TAMKANG JOURNAL OF MATHEMATICS
Volume 53, Number 4, 293-302, 2022
DOI:10.5556/j.tkjm.53.2022.3973

On the Diophantine equation F,, = 2+ 2* + 1

in Mersenne and Fermat Numbers
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Abstract. In this article we investigate on the representation of Fibonacci numbers
in the form 2® 4+ 2 + 1, for z in the sequence of Mersenne and Fermat numbers.
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1 Introduction

The Fibonacci sequence (F),)n>0 is given by Fp =0, F; =1 and

Foio=Fo1+F, for all n > 0.

Luca and Szalay [8] showed that the number of quadruples (n,p,a,b) satisfies the Dio-
phantine equatin F,, = p® &+ p® + 1 is finite. Hernndez [5] has studied the particular cases
p=2, 3,5, 7, 11, 13 showing that all solutions of the above Diophantine equation, are

p = 2: 3=F,=22-2"4+1, F=23-22+41,
13=F=22+224+1=2"-2241,
21 = Fg =2* + 22 + 1;
p = 3: B=F=3+3"4+1, F=3"-3+1;
p = 5: 21=Fy=5—-5"41;
while for p = 7,11 and 13 there are not solutions, hinting that for all prime p > 7 doesn’t have any
solution. Laishram and Luca [7] studied a more general Diophantine equation F,, = ¢ £ 2% 4+ 1
with & composed of two prime divisors, showing that it has only finitely many positive integer
solutions (n,zx,a,b) with max{a,b} > 2. Recently, Kafle, Rihane and Togb [6] have investigated

about Pell and Pell-Lucas numbers (instead of Fibonacci numbers) of the form x% 4+ 2® + 1,
completely solving this equation for each z € [2,20].

In this paper, we study the Diophantine equation
F,=a%+2"+1, for positive integers a>b>1 (1.1)

and x a Mesenne or Fermat number.
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2 The main result

Since Fyp = 0 and F} = F» = 1, we will assume n > 3 to avoid the trivial situations. We put
x = 2y = 2/ £ 1 with ¢ > 1, to denote Mersenne and Fermat numbers. Note that the first
Mersenne number is 1, while the second Mersenne number and the first Fermat number are 3, so
we can assume also that ¢ > 2.

We prove the following theorem.

Theorem 2.1. The solutions of Diophantine equation F, = w;}+61x§+62, with{>2,a>b>1,
n>3 and ¢ € {x1} (for i = 1,2), are the quadruples (n,x¢,a,b):

(€1, €2) 1,-1):  (10,7,2,1), (11,3,4,2), (11,9,2,1);
(€1,€2) (—-1,1): (8,5,2,1), (10,3,4,3);

(e1,62) = (=1,-1): (5,3,2,1), (13,3,5,2);

(€1,€2) (1,1) : (7,3,2,1).

3 Some Lemmas

To start, we present an analytic argument which is Lemma 7 from [4].

Lemma 3.1. If m > 1 is an integer and y, T are real numbers such that T > (4m*)™ and

Y

—— < T, then y<2™T(logT)™
(logy)™ (log )

3.1 Lower bounds for linear forms in logarithms

In order to find upper bounds for the integer unknowns of exponential Diophantine equation
(1.1), we use a Baker—type lower bounds for nonzero linear forms in logarithms of real algebraic
numbers. We begin by recalling some basic notions from algebraic number theory.

Let 1 be an algebraic number of degree d over Q with minimal primitive polynomial over
the integers f(z) := ag H?Zl(z —nW) € Z[z], where the leading coefficient ag is positive. The
logarithmic height of 7 is given by

d
1 .
h(n) := p <log ap + E log max{|n®|, 1}) .

=1

In particular, if n = p/q € Q with ged(p,¢) = 1 and ¢ > 0, then h(n) = logmax{|p|,q}. The
following are some of the properties of the logarithmic height function h(-), which will be used in
this paper: h(n£7) < h(n) +h() +1og2, h(ny*™') < h(n) +h(y) and h(n°) = |s|h(n) (s € Z).

