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Competition of Two Host Species for a Single-Limited

Resource Mediated by Parasites

Sze-Bi Hsu and I-Fang Sun

Abstract. In this paper we consider a mathematical model of two host species competing
for a single -limited resource mediated by parasites. Each host population is divided into
susceptible and infective populations. We assume that species 1 has the lowest break-even
concentration with respect to nutrient, when there is no parasite. Thus species 1 is a superior
competitor that outcompetes species 2. When parasites present, the competitive outcome is
determined by the contact rate of the superior competitor. We analyze the model by finding
the conditions for the existence of various equilibria and doing their stability analysis. Two
bifurcation diagrams are presented. The first one is in 5132 plane (See Figure 3) and the
second one is in R(9)-line (See Figure 4).

1 Introduction

Ecologists are interested in understanding how and to what extent interspecific interactions in-
fluence community structure, species coexistence and biodiversity. Host-parasite interactions oc-
curr frequently in nature and has been shown that parasites could affect the growth and survival
rate of a host thus influence its competitive ability. In the past two decades, people investigate
the potential importance of parasites and pathogens in determining the outcome in trophic inter-
actions and community process. In the paper ([1]) the authors reviewed the recent research on
how parasites influence competitive and predatory interactions of the host species they infected.
However, no theoretical model has been developed that consider the competitive outcome be-
tween two hosts who shared the same parasite. In this paper we shall investigate a mathematical
model of competition of two host species for a single-limited resource mediated by parasites. Es-
pecially we focus on the question: Can infection produce coexistence of species? When there

is no infection mediated by parasites, it is well-known that species with the smallest break-even
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concentration will survive ([2],[3],[4],[5],[6]). With the infection by parasites we show that it is
possible that two species coexist if the contact rate of surviving species is large enough. We shall
find conditions for the existence of various equilibria and their stability analysis. A bifurcation
diagram is presented with contact rates 31, 32 as two bifurcation parameters. We also present a

bifurcation diagram by using input concentration R(?) of the nutrient as a bifurcation parameter.

2 'The Model

The model of two hosts competing for a single-limited resource mediated by parasites leads to the

following system of differential equations

dR 1 mlR 1 mQR

— =(R®Y ~RD - — Si+1) - — So + I
dt ( ) y1a1+R(1+1) y2a2+R(2+ 2)
ds mi1R

ditl = (01 41_ i dl) S1—B11S1 +mh

dl;

- p111S1 — (di + 01 + 7)1 (2.1)
dSs maoR

2 - —dy) Sy — fol I

7 <a2+R 2> Sy — Bal2S2 + v212

dl

ditQ = [212S5 — (dg + 62 + 72) I>

RO >0, S,(0)>0, I,(0)>0, S30)>0, I0)>0.

Here we assume that each host population is divided into susceptible, infectious populations
which are designated S, I. The parameter R is the concentration of resource. The rest of the

model’s parameters are defined in Table 1.

Tablel Definition of parameters used in the model

Parameter Definition

RO input concentration of nutrient R

D dilution rate

Yi yield constant of i-th host

m; maximum growth rate of ¢-th host

a; half-saturation constant for i-th host

d; death rate of 7-th host

i per capita additional mortality of i-th host when infected

with parasite

Vi per capita rate of recovery of i-th host from infection
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Parasite

Host1 Sp.1; Host2 S.L

Figure 1:
When there is no parasites, the infective populations I (t), I2(t) satisfy I1(t) = 0, I2(t) = 0.
Then the system (2.1) becomes
1 mlR 1 mQR
R =(R® -R)D - — - — S,
( ) yar+ R ypay+ R
’ mlR
S| = —di | S 2.2
1 (Cll +R ].> 1 ( )
’ ng
Sy = —da | S
2 (az + R 2) 2
R >0,5,(0) > 0,55(0) > 0.

If the maximal growth rate m; is less than or equal to the death rate d; of the i-th host, then
Si(t) — 0ast — 00, ie. the i-th host cannot survive. Consider the break-even concentration

If the break-even concentration ); is less than the input concentration R(®) then the i-th host

species goes to extinction due to the input concentration R(®) is too small to support the survival
of ¢-th host species S; ([3],[6]).

Thereafter we assume that
0< XM <X <RO. (H1)

Under assumption (H1), we conclude that 1st host species S1 outcompetes the 2nd host species
Sa ([3], [6]) and the solutions R(t), S1(t), Sa(t) satisfy

lim R(t) = Ai,

t—o00
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(R©) — X)) Dy,
dq ’

Jim 0) = 1 =

lim SQ (t) =

t—o00

3 Equilibria and Their Stability Analysis of the System (2.1):

In the following we study the existence of equilibria and their stability analysis. The equilibria

take the forms:

= (A1, 51,0,0,0),
Eul (R1,S1,11,0,0),
Eir2 = (A2, 81,11, S2,0),
(

Einon, = (R, S1, 11, S0, ).

