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ON QUASI I-OPENNESS AND QUASI I-CONTINUITY

M. E. ABD EL-MONSEF∗, R. A. MAHMOUD∗∗ AND A. A. NASEF∗∗∗

Abstract. A space (X, τ, I) consisting of a nonempty set X with a topology τ and an ideal I of

subsets of X which has heredity and finite additivity properties. In this paper the quasi I-open

and quasi I-closed sets are presented. Utilizing these new concepts the class of quasi I-continuous

functions have been obtained. Both of quasi I-openness and quasi I-continuity is considered as

a generalization of those I-openness and I-continuity. However, numerous topological properties

of these new notions have been discussed as well as many of their known results have been

improved.

1. Introduction

In the beginning of ninetieth, Jankovic and Hamlett [5] have define the concept of

I-open set via the local function which was given by Vaidanathaswamy [15] in 1945. The
latter concept was also established utilizing the concept of an ideal whose topic in general

topological spaces was treated in the classic text by Kuratwski [6] in 1933. Recently, in
1992, Abd El-Monsef et al., [2] studied a number of I-openness properties not only but

also they obtained the both of I-closed sets and I-continuous functions and investigated
several of their properties. Therefore, we devoted this paper to generalize the I-openness

by presenting the class of quasi I-open sets. The class of a: quasi I-continuous function
have been also established and studied. The connections between these new concepts

with the corresponding types are discussed. Some of their characterizations and other
numerous properties are studied. The importance of these new notions is shown as

generalizations of their corresponding known types, this helps us to strengthen some
results in [2, 5].

2. Preliminaries

Throughout the present paper, (X, τ) and (Y, σ) are denoted by the topological spaces
or simply spaces on which no separation properties are assumed unless the needed ones its

will be explicitly stated. In (X, τ), the usual closure and the interior of any W ⊆ X will
be denoted by τ -cl (W ) and τ -int (W ), respectively. The notion (X, τ, I) means a space

(X, τ) with an ideal I on X which is a nonempty subclass of a power set P (X) having the
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heredity and finite additivity properties i.e. I ⊆ P (X) is an ideal on X if W ∈ I and S ⊆

W , then S ∈ I and also if W ∈ I and S ∈ I, then W∪S ∈ I [6]. Sometimes an ideal called

a dual filter [4]. For any W ⊆ X in (X, τ, I), W ∗(I, τ) or simply W ∗(I) means the local

function of W with respect to I and τ and is defined by W ∗(I, τ) = {x ∈ X : W ∪N 6∈ I,

N ∈ τ(x)} [15] where τ(x) denotes the open-neighbourhood of x. The simplest ideals

are {φ} and P (X) which satisfied {φ} ⊆ I ⊆ P (X), for any I on X . Also, between the

useful ideals is the collection of all nowhere dense subsets of (X, τ) which is an ideal and

denoted by In. i.e. In = {W ⊆ X : τ − int(τ − cl(W ) = φ}. For (X, τ, I), its say that the

topology τ is compatible with an ideal I, denoted τ ∼ I, if the following holds: for every

W ⊆ X and every x ∈ W there exists N ∈ τ(x) such that N ∩ W ∈ I, then W ∈ I [13].

W ⊆ X is said to be I-open [5] (resp. semi-open [8], α-set [12], preopen [10], β-open [1])

if W ⊆ τ -int (W )∗ (resp. W ⊆ τ − cl(τ − int(W )), W ⊆ τ − int(τ − cl(τ − int(W ))),

W ⊆ τ − int(τ − cl(W )), W ⊆ τ − cl(τ − int(τ − cl(W )))) while their complements are

the corresponding types of closeness. But the classes of all previous types of openness in

(X, τ) are denoted by IO(X, τ), SO(X, τ), τα, PO(X, τ) and βO(X, τ), respectively. a

function f : (X, τ) → (Y, σ) is called I-continuous [2], semicontinuous [8], precontinuous

[10] and β-continuous [1] if the inverse image of each open set is I-open, semiopen,

preopen and β-op3n, respectively. While, f : (X, τ) → (Y, σ) is β-irresolute [9], if the

inverse image of each β-op3n set in (Y, σ) is also β-open in (X, τ). A space (X, τ) is said

to be I-compact [11, 14] if for every open cover {U1 : i ∈ ∇} of X , there exists a finite

∇0 of ∇ such that X − ∪{Ui : i ∈ ∇0} ∈ I.

3. Quasi I-open Sets

Definition 1. In (X, τ, I), W ⊆ X is said to be quasi I-open if W ⊆ τ − cl(τ −

int(W ∗)), (X − W ) is called quasi I-closed.

