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BOUNDED AND POSITIVE SOLUTIONS OF DISCRETE
STEADY STATE EQUATIONS

SUI SUN CHENG AND RIGOBERTO MEDINA*

Abstract. Existence of bounded and/or positive solutions of a discrete steady state equation

are derived by means of the Banach contraction principle and also by a monotone method.

1. Introduction

Consider the temperature distribution of a “very long” rod. Assume that the rod is
so long that it can be laid on top of the set of integers. Let uglf) be the temperature at

the integral position m and integral time n of the rod. At time n, if the temperature
u,,?fl, heat will flow form the point m — 1 to m. The amount of increase is ugf“) — u%)
(n) (r)

m—1— Um ", 54y,

)
and it is reasonable to postulate that the increase is proportional to the u
r(ufgzl — uﬁﬁ )) where r is a positive diffusion constant. Similarly, heat will flow from the

point m + 1 to m. Thus, it is reasonable that the total effect is
w1 — r(uﬁ,?),l - u%) + r(uﬁ,’f}rl - uﬁ,’ﬁ)

Such a postulate can be regarded as a discrete Newton law of cooling.

The same postulate works for the distribution of heat through a very large thin
plate. Assume the plate is so large that it can be laid on top of the set of lattice points
Z% ={(i,j)|i,j = 0,£1,42,...} in the plane. Let ugl) be the temperature of the plate
at position (¢, 7) and integral time n. Then a corresponding heat equation is given by
ul(;l“) — ugl) = r(ugﬁ)ljj - QUE;) + ugi)m) + r(ugrg)_l - QUE;) + uET;)_H>

(n) (n) (n) (n) (n)
= T(“iﬁl,j gy b g g )v

where (i,j) € Z2 and n =0,1,2,....
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If the plate has an initial temperature distribution at time n = 0, then after a long
period of time, the temperature inside the plate will stabilize, and the subsequent tem-
perature distribution {u,;} will satisfy the steady state equation [1] (for more references
on partial difference equations, the readers may consult [2, 3, 4])

.. 2
Ui+ Uigrj + g1+ uige —4duy =0, (i,5) € Z°.

It is interesting to note that this equation has a bounded and also positive solution,
namely {u;;} = {1}. The question then arises as to whether the corresponding steady
state equation for a nonhomogeneous thin plate, namely,

Qi1+ Bijlivrj + Yiglij—1 + gt g1 — oigui + f (i, J, uig) = 0, (1)

where a;j, Bij, Vij, 0ij, 0ij € R for (i,j) € Z?, has a bounded and/or positive solution.

If this equation represents a real model, it will be reasonable to expect that such is
the case for appropriate conditions on «;j, 8i;,v:; and d;;. In this note, we will make use
of the monotone method and Banach contraction principle for deriving the existence of
these solutions to (1).

First, we will establish an existence criterion for positive and bounded solutions of (1).
Let 1(Z?) be the linear space of all real double sequences of the form z = {z;; }; j)ez2
endowed with the usual operations. For the sake of convenience, if x = {z;;}, y = {yi;} €
1(Z?), we write < y if x;; < y;; for all (i,5) € Z2. Let S : 1(Z?) — I(Z?) be defined as
follows: for u = {u;;} € 1(Z?),

iz Bilivty | Yiglig—1 | Oguiger S, uig)
(SU)” = = 4 = 4 : + ’ +
Oij Oij 045 045 Oij

)

where we have assumed that «;j, 85,7ij,0i; > 0 for (i,7) € Z*2.
Consider the following sequence of successive approximations: wlol = {B*} and

W — sl = 0,1,2, . (2)
Note that

ug]{ﬂ+&+ﬂ+—]}3 HABRED e 2
Oij5  Oi5  Oi5  Ogj
Thus, if we impose the condition

Oij  Tijg  Tij  Tij Oij

(1, Similarly, if we define vl = {B.}, and v[**1] = Svl"] for n = 0,1,2,...,
(1 provided that

S

{%4’@4‘&4—5&}3*4— f(Z’jl"B*) 23*7 (Z,j) EZQ.