The variational matrix of the system (2.1) at £ = (R, S, I1, So, I2) is

ail a2 a3 a4 as
agy aze azz 0 0
JE)=1]10 a3 a3z 0 0
as1 0 0 ags ags

0 0 0 asg ass |

where

an =D — S FIR)(S + 1) — ~ f4(R)(Ss + L),
n Y2

1
a1 = —— f1(R),
12 ylfl( )

a3 = —if1(R),

Y1

! f2(R)
14 = —— s
14 " 2

1
als = —— R),
1o y2f2( )

az = f1(R)Sh,

azx = (f1(R) — d1) — Bl
azs = —P151 + 1,

asz = P1l1,

azz = S151 — (d1 + 61 + M),
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aq1 = fé(R)'Sbu
asq = (f2(R) — da) — Balo,
as5 = —[252 + 72,

asy = P21,
ass = [252 — (d2 + 02 + 72),
iR
fl(R) a a1 + R’
. ng
f2(R) - as + R

Theorem 3.1. Ey = (A1, 57,0,0,0) always exists.
@) If
A1ST = (di+61+7) <0 (3.1)
then Ej is locally asymptotically stable.
(ii) If
1Sy = (di+61+7) >0 (3.2)

then the equilibrium E1j, = (Rl, 51, fl, 0, 0) exists, where Ry, Sl, I satisfy
. di+ 96
_ a1 +01+mM >

S 0, (3.3)
' By
m1R1 S . A
——d1 | S = (d1 + 51)11 >0 < Ry >\, (3.4)
a1 + Ry
R
RO —p)p=——"1" | T Sh. (3.5)
( 1) Y1a1 + Ry dy + 61 !

Proof. The variational matrix J(E7) of system (2.1) at equilibrium E; = (A1, 57,0,0,0) is

-4 —s ) =)
M- —B1S; +m 0 0
JED)=1] 00 B8 —(di+0+m) 0 0
00 0 f2(A1) — d2 V2
L 00 0 0 —(d2 + 02 +72) |




6 S.-B. Hsu and I-F. Sun

The eigenvalues of J(E ) are

1 = —(da2 + 92 + 72) <0,
p2 = f2(A1) —d2 <0, (by(H1))
p3 = G157 — (d1 + 01 + 1),
and fu4, ps are the eigenvalues of
% d
~D - LAOST —5

W

M, =
1) St 0

which characteristic polynomial is g(u) = p(pu + (D + y—llf{()\l)Si“)) + %f{()\l)ST. Then
Re \(M;) < 0,i.e., Re g < 0and, Re 5 < 0. Thus E; is locally stable if uz < 0, ie.
15T < di + 01 + 71 and Ej is unstable if 3 > 0,ie. 157 > di + 01 + 7.

Next we shall show that if £ is unstable then the equilibrium E;;, = (Rl, Sy, 11,0, 0) exists
where Rl, gl, I satisty (3.3), (3.4), (3.5). From (3.4), (3.5) we have the following Figure 2.

Z

A
m R

1 mR | a+R 3
va,+R| d +5 '

+ 4,

Z=(R"-RD

v
=

Figure 2

claim: )\ < Rl
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If not, \; > Rl then

(R® —x)D < (R® — R))D

mi Ry
1 miR1 a4+ R, 1d1+51+71
S yia+ R i+ b1
miA
<i MM oay+ N tdi+ 6 +m
Tyrar+ A dp 401 b1
1l o di+hdi+oi+tn  didi+61+m
v dy+ 0y b1 T B1 ’

or equivalently

St

(RO = M\)Dyr _ di+ 01+

dq

o3

This is a contradiction to instability condition (3.2). Hence we complete the proof.