Many Diophantine problems can be solved by reducing them to an instance in which one
can apply lower bounds for linear forms in logarithms of algebraic numbers. We will use the

following theorem, which is a variation of a result of Matveev [9], proved by Bugeaud, Mignotte
and Siksek [1, Theorem 9.1].

Lemma 3.2. Let L C R be a real algebraic number field of degree dy, over Q, mi,...,m
non—zero elements of 1L, and di,...,d; rational integers. Put A := nfl et —1and D >
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max{|d1|,...,|di|}. Let A; > max{dpLh(n;),|logn;|,0.16} be real numbers, for i =1,...,1. Then,
assuming that A # 0, we have

|A| > exp(—1.4-30"3 . 125 . @2 (1 +logdy)(1 +log D)A; - - - A)).
Note that, for ny,...,n real algebraic numbers,
A= 17’1’1 ~~~77§” —1 and T :=bjlogm + -+ b logn,

we have A = el — 1. Tt is a straight—forward exercise to show that |T'| < ¢~}|A|, when |A| < ¢,
for all constant ¢ in (0,1). We use this argument in several occasions without mentioning it.

3.2 Continued fractions

To lower the upper bound of the integer unknowns obtain by the above result, we will use a
result from the theory of continued fractions. The following lemma is essentially a result due
to Dujella and Pethé [3], for more details see Lemma 3 in [2]. For a real number X, we put
[|X]] ;== min{|X —n| : n € Z} for the distance from X to the nearest integer.

Lemma 3.3. Let M and Q be positive integers such that @Q > 6M, and A, B, T, i be some real
numbers with A > 0 and B > 1. Let further € := ||uQ|| — M||7Q||. If € > 0, then there is no
solution to the inequality

0<|ur—v+pl <AB™Y,

in positive integers u,v and w with

w > log(AQ/¢)

<M d
U= an log B

In practical applications () is always the denominator of a convergent of the continued
fraction of 7, though this is not formally required for the statement.

4 The Proof of Theorem 2.1

Recall that for nonnegative integer n, Binet’s formula for the nth Fibonacci number say that

Fn:u, where a:1+\/5 and 5:17\/5.
NG 2 2

Further, it’s well-known that inequalities

(4.1)

a" 2 < F, <ot hold for all n > 1.
Using the notation z := zy = 2° £ 1 and the above inequality, we deduce from (1.1)
s o > F =2l +ab+1 >l (1- xh — z; %) > gf=1a=1
and

A" <P, =altab 1 <af (142070 4 ay) <2004 (14 274)" < 200D+



296 Carlos A. Gémez

Thus

a(l—1) <n<2a(l+1). (4.2)
In the above inequality we have used the fact that log2/loga < 1.45 and
145(a(l+1)+1)+2 < 2a(f+1)

for all @ > 2 and ¢ > 2.

4.1 An inequality for a in terms of n

We begin bounding the gap between a and b. Since (4.1), equation (1.1) can be rewritten as
n n

R NI

V5 V5

Dividing both sides of the above equality by =} and taking absolute values, we get

1 5) 7B+ 1 3
(\/5)—1anxza_1 S a_b_’_(\/») |ﬁ‘ + <

4.3
x4 aj‘j — 2(571)(0,717) ( )

where we have used the facts that |3] < 1 and x, > 271,

We use Lemma 3.2 on the left-hand side of (4.3) with the data [ := 3, (11, d1) := (v/5, —1),
(n2,d2) := (e, n), (n3,d3) := (z¢,—a) and Ay = (V5)"ta"z,* — 1. The quadratic field L =
Q(\/ET)) contains 11, 12,13, so d, = 2. We continue with the calculation of the logarithmic heights
of n1, M2, M3:

h(m) = (log5)/2,  h(nz) = (loga)/2 and  h(ns) = log(ze) < ¢,

so we can take A1 = log5h, As = loga and Az = 2¢. Furthermore, from inequalities (4.2) we take
D :=n. In order to continue with our application of Lemma 3.2, we need to show that A; # 0.
This assertion follows from the observation that otherwise, we get the equation o>" = 5x§“ ez,
which is not possible for any n > 3 given that « is a unit in Of..