When there is no chance of confusion, the collection of all quasi I-open sets of (X, τ)

will be denoted by QIO(X, τ). Also, QIO(X, x) means the class of all quasi I-open sets

containing x ∈ X .

The connections between quasi I-openness with some other corresponding types have

been given throughout the following implication.
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The above relationships can not be reversable as the next examples illustrate, while

others were given in [1, 2].

Example 1. Let X = {a, b, c, d} with a topology τ = {X, φ, {c}, {a, b}, {a, b, c}}

and the two ideals I = {φ, {c}, {d}, {c, d}} and J = {φ, {a}}, then we can show the

followings;

(i) W = {a, d} ∈ QIO(X, τ) but it is neither I-open nor preopen.

(ii) While S = {a, c} is precopen but is is not quasi I-open.

(iii) The set {c, d} ∈ SO(X, τ) but not I-open.

(iv) Each of {b}, {b, c, d} is J-open and therefore quasi J-open but not semi-open.

Example 2. If X = {a, b, c} and τ = {X, φ, {a}, {c}, {a, c}} with I = {φ, {b}, {c},

{b, c}} and J as in Example 1. Then we have;

(i) Both of {c} and {a, c} are semi-open but not quasi I-open.

(ii) The set W = {a, b} ∈ βO(X, τ) but W 6∈ QJO(X, τ).

Remark 1. One can shows that the closeness cases follow by the complement oper-

ation of the openness types in the above examples.

Proposition 1. Arbitrary union of quasi I-open sets is also quasi I-open.

Proof. Let (X, τ, I) be any space and Wi ∈ QIO(X, τ) for i ∈ ∇, this means

that for each i ∈ ∇, Wi ⊆ τ − cl − (τ − int(W ∗
i )) and so ∪i∈∇ τ − cl(τ − int(W ∗

i )) =

τ − cl(τ − int(W ∗
i )) ⊆ τ − cl(τ − int(∪i∈∇W )∗). Hence ∪i∈∇Wi ∈ QIO(X, τ).

Lemma 1. [4] Let a space (X, τ) with an ideal In on X. Then X coincides with its

local function (i.e. X = X∗).

Above two results a useful to obtain the following theorem which is strengthened for

the corresponding one in [2, 5].

Theorem 1. For a space (X, τ, In), the class QIO(X, τ) forms a supratopology.

Proof. Follows by the fact φ∗ = {x ∈ X : φ ∩ Nx 6∈ in} = φ and both of Lemma 1

and Proposition 1.

The above theorem leads us to present the following question: Is QIO(X, τ) form a

topology? The answer is no for the next remark.

Remark 2. A finite intersection of quasi I-open sets need not in general quasi I-open,

as Example 3 shows.

Example 3. Let X = {a, b, c, d} and τ = {X, φ, {a, b}, {a, b, c}} with I ={φ, {c}, {d},

{c, d}}. We deduce that the two sets W1 = {a, c} and W2 = {b, c} are quasi I-open while

their intersection does not.

The above remark, turns our attention to establish the following result.
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Proposition 2. In (X, τ, I), if U ∈ τ and W ∈ QIO(X, τ), then U ∩ W is quasi

I-open.

Proof. By hypothesis and the fact that U ∩ τ − cl(W ) ⊆ τ − cl(U ∩ W ), we have,
U ∩ W ⊆ U ∩ τ − cl(τ − int(W ∗)) ⊆ τ − cl(U ∩ τ − int(W ∗)). Then by both of Theorem
(4.1) in [5] and Theorem (2.6) in [2] we get U ∩W ⊆ τ − cl(τ − int(U ∩W )∗). Hence the
result.

If the openness of U in the above result have generalized by an α-set, then we obtain.

Theorem 2. The intersection of quasi I-open with an α-set is β-open.

Proof. Let (X, τ, I) be a space, W ∈ QIO(X, τ) and G ∈ τα. Then W ∩ G ⊆ τ −
cl(τ−int(W ∗))∩τ−int(τ−cl(τ−int(G))) ⊆ τ−cl(τ−int(W ∗)∩τ−int(τ−cl(τ−int(G))) =
τ − cl(τ − int(τ − int(W ∗)∩ τ − cl(τ − int(G))) ⊆ τ − cl(τ − int(τ − cl(W ∗ ∩ τ − int(G)))
[4, theorem (2.3)] ⊆ τ − cl(τ − int(τ − cl(W ) ∩ τ − int(G)))) ⊆ τ − cl(τ − int(τ − cl(τ −
cl(W ∩ G)))) = τ − cl(τ − int(τ − cl(W ∩ (G)))), which completes the proof.