The variational matrix of (2.1) at Fy,

J(EHl) =

The eigenvalues of J(E1y, ) are

(Rl, §1,f1,0,0) is

—g5fa(B1) =5 fa(Rr) ]

0 0

0 0

fo(Ry) — da V2
0 —(dz + 62 + 72) |

1 = —(do + 92 +72) <0
po = fo(R1) — do
and p3, 4, 15 eigenvalues of the 3 x 3 matrix
-D — %f{(RAl)(gl + 1) _%fl(}%l) _%fl(RAl)
Fl(R1)S: ~uh B8 +m

1
0 Bl 0

M, =

which characteristic polynomial is u® + a1u? + agu + ag

where
71f1
a] = =
S1

1 ~ ~ ~
+ J1 >0, J1:D+;f{(R1)(S1+Il),
1
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’7111
5

as = Bil1 (61 + di)Jy + 51f1af1(R1)f{(R1)Sl > 0.

as = J1+f1(Rl)51*f1(R1)+5111(51-i-dl)

From Routh-Hurwitz criteria, £, is locally asymptotically stable if ajaz > as.

The routine computations show ajas > a3 as follows

(71]1 + J1> (%h J1+ f1(R1)51*f1(R1) + Bl (61 + dl))
S1 S1 n

> G111 (61 + dy)Jy + 51f1£f1(R1)f{(R1)§1,

or

2
(7‘1}1) Ji+ nh (fl(Rl)Slffl(R1)+5lfl(51+d1))
S 31
7“1 f

——Ji+ J1(f1(R1)S1;f1(R1))
1

> ﬁ1l1£f1(R1)f1(R1)51

Theorem 3.2. Let (3.4) and Re \(Mz) < 0 (i.e. (H2) holds).

@) If
Ry < )\
then E, is locally asymptotically stable.
(ii) 1f
Ry > X\

then the equilibrium E11,2 = (A2, Sy, 1h, So, 0) exists, where

G =g =hta+m

A
and S, T satisfy

~ 1 ml)\Q ~
I = —dy ) S1 >0
YT+ 0y <a1+)\2 1> !

A
A2 + 01

B 1 A 3
5’2:& (R(O)—)\g)D—<m12>Sl atry > 0.

do y1 \ a1+ A di + 61

(H2)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Proof. (i) p2 < 0 if and only if Ry < \y. Since we assume Re A(Ms) , i.e. (H2) holds then

Eir, = (Ry, S1,11,0,0) is locally asymptotically stable.

(ii) Under the assumption (H2), we shall prove that the instability condition (3.7) implies the

existence of equilibrium Fj ;9.

From (H1), I; > 0.
claim : gg > 0.

If not, S < 0, then

(225 05
— 1
(R(O)—)\Q)D§1<m1)\2 ) al + Ao d1+51—|—’71
y1 \ a1+ A2 di + 6 b1
The instability condition ]%1 > Ag implies
mlél
5 = 1
5 1 di+96
(RO~ 2)D > (RO — Ry)p = ~ I | a+ F 1Tt
Y1 a; + Ry dy + 61 B1
miAg n
iml)\Q al + Ao 1d1+(51+’71
yrar+A  di+01 b1

We obtain a contradiction. Thus we have So > 0. Hence we complete the proof.

The variation matrix of (2.1) at E17,2 = (A2, Si,1h, So, 0) is

— 3 F2(02)
0
J(Ern2) = M3 0
—6252 + 72
(00 0 0 BaSh—(da+0a+72) |

The eigenvalues of J(E1,2) is

1 = BaSs — (da + o + 72)

and f12, i3, f14, (15 which are eigenvalues of the 4 x 4 matrix

-D - yfllf{(&)(gl + 1) - éfé(&)sz —yfllfl()o) —iﬁ(&)
Ma — f{()\2)§1 (fi(A2) —di) — Bili —p1S1 +m
’ 0 pily 0

f5(X2)Sa 0 0

— g5 20%2)



10 S.-B. Hsu and I-F. Sun

From routine computation the characteristic polynomial of M3 is pu* + a1 p® + agu® + azp + a4

where
o= B (i) =2 =BT, T2 =D+ O+ B) + - 0
02 = i) fi02)S1 + AT(AS) — ) + 05— ),
03 = BTy (- KD 0081 + R(B181 =)
~ B8 fa(a)(%2) = d = ).

as = P11 (A5 — 71);2f2()\2)-

We note that
BiSi—m=di+6 >0
and from (H1)
- 1 -
fih2) —di — Bilh = (fi(A2) —di) — B (fi(A2) —d1)Sh
di + 01
Si+di+m
= A)—d1)(1l— ——) <0,
(f1(A2) = d1)( FRS

then it follows that a; > 0, a2 > 0, a3 > 0, as > 0. From Routh-Hurwitz criteria, 11,2 islocally
asymptotically stable if and only if

as(ajag — az) > a%a4. (H3)
We conjecture that (H3) holds if 43 < 0.
Theorem 3.3. Let (H3) and (3.7) hold.

(i) If

do + 02 + 2

% (3.11)

52 < SQ =
then E 1,2 is locally asymptotically stable.