Oij Oij O Oij Oij
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Next, under the additional condition that f is nondecreasing in the third variable, note
that !t < implies w2l = Syl < gyl = um, and o0 < pll implies ol < pl2,
Furthermore, if we assume that B, < B*, then ol0l < u[O], so that vl = Svl0l < §yl0] <
u. By induction, it follows that

B, =09 <ol <. <pll <l <Ll < n ) <) <0 <[00 = B

It follows that for each (i, j) € Z2, uZL] converges to a limit u;; and vl[?] to v;; as n — oo.
By taking limits as n — oo on both sides of (2), we see that the double sequence u = {u;;}

and v = {v;;} satisfy (provided that f is continuous in the third variable)
w = Sw, 4)
and hence u and v are bounded solutions of (1).

Theorem 1. Suppose j, Bij,Vij, i, iy > 0 for (i,j) € Z2. Suppose further that
f:7Z% x R — R satisfies

ij ij ij | Oij 5 J, Bx .y
B*{ﬂ+ﬂ—f+7—f+—J}+f(”H )ZB*, (i,j) € 22,

045 O O Oij O
B*{%+@+ﬁ+%}+M§B*, (i,4) € 22,
Oij Oij 045 Oij 045
where B, < B*, and for any u,v € R,
u<v= f(i,ju) < f(i,4,0), (i,4) € 22

and f is continuous with respect to the third independent variable for any (i,j) € Z2.
Then equation (1) has a solution bounded between B, and B*.

In particular, for the case where f = 0, a;; = Bi; = v = 6;; = 1 and o045 = 4,
take B, = B* > 0, and a positive and bounded solution will result. Note further that if
B, > 0, then the solution v found above is positive.

If we are only interested in bounded solutions, the Banach contraction principle can
also be applied. Let us first consider the simple case where f = 0. Then (1) can be
rewritten in the form

Uij = ;{aijui—l,j + Bijtitj + Vijli -1 + Oijtti g1},
3

where we have assumed that o;; # 0 for (i,5) € Z2. Let Q be the Banach subspace of
all bounded sequences in [(Z?) endowed with the norm

lz|| = sup{|zi;| : (4,7) € ZQ}.

Let T': Q — 1(Z?) be defined as follows: for u = {u;;} € Q,

1 .
(Tw)ij = - {aijui1,j + Bijtit1,j + Yijtij—1 + GijUij+1}, (i,j) € 2> (5)
i
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If we now impose the condition that the double sequences {|wj/04jl}, {IBii/0ij}s
{Iij/oij|} and {|d;;/0:;]} are bounded, then since
bl

Bis Oij
hence T is contained in ). Next, if we impose the additional condition that

Yij
Uij

—L1+ + +

)

Uij

sup{ v + @ + Tij + A } <1, (6)
ij Uil oyl o] [0
then since 5
s g g g
| Tw— T Ssup{‘—” +‘& 4|2y | }|u—v||7
ij Ui | ol oy ij

we see that T is a contraction mapping on 2. Thus by means of the Banach contraction
mapping principle, we see that there is some v = {v;;} € Q such that v = T'v. But then
in view of (5), v is a bounded solution of (1). Unfortunately, since {0} is a solution of
(5), the unique bounded solution can only be {0}.

However, for perturbed equations, the same principle applies, and nontrivial and
bounded solutions may result.

Theorem 2. Suppose ij, Bij, Vij, 0ij, Tij, Nij are defined for (i,j) € Z?* such that
0 #0 and \ij > 0 for (i,j) < Z2, and that
} <1

Bij 0ij
|f(i, g, u)l < loglw(lul),  (i,4) € Z°>,u € R,

—L |+
045

Oéij

sup { —=
]

045

M

Oij

Vij
O'ij

+ + +

Oij

Suppose further that f : Z? x R — R satisfies

for some function w : R — R which is bounded on [0,00), and

[f(i,g,u) = f@@ g0 < Nglu—vf, (i,) € Z%u,v € R.
Then the equation (1) over Z2 has a bounded solution (which is nontrivial if f(i,7,0) # 0
for some (i, ) € Z?).

The proof follows from modifying the definition of T defined by (5) to T

1 L .

(Tw)i; = (Tw)i; + ;f(la]auij)v (i,4) € Z*.
ij

Then

@i | | Big

Oij

+

+o2

)

N2

)

|(Tu)iy| < {

} hll + gl () € 22

Oij
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and 5 \
_ _ s g g g g
[T — Tl §sup{ |+ Bij SRR DO [ e e o }|uv||,
ij U0l ol |oij| |05 ij
so that T is a contraction mapping on €.
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