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GENERALIZATION OF COMMON FIXED POINT THEOREMS
FOR WEAKLY COMMUTING MAPS BY ALTERING DISTANCES

*K. P. R. SASTRY, **S. V. R. NAIDU, *G. V. R. BABU AND ***G. A. NAIDU

Abstract. The main purpose of this paper is to obtain conditions for the existence of a unique
common fixed point for four selfmaps on a complete metric space by altering distances between
the points.

1. Introduction

Obtaining the existence and uniqueness of fixed points for selfmaps on a metric space
by altering distances between the points with the use of a certain control function is an
interesting aspect. In this direction, Khan, Swaleh and Sessa [1] established the existence
and uniqueness of a fixed point for a single selfmap. Recently, Sastry and Babu [4] proved
a fixed point theorem by altering distances between the points for a pair of selfmaps.

Pant [2] established a unique common fixed point theorem for four selfmaps by using
the minimal type commutativity, contractive and continuity type conditions as follows.

Two selfmaps A and S of a metric space (X, d) are called compatible if lim,, d(ASx,,,
SAz,) = 0 whenever {z,} is a sequence such that lim,, Az, = lim,, Sz, =t for some ¢
in X.

Two selfmaps A and S of a metric space (X, d) are called R-weakly commuting at a
point x in X if

d(ASz,SAz) < Rd(Az, Sz) for some R > 0

The maps A and S are called pointwise R-weakly commuting on X if given z in X there
exists R > 0 such that
d(ASxz,SAz) < Rd(Az, Sx)

Let A and S be selfmappings of a metric space (X, d). We call A and S to be reciprocally
continuous in X if
lim ASz,, = At and lim SAx, = St
n n

whenever {z,} is a sequence in X such that

lim Ax,, = lim Sz,, =t for some ¢ in X.
n n
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Pant [2] proved the following theorem.

Theorem 1.1. Let (A,S) and (B,T) be pointwise R-weakly commuting pairs of
selfmappings of a complete metric space (X, d) such that

i) AX C TX, BX C SX
ii) d(Az,By) < hM(z,y), 0 <h <1, z,y € X where

M(z,y) = max{d(Sz,Ty), d(Ax, Sz),d(By, Ty), = [d(Az, Ty) + d(By, Sx)|}.

DN =

Suppose that (A, S) or (B, T) is a compatible pair of reciprocally continuous mappings.
Then A, B, S and T have a unique common fixed point.

We generalize theorem 1.1 by altering distances between the points (Theorem 2.1),
using a certain control function,

¥ : RT — Rt which is continuous at zero, monotonically increasing, ¥(2t) < 2i(t)
and ¥ (t) = 0 if and only if ¢t = 0. (1.1.1)
We also give two examples (Examples 2.2) to show that ¢ need not be subadditive.

In the rest of this paper, (X,d) is a complete metric space, RT denotes the non-
negative real line and Z* non-negative integers.

Definition 1.2. Two selfmaps A and S of a metric space (X,d) are called weakly
commuting if d(ASz, SAx) < d(Az,Sz) for every x in X. This condition implies that
ASx = SAx whenever Ax = Sz.

Notation 1.3. If A, B, S and T are four selfmaps of (X,d) and ¢ is as in (1.1.1),
we write

My(x,y) = max{y

—

d(Sx,Ty)), v (d(Az, Sz)), ¥ (d(By, Ty)),
[¥(d(Az, Ty)] + ¢(d(By, Sz))]}-

N~

Definition 1.4. Two selfmaps A and S of a metric space (X,d) are called
1-compatible if lim, ¢(d(ASzy, SAz,)) = 0 whenever {z,} is a sequence such that
lim,, Axz,, = lim,, Sx,, = ¢ for some ¢ in X.

2. Main Theorems

Theorem 2.1. Let (A,S) and (B,T) be weakly commuting pairs of selfmaps of a
complete metric space (X,d) and ¢ be as in (1.1.1), satisfying

(i) AX CTX,BX C SX and
(ii) there exists h in [0,1) such that Y (d(Ax, By)) < hMy(z,y) for all z,y € X.

Suppose that (A, S) or (B, T) is a ¢-compatible pair of reciprocally continuous map-
pings. Then A, B, S and T have a unique common fixed point.
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Proof. Let g be any point in X. Let {z,,} and {y,} be sequences in X. Then by
(i) we can define, for n =0,1,2,...