(ii) If the instability condition

Sy > Sy (3.12)
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holds, then equilibrium Ey1 21, = (R, S1, I1, S, I2) exists where
- s di+0+m

S1=51 B (3.13)
- . do + &
52 — 5'2 — M) (3_14)
B2
— 1 m1R - —
I = — —d1 | S1>0 < R> A\, 3.15
! di + 61 <a1 + R 1) ! ! ( )
— 1 ng - —
I = — —dy | S >0 < R> A, 3.16
2 ds + 02 (az—l—R 2) 2 2 ( )
and R satisfies
mi R
5 — + 0
— 1 miR - a1+ R
RO — R)D =— —— L +
( ) y1a1 + R ! di + 01
mQR
= — + 0
1 malt g azt R o (3.17)
Y2 a2 + R da + 62 '

Proof. (i) Since Re A(M3) < 0 and from (3.11) p; < 0, Eqp,2 is locally asymptotically stable.
(ii) From (H1), it suffice to show that (3.16) holds. If not, R < s then
miR maR

MR s _ _
1 mR o a+R ! 1 moR o ay+ R
y1 a1+ R ! di + 61 Yys ao + R 2 dy + &2

+ 02

(R® —\)D < (R® — R)D =

DY) Mo
1) 1)
<i ml)\zga1+)\2+1 im2>\25—a2+)\2+2
Syiar+ A di+ 0y Y2 az + A2 27 dy + 6y
M1
)
:i miA2 §1a1+>\2+ 1+id2§2
Y1 a1+ Ao dy + 61 Y2
ml)\Q
+ 61
5 Y 0) 1 < ™M1 ) ~ ai + A
Sp =2 (RO _\)D— — G | athre
> dy ( 2) y2 \ar + Ao ) 7! dy + 6

1 .
< %*dzsz = 5o
da Yo

This contradiction to the instability (3.12). O]
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It is difficult to determine the local stability of £, 27,. We verity it by extensive numerical sim-
ulation. We conjecture that Hopf bifurcation may occurs and there exists periodic solutions in

some parameter ranges.

4 Bifurcation Analysis

Let (H1) hold. The equilibrium E; = (A1, S7,0,0,0) is locally stable if (3.1) holds. We rewrite
(3.1) as

s (di 401 +7)dy
pr< B = RO — ) D

(4.1)

When 5 > Bl, the equilibrium F becomes unstable and the equilibrium F1;, = (Rl .S 1 I ,0,0)
exists. If (3.6) and (H2) hold then E'; is locally stable. From (3.6) it follow that

) < mj_R]% +51)
~ 1 a ~
(R(O)—AQ)D<(R(0)—R1)D:7 m1R1A 1 1
Y1 a1+ Ry di + 01

1

ml)\z + )
1 midy \ai + A Yodi+6+m
Y1 al + Ao di + 0 B1
or
ml)\g
1)
~ 1 mye <a1+)\2+ 1> di +01+m
pr1 < pr=— 5 (4.2)
y1a1 + Ao di + 01 (R® —X2)D
and

31 < 51-
If 1 > (31 then the equilibrium F'; is unstable and the equilibrium F17,2 = (A2, S, 11, s, 0)
exists. If (3.11) and (H3) hold then the equilibrium E 1,2 is locally stable. It can be shown that

(3.11) can be rewritten as
———~ = f(B) (4.3)
(-%)

where

d
A = ﬁ(dz + 02 + ¥2),
Y2

Ay = (RO — \))D,
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1
Ao = L muide dit 01t < miAg +51>-

yralr+ Ay 01 +d; ai + A2
We note that the vertical asymptote of the curve S = (/17143 is B = 1= Bi.
- 5)

If By > ﬁ then the equilibrium £ 7, 2 becomes unstable and the equilibrium F 7,27, =
B

(R, S1, 11,52, I5) exists. It is difficult to prove the local stability of F 2z, analytically. In the

Figure 3, using 31, 32 as bifurcation parameters, we plot a bifurcation diagram. It shows that the

Hopf bifurcation occurs and there are periodic oscillation for some parameter ranges.

By

»

: | K 3 = f(5)
A 1 : :
%, : I

: - B,
Py Py

Figure 3

In regionI , the equilibrium F; is locally stable.
In region II , the equilibrium F, is locally stable.
In region III , the equilibrium F 1,9 is locally stable.

In region IV , the equilibrium E} o5, is locally stable or unstable.