Recall that in (X, τ, I) any W ⊆ X is ∗-dense-in-itself [3], ∗-closed [15] and ∗-perfect
[3] if W ⊆ W ∗, W ∗ ⊆ W and W = W ∗, respectively.

Proposition 3. The following statements are verified

(i) For (X, τ, {φ}), QIO(X, τ) = βO(X, τ).
(ii) For (X, τ, P (X)), QIO(X, τ) = IO(X, τ).
(iii) For any (X, τ, I) each quasi I-open (resp. semi-open) which it is ∗-closed (resp.

∗-dense-in-itself) is semi-open (resp. quasi I-open).

Since ∗-dense-in-itself and ∗-closeness together of any W ⊆ X in (X, τ, I) equivalent
with the ∗-perfect property of W in the same space. Then the two classes QIO(X, τ) and
SO(X, τ) are coincides with each other, if each member of term is ∗-perfect or both of
∗-dense-in-itself and ∗-closed. In other words, the two parts of statement (iii) previously
equivalent with: QIO(X, τ) = SO(X, τ) if W ⊆ X is ∗-perfect for any (X, τ, I).

Lemma 2. [4] For each W ⊆ X in (X, τ, In), W ∗(In) ⊆ W .

Proposition 4. In (X, τ, In), if W ∈ QIO(X, τ), then it is semi-open.

Hence we can deduce that a quasi I-open set which is ∗-closed for any (X, τ, I) is
equivalent with the quasi I-openness in (X, τ, In) which is useful to obtain the following.

Proposition 5. (X, τ, I) any preclosed set W ⊆ X is regular-closed if one of the

following hold:

(i) W is ∗-closed and quasi I-open.

(ii) W ∈ QIO(X, τ, In).

Proposition 6. In (X, τ, I), if U ∈ τ and W ∈ QIO(X, τ). Then U ∩ W ∈
QIO(U, τ |U).
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Proof. Since U ∩ W ⊆ U ∩ τ − cl(τ − int(W ∗)) ⊆ τ − cl(U ∩ τ − int(W ∗)) ∩

U = clU (U ∩ τ − int(W ∗)). While U ∩ τ − int(W ∗) ⊆ U which is open in U . i.e.

intU (U ∩ τ − int(W )∗) = U ∩ τ − int(W ∗). Thus U ∩W ⊆ clU (intU (U ∩ τ − int(W )∗)) ⊆

clU (intU (U ∩ W ∗)) ⊆ clU (intU (U ∩ W )∗) [4, Theorem (2.3)]. Hence the result.

Proposition 7. For (X, τ, I) if W ⊆ U ⊆ X, U ∈ τ and W ∈ QIO(U, τ |U). Then

W ∈ QIO(X, τ).

Proof. Since W ⊆ clU (intU (W ∗)) and since intU (W ∗) is an open set in U , there exists

V ∈ τ such that clU (W ∗) = U ∩ V ∈ τ . Hence W ⊆ clU (U ∩ V ) = τ − cl((U ∩ V )∩U) =

τ − cl(U ∩ V ) = τ − cl(intU (W ∗)) =⊆ τ − cl − (τ − int(W ∗)). Thus W ∈ QIO(X, τ).

Janković and Hamlett [5] have denoted by I ∗J the extension of and ideal I via other

one J which are given on the same nonempty set X with respect to (X, τ) and defined

as : I ∗ J = {A ⊆ X : A∗(I) ∈ J}. They showed also that I ∗ J is an ideal on X and

I ⊆ I ∗ J .

Lemma 3. [5] Let (X, τ, I) be a space with In ⊆ I and τ ∼ I. Then for any other

ideal J on X, τ ∼ (J ∗ I).

For any (X, τ, I), the authors in [5] denote (I ∗ In) by I∼ which is a compatible

extension of I and it is also defined as I∼ = {A ⊆ X : τ − int(A∗) = φ}. This leads us

to establish the following equivalent.

Theorem 3. Given (X, τ, I), any W ⊆ X is quasi I-open iff W ⊆ W ∗(I∼).