Yon = Axop = TTopt1
Yon+1 = BTont1 = STong2 (2.1.1)

We now show that {y,} is a Cauchy sequence.
From (ii), we have

PY(d(y2n, yant1)) = Y(d(Azzy, Brani1))
< hMy(x2n, T2nt1)

= hmax{¢(d(Sz2n, TT2n+1)),
Y(d(Baant1, Txan+1)),
= hmax{l/)( (Y2n—1,Y2n)), ¥(d
[?/f(d(yznﬂ, Yan—1))}
= hmax{w(d(yznfl, Y2n)), ¥(d(Y2nt1,Y2n)),
[?/f(d(y2n+1, Y2n—1))}
< hmax{w(d(y%fh Y2n))s Y(d(Y2n+1,Y2n)),
[?/f(d(y2n+1, Y2n) + d(Y2n, Y2n—1)|}
< hmax{w(d(y%fh Y2n))s Y(d(Y2n+1,Y2n)),
( (2max{d(y2n+1,y2n), d(Y2n, Y2n—1) H 1},

S hmaX{T/)( (y2n+1; y2n)); w(d(anfla an))a
T/) ma’X{d(yQ’ﬂJrla y2n)7 d(an, y2n71)}}
— hp(d(yrnr, y2n)) (2.1.2)

In a similar way we can show that

Y(d(Y2n—1,Y2n)) < hY(d(Y2n—2,Y2n—1)) (2.1.3)

From (2.1.2) and (2.1.3), we get

V(d(Yn, Yn+1)) < K" Y(d(yo,y1))

Also we have, for every positive integer p,

(d(ALL‘Qn , Sl‘gn))

Y(d(Bzant1, Sw2n))}
Yon, Yon— 1)) w(d(y2n+1;y2n));

| = S

—~

w(d(yna ynJr;n)) < 1/)[ (yna ynJrl) + d(ynJrl; yn+2) +- 4+ d(ynerfla yn+p)]
¥l + ht o+ WP R d(yo, )]

[(1 "o, 1)
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Now for a given € > 0, there exists N € Z* such that

Kb[(ﬁ)hnd(?}myﬂ] <1(e) foralln > N

This implies d(yn, Yn+p) < € for all n > N.

Hence {y,} is a Cauchy sequence in X.

Since X is complete, there is a point z in X such that y,, — z as n — co. Hence from
(2.1.1), we have

Yon = Aoy = Txop11 — 2

Yon+1 = Bl‘gnJrl = Sl‘gnJrQ —Z (214)

Now suppose that (4, .5) is a -compatible pair of reciprocally continuous mappings.
Since A and S are reciprocally continuous, by (2.1.4), we get

ASxzy, — Az and SAxs, — Sz. (2.1.5)
1-compatibility of A and S imply that

lim ’gb(d(ASIQn, SAIQn) =0

We now show that Az = Sz. Suppose Az # Sz. Let ¢ = %d(A,z7 Sz). Then there exists
N € Z7 such that

Y(d(ASxap, SAzay)) < (e) for all n > N.

This implies that d(ASxa,, SAxe,) < € for all n > N. Hence by (2.1.5), d(Az,Sz) <
e = 1d(Az, Sz). a contradiction. Hence

Az =Sz (2.1.6)
Since AX C TX, there is a point w in X such that Tw = Az. By (2.1.6),
Tw=Az=5z. (2.1.7)
Now, we show that Az = Bw. Suppose Az # Bw. Now by (ii) we have

(d(Az, Buw)) < hMy(z,w)
— hp(d(Buw, Tw)) = hb(d(Buw, A2))

a contradiction. Hence Az = Bw. Therefore by (2.1.7),
Bw=Az=Sz=Tw (2.1.8)
Since A and S are weakly commuting, we have by (2.1.8), ASz = SAz and
AAz = ASz = SAz =55z (2.1.9)
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Since B and T are weakly commuting, we have
BBw = BTw=TBw=TTw (2.1.10)
We now show that AAz = Az. Suppose AAz # Az, by (ii), we have

¥(d(Az, AAz)) = ¢ (d(Bw, AAz))
< hMy(Az,w)
= hy(d(Az, AAz)) (by (2.1.8) and (2.1.9))

a contradiction. Hence AAz = Az.
Also, we have, AAz = SAz. Therefore Az is a common fixed point for A and S. Also
suppose BBw # Bw. By (ii), we have

Y (d(Bw, BBw)) = ¢(d(Az, BBw)) (by (2.1.8))
< hMy(z, Bw)
= hy(d(Bw, BBw)) (by (2.1.8) and (2.1.10))
< ¢(d(Bw, BBw))

a contradiction. Hence BBw = Bw and since T Bw = BBw, we have Bw is a common
fixed point for B and T'. Since Az = Bw, we have Az is a common fixed point for A, B,
S and T. Uniqueness of a common fixed point follows by (ii). The proof is similar when
the pair (B, T) is assumed t-compatible and reciprocally continuous.

The following two examples show that ¢ defined as in (1.1.1) need not be subadditive;
consequently v o d need not be a metric.

2.2. Examples

(i) This is an example of a function ¢ : RT — R which is neither continuous nor
subadditive but is continuous at zero, monotonically increasing, vanishing only at ‘0’

and ¥(2t) < 2(1).

Define
0ift=0
Yty =4 27mif 2=t <t <27 n=0,1,2,...
lift>1

Clearly 1(2t) < 2¢(t), but (s +1t) < (s) + 1(t) does not hold for s = 0.2 and ¢ = 0.3.
2

Clearly v is discontinuous at 27", n =0,1,2,....

(ii) This is an example of a function v : RT™ — RT which is continuous, strictly increasing,
vanishing only at ‘0’ and (2t) = 2¢(¢) but not subadditive. Let k be a fixed positive
real number.
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Define
ift=0
(3%-) ify<i<i
P(t) =14 (t+ 1k if y <t<1

T*W(Wﬂ)ﬁ2”<t<2m4,nzalﬂ,”
=P(2"t)  if iy <t < 5, n=1,2,3,...