Now Lemma 3.2 tells us that

log |A1] > —1.4-30°-3%5.2%(1 + log 2)(1 + log n)(log 5) (log o) (2¢)
> —2.9-10* . flogn

where we have used that 1 + logn < 1.92logn, for all n > 3.
Comparing with (4.3), we get

(¢ —1)(a—b)log?2 < 2.9-10" - flogn + log 3.

Therefore
a—b<84-10" -logn. (4.4)

Returning to equation (1.1), we can deduce

V5) B 41 2

wtg 2(6—1)a’

(V) tama, (1 £ x;z—a)‘l - 1’ < ( (4.5)
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We use again Lemma 3.2 to give a lower bound on the left-hand side of (4.5). We now take
l:= 47 (nl,dl) = (\/3,7]_), (772;d2) = (OZ,TL), (773;d3) = (1’[,*&), (774ad4) = (1 :txl[?_a,fl) and
Ay = (VB) tatz (1 £ ab~ )~ — 1.

As before, we put L = Q(v/5), dp = 2, A; = logh, Ay = loga, Az = 2¢ and D := n.
Furthermore,
h(1+2b7%) < (a — b)log(zr) + log2 < 1.5¢(a — b).

So, we can take Ay := 3¢(a — b). By the same arguments used before to see that A; # 0, we
conclude that Ag # 0. Indeed, if Ay = 0, then o™ = /5(z¢ £ 2%), so a® = 5(z¢ £ 28)? € Z*, an
impossible fact for all n > 3.

By Lemma 3.2, we can conclude that
log|As| > —10" - £(a — b) logn.
Combining the above inequality with (4.5), we have
a<2.9-10"(a — b)logn. (4.6)

Thus, including the bound to a — b from (4.4), we obtain an upper bound on a in terms of n.

Let us record what we have proved so far.

Lemma 4.1. Let (n,¢,a,b) be a solution of Diophantine equation (1.1) with n >3, £ > 2 and
a>b>1, thena(l—1) <n<2a(l+1) and

a < 2.5-10%(logn)?.

4.2 Absolute bounds on n, a and ¢

For technical reasons, we assume that £ > 130. Note that

a_gta (], ©) ith €:=+1
Ty = ( + ?> , with €:= =x1.
We set the elements
__ae q — (1 €\
Zg 1= —24 an Tq i = ( + ?) .

By Lemma 4.1 and inequality (4.2), we have that

a < 2.6-10%(loga)?(log £)?, or equivalently < 2.6 -10*(log £)?.

a
(log a)?
Taking y := a, m := 2 and T := 2.6-10*®(log ¢)?, and applying Lemma 3.1 in the above inequality,
we obtain

a < 2.4-10% (log¢)*. (4.7)

So, we conclude that

a  24-10%(log0)* 1

— < < ,

2¢ 2¢ 2¢/10

where the last inequality holds for all £ > 130. In particular, |z,| < 1073.

|Za| =

Hence, if e = —1, then

1>r,=(1- 24)& = exp (alog (1 —27%)) > exp(—2[2a]) > 1 — 2|2,
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while if € = 1, then
I<re=(1+ 2_5)a = (1 + Za) < exp(|zq]) < 14 2|z4],
a

because 27¢ and |z,| are very small. Thus, in either case we have that

|2§ — 2] < 2|z, [2% = a2"(@~ DL, (4.8)

We return once more to (1.1), where we use inequality (4.8), to obtain this time

<—+—+

. o b ﬁflﬂn_’_l 4
(v5)"lamg—ta — 1’ =2 %<2¥ (4.9)

We have used in the above inequality that 25 = 2/0(1 £ 274)% < 2%(1 + 2z,) < 260401,

Putting again L := Q(v/5), (n1,d1) := (V/5, —1), (12,d2) := (o, n), (n3,ds) := (2, —fa) and
Az := (vV5)"'am27% — 1, we can again take A; = log5h, Ay = loga, A3z = 2log2. By (4.2), we
now take D := 2a(¢ + 1). Furthermore, just as for Ay, we can ensure that Az # 0. By Lemma

3.2, we can conclude that
log |Az| > —4.2- 10" - log(fa).