Under the basic assumption (H1), species 1 outcompetes species 2 when there is no infection by

the parasites. When the contact rate 3, satisfies 0 < 8; < (3 regardless of magnitudes of the
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species 2’s contact rate (32, the species 1 still outcompetes the species 2 and there is no infection
population of species 1. If we increase 31 such that 31 < By < B, then regardless of the mag-
nitudes of 35 species 1 still outcompetes species 2, but there is some infective population for the
species 1 in this case. For 31 > [31, species 1 and species 2 coexist. If the point (31, 32) is under

the curve 8y = f(f1) = @ Ay 1) in the 81 — B3 plane, then species 1 which has both susceptible
2%

and infective population, coexists with species 2 which has only susceptible population. If the
point (51, B2) is above the curve B2 = f(f1) in the 81 — (3 plane then species 1 and species 2
both with infective population coexists in the steady state or the form of periodic oscillation.

If we vary the input concentration R and fix the other parameters then from (3.17), (4.1),
(4.2) it follows that

dy + 61 +71)d1

i o RO ( 0!
pr < B < <A1+ Dyihr R
ml)\Q 5
= di + 01 +71) miAg (a T T 1) 5
< B = RO <\ +( LT 22 = RO
hL<h ? Dy a1+ A dy + 01
By« — M __ o O oy B2t trn)  po
( Ay — &) B2Dy1
b1
From the hypothesis (H1), we have RO < RO) < RO),
The bifurcation diagram is the following Figure 4:
E, Eul Eulz E:zlzz2
is stable 1s stable 1s stable is stable or unstable
: { % } » RY
0 li(m ﬁ(ﬂ) im;
Figure 4

Thus in order to have coexistence of species 1 and species 2, we need to have large input concen-
tration R i.e. R© > R

5 Discussion and Numerical Simulations

By the following scalings:

R— R/RY. 5 — 8 /ROy, I, » I;/ROy,
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IQ-)IQ/R(O)yQ, mi —>m1/D, m2—>m2/D

d1—>d1/D, d2—>d2/D, a1—>a1/R(0), a2—>a2/R(O)
81— 1ROy /D, 6, —8,/D, 1 — /D

Bo = BoROyy /D, 69— 03/D, 9 — 42/D

t—tD

then the non-dimensional system for (2.1) is

R my R moR
& _a-RD- L) - I

g~ (- B a1+R<SI+ ) a2+R(SQ+ 2)

dSl mlR

— = —d; )| ST - 1S I

7 <a1—|—R 1> 1 — PiliS1 + 7l

dl;

pr B111S1 — (dy + 01 + ) 1q (5.1)
dSQ ’ITLQR

22 - —dy) Sy Bo I

7 <a2+R 2> So — B2l252 + 212

dly

T B212Ss — (da + 02 + 72) I2

0<RO <1, S5,(0)>0, I,(0)>0, S30)>0, I)0)>0.

Hence we may assume D = 1, RO =1, y1 =1, yo=1in(2.1).
Letdi =1, mi =2, a1=0.5, do=12, mo=18, as=0.35,then

M 5<% _07<RO=1.

B -1 (@) -1
Let 6y = 0.05, 992 =0.03, ~1 =0.1, 7 =0.2,then

s (di 4061 +)dy
g = L

(R( ) — )\1)Dy1
= 1 miAe %Jﬁ&l di+d+m

= = 5.1821.
h yra1+A2 di+01 (RO —X\)D

Let R(0) = 0.8, S$1(0)=0.5, I;(0)=0.1, S5(0)=0.5, I5(0)=0.1.

0<>\1:

=23,

(i) Let 81 = 1.5, [ = 3, we conject that £; = (A1, 57,0,0,0) is globally stable where
A =05, Sp=EEDn g5,

(i) Let 31 =3, [2 = 6, we conject that Ey 7, = (Rl, Sy, 11,0, 0) is globally stable.

(iii) Choose a point (31, 32) below the curve fo = f(51), (1 =10, [2 =11 < f(51) =
11.8724, we expect E11,2 = (A2, Sh,1h, So, 0) is globally stable.
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Ey = (M, 51,0,0,0) is globally stable
|

—R(0)

Figure 5(ii) Let 5, = 3and 33 = 6

Il L
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time t
T T
I I
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. .
Figure 5(i) Let 5; = 1.5and 2 = 3
Euy, = (R, 5),11,0,0) is globally stable
T T T —
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T
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time t
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Figure 5(iii) Let 5; = 10 and 83 = 11

(iv) For point (1, B2) above the curve 83 = f(31), choosing 51 = 10, 82 = 12 > f(f1) =

11.8724, we predict E11, 21,
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