Proof. Necessity, let x 6∈ W ∗(I∼), then there exists an open neighbourhood N

of x such that τ − int(N ∩ W )∗(I) = φ. Since N ∩ W ∗(I) ⊆ (N ∩ W )∗ (I) [7], then

N ∩ τ − int(W ∗(I)) ⊆ τ − int(N ∩W )∗(I) = φ. This means, x 6∈ τ − cl(τ − int(W ∗)) and

by quasi I-openness of W we get, x 6∈ W . Sufficiency, since In ⊆ I∼, then for any W ⊆ X ,

W ∗(I∼) ⊆ W ∗(In) = τ − cl(τ − int(τ − cl(W ))) [16]. If we put W ∗ instead of W , the last

inclusion gives (W ∗(I∼))∗(I∼) ⊆ τ−cl(τ−int(τ−clW ∗(I∼)))) = τ−cl(τ−int(W ∗(I∼))),

for W ∗(I∼) is closed [4, Theorem (2.3)]. By I∼ ∼ τ , we get (W ∗(I∼)) = (W ∗(I∼))∗(I∼)

[8]. Therefore, W ∗(I∼) ⊆ τ − cl(τ − int(W ∗(I∼))) ⊆ W ∗(I∼). Hence W ⊆ W ∗(I∼) ⊆

τ − cl(τ − int(W ∗(I∼))) ⊆ τ − cl(τ − int(W ∗(I))), for I ⊆ I∼. Therefore W ∈ QIO(X, τ)

and the proof is complete.

4. Quasi I-continuous Functions

Definition 2. A function f : (X, τ, I) → (Y, σ) is called quasi I-continuous if for

every V ∈ σ, f−1(V ) ∈ QIO(X, τ).

The relationships between this new class of functions and some types of non-continuous

ones are obtained as follows.
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. I-continuity quasi I-continuity β-continuitycontinuity

semi-continuity

precontinuity

The converses need not be true in general as shown in Examples (2.1), (2.2) of [1],
Examples (3.1), (3.2) and (3.3) of [2] and the following examples.

Example 4. Let (X, τ, J) be as in Example 1, Y = {x, y, z} and σ = {Y, φ, {y}, {z},
{y, z}}. A function f : (X, τ, J) → (Y, σ) which is defined by f(a) = f(b)x, f(c) =
f(d) = z is quasi I-continuous but not I-continuous.

Example 5. For a Serpniski space (X, τ) with an ideal I = {φ, {0}} and Y = {a, b, c}
with a topology σ = {Y, φ, {b}, {a, b}}. A function f : (X, τ, I) → (Y, σ) which is defined
by f(0) = b, f(1) = a, f is β-continuous but not quasi I-continuous.

Example 6. Let X, τ be as in Example 3 with I = {φ, {c}, {d}, {c, d}}. And σ =
{X, φ, {a}, {a, b}, {a, b, c}}. A function f : (X, τ, I) → (X, σ) which is defined by f(a) = a

and f(b) = f(c) = f(d) = c, is quasi I-continuous and I-continuous but not semi-
continuous.

Example 7. Let X = {a, b, c}, τ = {X, φ, {a}, {b, c}}, σ = {X, φ, {a}, {a, b}}, and
I = {φ, {a}}. Define f : (X, τ, I) → (X, σ) as follows f(a) = a and f(b) = f(c) = b.
Then f is semi-continuous but it is neither quasi I-continuous nor I-continuous.

Example 8. Let X = {a, b, c, d, e}, τ = {X, φ, {a}, {b}, {a, b}, {b, c}, {a, b, c}} with
I = {φ, {b}, {c}, {d}, {b, c}, {b, d}, {c, d}, {b, c, d}} and Y = {x, y, z}, σ = {Y, φ, {x}}.
One can shows f : (X, τ, I) → (Y, σ) define by f(a) = f(b) = x, f(c) = y and f(d) =
f(e) = z, is precontinuous but not quasi I-continuous.

Example 9. Let X = {a, b, c, d}, τ = {X, φ, {c}, {a, b}, {a, b, c}}, I = {φ, {a}}, Y =
{p, q, r}, σ = {Y, φ, {q}, {r}, {q, r}} and f : (X, τ, I) → (Y, σ) such that f(a) = f(b) = p

and f(c) = f(d) = r. Then f is quasi I-continuous but not precontinuous.

Proposition 8. The following statements are true.

(i) f : (X, τ∗
A(I), I)→ (Y, σ) is quasi I-continuous if it is continuous, where τ∗

A(I) is

the topology generated by QIO(X, τ).
(ii) An quasi I-continuous function f : (X, τ, In) → (Y, σ) is semi-continuous.

(iii) If f : (X, τ, I) → (Y, σ) is quasi I-continuous (resp. semi-continuous) and for each

V ∈ σ, f−1(V ) is ∗-closed (resp. ∗-dense-in-itself) then f is semi-continuous (resp.
quasi I-continuous).



