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A GRUSS’ TYPE INTEGRAL INEQUALITY FOR MAPPINGS
OF -HOLDER’S TYPE AND APPLICATIONS
FOR TRAPEZOID FORMULA

SEVER SILVESTRU DRAGOMIR

Abstract. A new integral inequality of Griiss’ type for mappings of r-Hdolder’s type and appli-
cations for trapezoid formula in Numerical Integration are given.

1. Introduction

In 1935, G. Griiss proved the following integral inequality:

e [ s [ p@ae i [ ] < 2o - om )
b—a/, TIGE)CT b—a J, xmbiaagaca:_ll 7
provided that f and g are two integrable functions on [a, b] and satisfying the condition

< f(x) <P and v < g(x) <T for all = € [a,d].

The constant § is the best possible one and is achieved for f(z) = g(z) = sgn(z—2$2).

For other similar results, generalizations for positive linear functionals, discrete ver-
sions, determinantal versions etc. see the Chapter X of the book [1] due to Mitrinovié,
Pecari¢ and Fink where further references are given.

In this paper we shall point out a new Griiss’ type integral inequality for mappings
of r-Holder’s type and apply it in connection with the trapezoid rule from Numerical
Integration.

2. The Results

In this section we point out a Griiss’ type inequality for mappings satisfying the
condition of Holder as follows

Theorem 2.1. Suppose that f is of r-Hy-Hélder type and g is of s-Hs-Holder type,
i.e.,
[f(z) = f(y)l < Hilz —y[" and |g(x) — g(y)| < Halz —y[* (2.1)
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for all x,y € [a,b], where Hy, Hy > 0 and r, s € (0,1] are fivzed. Then we have the

inequality:
‘b /f dx——/f da:—/

H1H2 )r+s
- (r+s+1)(r+s+2)'

(2.2)

Proof. By the assumption (2.1) we have

|(f(x) = F()(g(z) — g(y))| < HiHo|z —y["**

for all z, y € [a,b]. Integrating on [a, b]? we get

‘/ab /ab(f(x) = fW)(g(x) *g(y))d:cdy‘ <

b
< HH> / |z —y|" " dwdy.
a

Now, we observe that:

b b
//|:cfy|r+5d:cd

/b / Iy*xl’”“dy
/b / -~ T+de+/zb(y:c)r+5dy)d:c
s

b _ r+s+1 + (b )T+s+1 2(b _ a)r+s+2
T =
r+s+1 } (r+s+1)(r+s+2)

and as

%/ab /ab(f(:c)—f(y))(g(x)—g(y))dxdy = (b—a) /abf(x)g(x)dx—/abf(x)dx/abg(x)dm

we get the desired inequality (2.2).

Remark 2.2. If s = r =1, i.e., in the case of Lipschitzian mappings, we have the
following inequality [1]

‘bia/f da:——/f )z -

where L and Lo are the corresponding Lipschitz constants.

/ (x)dx}ngQ(b—a)?, (2.3)
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3. Applications for Trapezoid Formula

In this section we point out some applications of the above results for the trapezoid
rule as follows

Theorem 3.1. Let f : [a,b] — R be a differentiable mapping and assume that its
deriative f': (a,b) — R is of r-Holder’s type on (a,b), i.e

|f'(@) = f'(y)| < H|z —y[" for all 2,y € (a,b) (3.1)
where r is fized in (0,1]. Then we have the inequality
f + f / b _ a r+1
Ydz| < —————— 2
‘ Cb—a Uc ‘_ (r+2)(r+3) (32)

Proof. Integrating by parts, we have

/ab(x_a;b)f/(fﬂ)dmz(x a—i—b /f

— -0 / f()de

b

i.e., we have the identity

fl@+f) 1 f° _
5 _bfa/a f(z)dx =

Define fi : [a,b] — R, fi(z) =z — 22 and g1 : [a,b] — R, g1(z) = f'(z). Then f; is
of s-Hy-Holder’s type with s =1, H; = 1 Applying Theorem 2.1 for f; and g1 we get

b b
o [ @ - [ e /f )|

(x_a—i—b
o 2

)V f (z)dz. (3.3)

b—a
H(b—a) !
D) (3.4)
Now, as

b
b
/(ac—a;r Ydz =0

then the inequality (3.4) becomes, via the identity (3.3) the desired inequality (3.2).
The following approximation of the integral fab f(z)dz holds.

