of the associated functional to
the system (1.5) and that such functional is (sequentially) weakly lower semi-continuous.

We can see that solutions (1), ¢) of the system (1.5) are critical points of the functional J,
in this case, given by
Jr = I + G,

where the functionals I and Gy are defined by
1 k
R.) =5 [ [20+ @7 + 6 2000]ds,
1 ¥
Y
—k
A direct computation shows that
k
(5(.0),(0.0)) = [ [200 4 0¥+ 60 - 00 - cov]da,
—k

k
(Gi0.0).(5.0)) = [ [3v*0+vou] do.
As a consequence of this we conclude that

Siweo) = (TURI YL,
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meaning that a critical point ¢ of the functional Jy satisfies the traveling wave equation (1.5).
Hereafter, we will say that weak solutions for (1.5) are critical points of the functional J. In
particular, we have that

(Jr(¥,8), (¥, 8)) = 21 (), ) + 3Gk (¥, ) = 2Jx (¥, &) + Gi(¥, §). (3.1)
Now, we define the space Zy = Z;(R) as
7y = Hi(R) x T(R),

where Hj (R) = Hj ([—k,k]) denotes the usual Sobolev space of 2k-periodic functions. Then,
following the same way as in (2.5)-(2.6) we have some properties of I}, and Gy,

Lemma 3.1. For 0 < |c| < 1, we have that I;(1, ¢) > 0. Moreover, there is a positive constant
Cy1 = Ci(c) such that

Cr @, 9)lIZ, < Ik(®,¢) < Cil|(¥,9)11Z, - (3.2)
Lemma 3.2. There is Cy > 0 such that
1Gr(1, 9)| < Call(v, )%, - (3.3)

Next, we show the following result on Jg.

Lemma 3.3. Assume that the sequence (Vn, ¢n)n C Zi converges weakly to (o, ¢o) € Zi. If
{Yn}n converges uniformly to o on [—k, k|, then we have that

Proof. Recall that J, = I + Gg. Now, from (3.2) we have that I is like a norm in Zj, so is
convex. More exactly, for A € (0,1) we have that

I (¥, n) > Ie(A(tho, ¢0)) + (I, (A(tho, ¢0)), (¥n, dn) — Ao, ¢0))- (3.5)

Using the formula of I}, we have that

<I]l€()‘(w07 ¢0))7 (wn - )\wo, ¢n - A¢o)>
k
= / . (200 (% = Ao) + 6h(6 = AGG) + do(dn — Ado) | da

—Ac /_kk [1/}0(% = Ago) + ¢o(¥n — A%)} dz.

Since the sequence {(wy, ¢n)}n converges weakly to (1o, ¢g) in Z we conclude that

lim (I3, (A (%o, ¢0)), (¥n — Ao, on — Ado) ) = 2A(1 — A) I (vbo, do).

n—oo

In other words, we have that
liminf Iy (¢n, on) = I (A(Y0, do)) + 2A(1 = NI (o, $o) = M2 = ALk (¢o, ¢o),
which implies after taking A\ — 1~ that

liminf Iy (¢n, n) = I (v0, Po)- (3.6)
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Now, we need to observe that
k k ) ) k
[ ontzae= [ 6 () - @) do+ [ ouwn)?ds
k k k

Since we know that (1,,)%, (¢0)* € L2 [k, k], we conclude that

Jim [ " g ()P = / b0 (0)° da.
Moreover, using the uniform convergence of (¢,), to ¥y we also have that

k ) ) k
[ 60 (@0 = 0%) o) < [ 0nll = ol (] + o) o
< [Slﬁ] [V — Yol Pnllzz (1¥nllLe + [[YollL2)
< sup [ton = YolllPnll zi ([¥nllz. + lYollz) -
which means, after recalling that the sequence (¢, ¢y ), is bounded, that
2 b 2

lim gf)n (V)" dx = / oo (¥o)” du.

n—oo k
Therefore

im G (Y, &) = Gr(o, do)-
As a consequence of previous remarks, we conclude that
O

We consider the weakly closed subset of Zj,

Zog={(W,0) € Z;y : |Y(x)] <, a. e zeR}

Lemma 3.4. 1. There are positive constants C; and Cy such that for any (¢, ¢) € Zy, we have

that
Ji(,0) > C1[|(¥, )%, — Coll(¥, d)II, .