Comparing the above inequality with (4.9), we conclude that

Clog?2 < log(4a) + 4.2 - 10'? - log(fa) < 4.3 - 10'% - log({a). (4.10)
Furthermore, by (4.7) we deduce that

log(fa) < log(2.4- 103 ¢(log £)*) < 17.2log ¥, for all ¢ > 130.

Thus, we have from (4.10) that ¢ < 1.1 - 10'*1log ¢ which leads to ¢ < 4 - 10'5. Besides, by
inequalities (4.2) and (4.7) we conclude that a < 4 - 103" and n < 3.2 - 10%3. We note that the
above inequalities were obtained under the assumption that £ > 130. However, one can see that if
¢ <130, then by (4.2) we obtain that n < 262a, so Lemma 4.1 leads to a < 2.5-10%8(log(262a))?
which is true only for a < 1.6 - 1032 and again by (4.2), we have n < 2.1-10%*, which are bounds
on £, a and n smaller than the ones above. Thus, we can state the following result.

Lemma 4.2. Let (n,¢,a,b) be a solution of Diophantine equation (1.1) with n >3, £ > 2 and
a>b>1, then

0 <4-10%, b<a<4-10%7 and  n<32-10%.

4.3 Reductions of the absolut bounds

We note that the upper bounds given in Lemma 4.2 are too large to allow computing. Therefore,
we transform inequalities (4.3), (4.5) and (4.9) in inequalities for linear forms in logarithms and
use continued fractions to reduce the upper bounds on ¢, a — b, a and then on n.

We take I's := nloga — falog2 — log(v/5), so ' — 1 = A3. From estimates (4.7) and (4.9),
we conclude that inequality |6F3 — 1| < 4a/2' < 1/2 holds for ¢ > 130. Hence,

8a

0< ‘nloga—ﬁalogQ—log(\/g) < 5
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Our first objective is to obtain a small upper bound to ¢. Thus, dividing both sides of the above
inequality by log 2, we get

log «v o — log(V/5) 12a

0 — —.
< n10g2 “ log 2 2!
We put
1 1 5
o= oga’ W= — Og(\[), A:=12a and B :=2.
log 2 log 2

Thus, the above inequality can be rewriten as
0 < |nT —fa+p| < AB™*. (4.11)

We take M := 3.2 -10°® (an upper bound to n according to Lemma 4.2) and apply Lemma 3.3,
with (m, s, k) = (n,fa,?), on inequality (4.11). With the help of Mathematica, we found that
qi11 > 1.17-10% > 6M is a denominator of a convergent of the continued fraction of 7 such
that € := ||puqi11]] — M ||7g111|| > 0.1547. Then, from the conclusion of Lemma 3.3 and inequality
(4.7), we have that

log(12-a - qi11/€) - log(12 - 2.4 - 103 (log £)*) - q111/€)

14
< log 2 log 2

)

which leads to ¢ < 310. Returning to inequalities (4.2) and (4.7), we conclude that a < 2.6 - 103+
and so n < 1.7 - 10%7. Running once more the reduction cycle on inequality (4.11), with M :=
1.7-10%7, we have that gs3 > 6M and e > 0.4884, with which

¢ <250, a<23-10%  and n<12-10%. (4.12)
Now, assume that a — b > 2 and I'; := nloga — alog(z,) — log(v/5). From estimate (4.3),
we get [l — 1] < 3/297° < 3/4, so

12
2a7b .
We divide both sides by log(z,) > log 3 (since xy > 3 for all £ > 2), to obtain

0< ’nlogoz — alog(zy) — log(\/g)’ <

. logar " log(+/5) 12 - 11
log(z) log(ze) | ~ 207Plog(z,) 2070
Putting
1 1 5
Ty = _08a , Ly = _08WVo) (\[), A:=11 and B :=2;
log(¢) log(z¢)

the last inequality leads to
0 < |n —a+ pe| < AB~(47Y, (4.13)

We now take M := 1.2 1037 which is a new upper bound on n according to (4.12), and
apply Lemma 3.3 with (m, s, k) = (n,a,a — b), to inequality (4.13), for all £ € [2,250] obtained

in (4.12) too. For each 74, we compute its continued fraction [a(()é), age), ...] and its convergents

pgz)/qge),py)/qée), .... In each case, we find an integer ¢, such that

g7 >72x10 =6M  and e = ||| — M||megl”|| > 0.