Corollary 3.2. Suppose that f is as above. If I :a =20 <x1 < - <Tp, <Tp =">0
is a partitioning of [a,b] and h; :== x;41 —2; (1 =0,...,n— 1) then we have

b
/ f(t)dt = AT,I,L(f) + RT,I;L (f) (3.5)
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where »
AT,I;L(f) — Z f(xz) +2f(1'i+1)hi, (36)
i=0

is the classical trapzoid rule and the remainder Ry 1, (f) is satisfying the estimation

H - r+2
|RT,I;L(f)| < m ; hi+ . (3.7)

Proof. Applying Theorem 3.1 on the interval [z;, 2;41] (i =0,...,n — 1) we get

(®it1 — xi)f(fﬂz') +2f(93i+1) _ /m o f(t)dt‘ S ) ul T2

foralle=0,...,n—1.

Summing the above inequalities and using the generalized triangle inequality we get
the approximation formula (3.5) and the remainder is satisfying the estimation (3.7).
The following theorem concerning a perturbed trapezoid formula also holds.

Theorem 3.3. Let f : [a,b] — R be a twice differentiable mapping and assume that
its second derivative f" : (a,b) — R is of r-H-Hdlder’s type on (a,b) i.e.,

|f"(@) = f"(y)| < Hlz —y|" for all z,y € (a,b) (3.8)

where ris fized in (0,1]. Then we have the inequality

b a —a 7ar+2
‘bia/ fayin - LDEIO) = )<f’<b>f’<a>>\§%' (3.9)

Proof. Integrating by parts, we can state that
b b
[ @ a0 @ =@~ b2 @]~ [ e+ - 2007 (@)

b b b
= [e-@+ ) @)in = @2+ 0)[ -2 [ (o

from where we get the equality

b b

1

/ (z)dx = M(b —a) — —/ (x —a)(b—z)f"(x)dx. (3.10)
a 2 2 a

Consider the mapping fi : [a,b] — R, fi(z) = (x—a)(b—=z). Then f{(z) = (a+b)—2x

and then |f](z)| < b—a for all z € [a,b], and then f; is of s-H;-Holder’s type with s = 1,

H; = b — a. Cousider also g; : (a,b) — R, g1(x) = f"(z) which is of r-H-Hdélder’s type.
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Applying Theorem 2.1 for f; and g; we get:

i b(:cfa)(bf:n)f”(:c)d:cf i b(:cfa)(bf:c)dam i bf”(:c)d:c
b a a b a a b a a
H(b—a) 2

)] (3.11)
Now, as

b _ ) b
/a(:cfa)(bf:c)d:c: (b B ) and /a f"(z)dz = f'(b) — f'(a)

we get from (3.11) that

H(b _ a)r+2
(r+2)(r+3)°

‘bia /ab(fﬂ —a)(b—z)f"(x)dx — b;a(f’(b) - f’(a))‘ <

Using the identity (3.10), the above inequality becomes the desired result (3.9).

The following quasi-trapezoid composite formula holds.

Corollary 3.4. Let f be as in the above theorem. If I}, is a partitioning of [a,b],
then we have

b
[ 0t = Agr,(£) + oz, ()

where - -
Agr(f) = 3 P Cedy LS (e~ pan
=0 =0

is a quasi-trpezoid rule and the remainder Ror 1, (f) is satisfying the estimation

H S
R N
|Ror,n, ()] < 2(r 4+ 2)(r + 3) ; ’

The proof follows by the above theorem and we shall omit the details.
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