ON QUASI I-OPENNESS AND QUASI I-CONTINUITY 107

Proposition 9. The following equivalents are verify.

(i) f : (X, τ, {φ}) → (Y, σ) is quasi I-continuous iff it is β-continuous.

(ii) f : (X, τ, P (X)) → (Y, σ) is quasi I-continuous iff it is I-continuous.

(iii) Quasi I-continuity of a function f : (X, τ, I)→(Y, σ) coincides with semi-continuity

if for each V ∈ σ, f−1(V ) is ∗-perfect or f−1(V ) is both ∗-dense-in-itself and ∗-
closed.

Some equivalents of quasi I-continuity deduce throughout the next obviously result.

Theorem 4. For a function f : (X, τ, I) → (Y, σ), the following are equivalent:

(i) f is quasi I-continuous.

(ii) The inverse image of each closed set in (Y, σ) is quasi I-closed.

(iii) For each x ∈ X and each V ∈ σ containing f(x), there exists W ∈ QIO(X, τ)
containing x such that f(W ) ⊆ V .

Proposition 10. For the functions f : (X, τ, I) → (Y, σ, J) and g : (Y, σ, J) → (Z, µ),
the followings are hold:

(i) If f is quasi I-continuous and g is continuous, then (gof) is quasi I-continuous.

(ii) (gof) is β-continuous, if f is β-irresolute and g is quasi I-continuous.

Theorem 5. The restriction function of almost I-continuity by an open set is also.

Proof. Let f : (X, τ, I) → (Y, σ) be a quasi I-continuous function and U ∈ τ . To
show that f |U is quasi I-continuous, let V ∈ σ, then f−1(V ) ∈ QIO(X, τ). Proposition
6, gives (f |U)−1(V ) = U ∩ f−1(V ) ⊆ U ∩ τ − cl(τ − int(f−1(V ))∗) ⊆ τ − cl[U ∩ τ −
int(f−1(V ))∗] ⊆ τ −cl(τ − int[U ∩(f−1(V ))∗]) ⊆ τ −cl(τ − int[U ∩f−1(V )]∗) [4, Theorem
(2.3)]. Hence f |U is quasi I-continuous.

Theorem 6. A function f : (X, τ, I) → (Y, σ) is quasi I-continuous if its restrictions

by an open cover {Ui : i ∈ ∇} of X are quasi I-continuous.

Proof. Follows directly by using Propositions 1 and 7.

Theorem 7. Any function is quasi I-continuous iff its graph is quasi I-continuous.

Proof. Let f : (X, τ, I) → (Y, σ) be quasi I-continuous and x ∈ X and H is an
open set in X × Y containing the graph image of x, g(x). Then there exist U ∈ τ

and V ∈ σ such that g(x) = (x, f(x)) ∈ U × V ⊆ H . By hypothesis of f , there exists
W ∈ QIO(X, x) such that f(W ) ⊆ V . Proposition 2 shows that x ∈ U ∩W ∈ QIO(X, τ)
which contained in U . So, (U ∩ W ) × V ⊆ U × V ⊆ H and hence g(U ∩ W ) ⊆ H . This
means that g : (X, τ, I) → (X × Y, τX×y) is quasi I-continuous. Conversely, let x ∈ X

and V ∈ σ(f(x)), then X × V ∈ τX×y. Quasi I-continuity of g shows that, there exists
W ∈ QIO(X, x) such that g(W ) ⊆ X × V the projection of both sides gives f(W ) ⊆ V .
Hence f is quasi I-continuous and this completes the proof.

Recall that, (X, τ) is a quasi I-compact space if for every quasi: I-open cover {Wi :
i ∈ ∇}, there exists a finite ∇0 of ∇ such that X ∪ {Wi : i ∈ ∇0} ∈ I.
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Lemma 4. [11] For any function f : (X, τ, I) → (Y, σ), f(I) is an ideal on Y .

Theorem 8. The image of quasi I-compact under a quasi I-continuous sjrjective

function is f(I)-compact.

Proof. Let f : (X, τ, I) → (Y, σ) be quasi I-continuous and {Vi : i ∈ ∇} be an

open over of Y . Then {f−1(Vi), i ∈ ∇} is a quasi I-open cover of X . From assumption,

there exists a finite ∇0 of ∇ such that X − ∪} {f−1(Vi) : i ∈ ∇0} ∈ I. Therefore,

Y − ∪{Vi : i ∈ ∇0} ∈ f(I) which shows that (Y, σ) is f(I)-compact.
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