300 Carlos A. Gémez

A quick calculationin Mathematica show that
max { |log (Aq,gf)/eg) /logB| : ¢ € [2, 250]} < 145.

Thus, by Lemma 3.3 we have that a — b < 145. Then, by inequalities (4.2) and (4.6), we get
a < 4.4-10'9 and n < 2.3-10%2. A new cycle of reduction on £ and a — b, in inequalities (4.11)
and (4.13) with M := 2.3 - 1022, yield

<205,  a—b<95, a<3-10 and n<13-10%% (4.14)

The above inequalities had been obtained assuming a — b > 2. If a — b = 1 then by inequalities
(4.2) and (4.6), we have a < 2.7-10'7 and n < 1.4-10%°, while a new reduction cycle on inequality
(4.11) with M :=1.4-102%° leads to £ < 190. Thus, in all case inequalities in (4.14) holds.

Finally, we assume that a > 2 and I'y := nlog a — alog(zy) — log (\/5 (1 + xlg*a)). By (4.5),
we have that |e'2 — 1] < 2/2% < 1/2, then

4
0< ‘nloga —alog(xy) — log (\/5 (1+ 332_“))‘ < 2

Dividing both sides by log(z,) > log 3, we get
log log (V5 (1 £257%)) 4 3.7
n —a— —
log(wy) log(z¢) 2¢log(we) 2@

We now put
1 1 5(1+abe
Ty 1= og , Hea—b = — Og(\[( . ))7 A:=3.7 and B :2,
log(e) log(z¢)

with which, the above inequality can be rewriten as
0<|nme—a+ pasl <AB™C (4.15)

We take M := 1.3 - 10?2 and apply Lemma 3.3, with (m, s, k) = (n,a,a), to inequality (4.15)
for each ¢ € [2,205] and a — b € [1,95], according to inequalities (4.14). With the help of
Mathematica, we show that

max { log(Aq”) Jer.a 1)/ log B) : € € 2,205], a—be [, 95]} < 100.

Thus, by Lemma 3.3 we have that @ < 100. Then, from inequality (4.2), we get n < 41200.

We run a last reduction cycle: from inequalities (4.11) we obtain that ¢ < 50, however, we
begin this section under the assumption that £ > 130, so we conclude that ¢ < 130. Then, from
inequality (4.13) we have a — b < 40 and finally from inequality (4.15), we get a < 50.

Below we summarize what we have obtained.

Lemma 4.3. Let (n,¢,a,b) be a solution of Diophantine equation (1.1) with n >3, £ > 2 and
a>b>1, then

¢ <130, b<a<50 and n < 13100.
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5 Listing all the solutions

The final computational search for solutions of the equation (1.1), according to what we obtained
above, requires us to look for the solutions in the set

{E.y N {af + e1a) + e} = {5,13,21, 55,89, 233}
with 2 <£<130, 1 <b<a<50, 3<n<13100 and ¢; € {£1} (for i = 1,2). They are

(i) for Mersenne numbers 2o =22 —1=3 and 23 =23 — 1 =7,

5 = Fr=3-3"-1, 13=F=3+3"+1,
55 = Fio=3"-33+1=724+7-1,
8 = F;=3"4+3%2-1, 233 = F13 =3 —3%2 — 1.

(i7) for Fermat numbers xo =22 +1=5and a3 =23 +1=9,

21 = Fy =52 — 51 + 1, 89 =Fj; =92 +9' —1.

This ends the proof of our Theorem 1.
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