Then ¢(3+ 1) =¥(3) = Tk > 3k = k+ 1k = ¢(3) +¥(2) so that ¢ is not subadditive,

while 1 has all the other properties mentioned above.
We state the following lemma, which is easy to prove. This lemma is used in the next
theorem.

Lemma 2.3. Let f : Rt — R be increasing, continuous at the origin and vanishing
only at zero. Then {t,} C R" and f(t,) — 0 implies t,, — 0.

In the above theorem, we replace reciprocal continuity of A and S by continuity of S
and obtain result similar to Theorem 2.1,

Theorem 2.4. Let (A, S) and (B,T) be weakly commuting pairs of selfmaps of a
complete metric space (X, d) and ¢ be as in (1.1.1) satisfying

(i) AX CTX, BX C SX and
(ii) there exists h in [0,1) such that

Y(d(Ax, By)) < hMy(z,y) for all z,y € X.

Suppose that A and S are ¥-compatible and S is continuous. Then A, B, S and T have
a unique common fixed point.

Proof. Let xy be any point and let {x,} and {y,} be sequences in X, define, for
n=20,1,2,..., by

Yon = Azop = Txon11

Yon41 = Bont1 = STonqo (2.4.1)

As in theorem 2.1, the sequence {y,} is a Cauchy sequence in X. Since X is complete,
there is a point z in X such that

Yon = Aoy = Txon11 — 2

and yap4+1 = Blony1 = Stonq2 — 2 (2.4.2)
Since A and S are ¥-compatible Azxs, — z and Sxa, — 2z implies that

li"Ilnl/}(d(SAl'Qn,ASCL'Qn)) =0 (2.4.3)

Since S is continuous SAxs, — Sz, SSxo, — Sz as n — oo. Now we show that
lim,, ASxa,, = Sz. By (2.4.3),

Y(d(ASxap, Sz)) < Y(d(ASxen, SAxay) + d(SAxe,,Sz)) — 0 as n — oo.
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Hence by above lemma d(ASxa,,Sz) — 0 as n — oo.

Therefore lim,, ASxs, = Sz. Since AX C TX, for each n, there is wo, in X such
that ASzs, = Tws,. Thus SSxo, — Sz, SAxs, — Sz ASxe, — Sz and Twsy, — Sz as
n — 00.

We now show that lim,, Bws, — Sz. If not, there exists € > 0 and a subsequence {ny}
such that d(ASzay, , Bway,) > € and ¢ (d(ASzan,, SAzan,)) < € for all ng. Therefore

w(g) < w(d(AS%ntU&nk))
< hMy(Szan,  wany,))

=h maX{”L/)(d(SS’JJan ) Tank ))7 w(d(ASl?nk ) SS:L'an ))a l/}(d(B’LUan ’ Tw2nk))’

1

3 [(W(d(AST2n, , Twan, ) + Y(d(Bwan,, , SSxan, )]}

= hmax{y(d(Bway, , Twan, )) 1w(d(Bw2nk ,SSxan,))}

"2

= hmax{(d( Bz, , ASzan, ), 5(d(Busn, , S5220,))

1
< hmax{y(d(Bwan, , ASTan,)), §w(d(Bw2nk yASxoy, ) + d(ASxay, , SSTon, )|}
= hl/)(d(ngnk,ASIL'an)) < 'L/)(d(ngnk,AS:L'an),

a contradiction. Hence lim,, Bws, = Sz. We now show that Az = Sz. By (ii) we have
Y(d(Az, Bway)) < hMy (2, wap))
1
= hmax{y(d(Az, Sz)), §w(d(Az, Twan )|}
Letting n — oo, we get
1
U(d(Az, 52)) < hmax{b(d(Az, 52)), 36(d(Az, 52)}
= hy(d(Az, Sz))

a contradiction. Hence Az = Sz. Since AX C TX, there exists w in X such that
Az =Tw. Hence Sz = Az = Tw. We now show that Az = Bw. Suppose Az # Bw, by
(ii) we have

Y(d(Az, Bw)) < hMy(z,w)
— hmax{p(d(Bw, Tw)), %w(d(Bw, S2)))
— hmax{w(d(Bw, A2)), %w(d(Bw,Az))}
— h(d(Bw, A2))

a contradiction. Hence Az = Bw. Thus Sz = Az = Tw = Bw. Since A and S are
weakly commuting, we have ASz = SAz and hence AAz = ASz = SAz = S5z and by
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the weakly commuting property of B and T, we have BBw = BTw = TBw = TTw.
The remaining part of the proof is as in Theorem 2.1.

Note. The above theorem is valid if we assume B and T are ®-compatible and T is
continuous, instead of similar restrictions on A and S.

Note. We observe that the theorem of Pant [2] is a special case of Theorem 2.1 by
taking ¢ as the identity function.
We conclude the paper with the following open problem:

Open problem.
Is theorem 2.4 valid if we replace continuity of S by continuity of A or continuity of
T by continuity of B?
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