2. There exits oy > 0 such that for 0 < o < ag the functional Jy, is coercive on Zg .

exactly, there is Cs3 > 0 such that for (v, $) € Za 1,

Tr(¥, 6) = Csll(v, )|, -

Proof. 1. From inequalities (3.2)-(3.3), there are positive constants C; and C5 such that

T, 0) = I(, ¢) + G (¥, 6) > CT [0, 0)[|%, — Coll (¥, 0)]12,.-
2. Let (¢, ¢) € Zg . Then |¢p(z)] < a for a. e. x € R. Thus,

k
Gulw o)l <5 [ lovlde < SIw. o),

(3.7)
More

(3.8)
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Hence, there is C' > 0 such that

G, 9)| < aC||(¥, )%, -

So, using inequality (3.2) and previous one, we have that

Ji(,0) = CTHI(, 9) 1%, — aCll(, 9)|1Z, = (C1 ' = aC) (¥, ¢)|%, ,
as desired. O

Our goal now is to show the existence of a non trivial critical point for Ji. The result will
be a direct consequence of the coerciveness of Jy and that Jy is (sequentially) weakly lower semi-
continuous on Zy o for 0 < a < ag. We will use the Arzela-Ascoli Theorem and the following
result (see Theorem 1.2 in [9]).

Theorem 3.1. Let X be a Hilbert space and let M C X be a weakly closed subset of X. Suppose
that E : M — R U {400} is coercive and that is (sequentially) weakly lower semi-continuous on
M with respect to X, that is, suppose the following conditions are fulfilled:

1. E(u) = o0 as ||u|| = oo, with u € M.

2. For any u € M, any sequence (uy), in M such that u, — u (weakly) in X there holds:

E(u) < liminf E(uy,).

n—oo
Then E is bounded below on M and attains its minimum in M.

Theorem 3.2. If0 < |c| < 1 then for 0 < a < aw, Ji has a minimum over Z, . Therefore, the
system (1.5) has a nontrivial solution in Z,.

Proof. We will verify that Jj satisfies the hypotheses in Theorem 3.1. It is straightforward to
check that Z, i is weakly closed subset of Zj. In fact, let {(¢n, ¢n)}n C Zak be a sequence that
converges weakly to (¢, ¢o). Then we have that the sequence {(¢n, ¢n)}n is bounded in Z, x.
Now, we see that

¥ () = dn(y)] < / [0, ()ldr < |z =y [dallz, < Ml —y]?.
Yy

In other words {vy,}, is equicontinuous, then by using the Arzela-Ascoli Theorem we have for
some subsequence (which we denote by the same symbol) that (¢,,), converges uniformly to
1o on [—k, k], since we have that |, (z)] < « for a. e. € R and for all n € N. From this
fact and the uniform convergence of {4}, we conclude that |¢po(x)] < « for a. e. = € R.
Then (1o, P0) € Za,k, meaning that Z, j is weakly closed subset of Z,. Now note that the
coerciveness property of Ji and condition (1) in Theorem 3.1 are obtained using the inequality
(3.8) in previous lemma. We need now to verify condition (2). Let (¢o,¢0) € Zax and let
{(¥n; Pn)}n C Zi such that (Yn, ¢n) — (Yo, Po) (weakly) in Z, . This sequence {(¢n, ¢pn)}n is
bounded in Z; and the same type of arguments show that{v, }, converges uniformly to 1y on
[—k, k] (up to a subsequence), so by Lemma 3.3 we conclude that

Then, from Theorem 3.1 we conclude that J;, attains a minimum over Z, j. O
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