TAMKANG JOURNAL OF MATHEMATICS
Volume 31, Number 1, Spring 2000

A NOTE ON A CERTAIN CLASS OF FUNCTIONS RELATED TO

HURWITZ ZETA FUNCTION AND LAMBERT TRANSFORM

R. K. RAINA AND T. S. NAHAR

Abstract. In this paper we obtain multiple-series generating relations involving a class of
function GE;W'))(S, a;x1,...,Ty) which are connected to the Hurwitz zeta function. Also, a new
n

generalization of Lambert transform is introduced, and its relationship with the above class of

functions further depicted.

1. Introduction and Preliminaries

The generalized (Hurwitz’s) zeta function is defined by [3]

o

((s,a) = Z(a—l—n)fs, (Re(s) > 1; a#0,—1,...)

n=0

and when a = 1, we have
C(s.1) =3 0 = ((s),
n=1

where ((s) is the Riemann zeta function.
The function ¢(x, s,a) ([3, p.27]) extends (1.1) and is defined by

o(z,8,a) = Z(a +n)"z™. (Re(a) > 0;]z| < 1)

n=0
The integral representation of ¢(x, s, a) is of form

1

d(z,s,a) = (s) /000 t57 a7 (1 — ze~ ") " tdt,

(1.1)

(1.3)

(1.4)

provided that R(a) > 0 (and either |z| < 1,  # 1, and Re(s) > 0, or z = 1 and

Re(s) > 1).
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We introduce a multivariable function 9 (5 a; 1, ...,%,) which is defined by
98;”) (s,a;21,...,2n) = 95511:::,’;7))(8’ Ty, .., Ty
- —s . (,uz)m ms:
I T
M1sey Mp= i=1

where @ = Y7 | pim;, Re(a) > 0, p; > 1 (either |x;| < 1, z; # 1; or |z;| = 1, Re(s) > n,
Vi=1,...,n).

Equivalently, the integral representation of 98:”)) (s,a;21,...,2,) is given by
(1n) ) _ 1 * el —at T ) M
9( )(s,a,:cl,...,:nn) ~ ) /0 t° e H(l xqe ) dt, (1.6)

provided that Re(u;) > 1, Re(p;) > 0; (¢ = 1,...,n), Re(a) > 0 (and either max {]z;|} <
1, z; #1 (i = 1,...,n), and Re(s) > 0; or z; = 1(i = 1,...,n) and Re(s) > D1 p;).
As usual the symbol (X),, stands for

1; lfn:O,
(A)"_{A(A+1)---(A+n—1), if n e N. (A#0,-1,-2,...)

Special cases of (1.5)
(i) When n =p =1, we have

Hsasa) = (@t m)y T o ) (1.7)
m=0 :

The function ¢y, (z, s, a) was studied recently by Goyal and Laddha [4].
(ii) For n =p = p =1, we have

(s,a;1) Z a+m) %z™ = ¢(x,s,a). (1.8)
m=0

Evidently, the Hurwitz’s zeta function (1.1) is given by the relation

01(5,0:1) = (s, ). (1.9)
(iii) Corresponding to p; = 2; =1 (Vi =1,...,n), we have

oo

0;,1.,.:‘7‘1,Pn(5’a;1"'"1) = Z (a+Q)_s :Cn(saa;plv"'apn)a (1'10)

mi,...,mp=0

where @ = Y0  p;m;. The class of functions (,(s,a;p1,...,pn) is the n-tuple
Hurwitz (-function introduced by Barnes [1] (see also [9]).
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(iv) For y; =p; =2, =1 (Vi=1,...,n), we have
oo

0 (sl )= > (a+9Q)7 = Gils,a), (1.11)

)
mi,...,mp=0

where Q* = >, m;. The function (,(s,a) is the multiple Hurwitz’s zeta function
(studied recently by Choi [2]).

In the present paper we first obtam certain multiple-series generating functions in-
volving the multivariable function 6, (o (s a;ry,...,%,) defined by (1.5) above. A new
generalization of Lambert transform is mtroduced and its inversion formula, and rela-
tionship with the function 9(;: ") (s,a;x1,...,2,) are also pointed out. The results pre-
sented provide extensions to some of the results in [4] and [6].

2. Generating Relations
Using (1.5) and the multinomial expansion ([7, p.329])
Z H (1— Z ), (2.1)
= Z { }

provided that | Z:Zl x;| < 1, we easily obtain the generating function:

[e%S) r ki
> (A)ik 9(53) +Zk“a T1,e.., ”)H{Z '} 98;: A\ a— thl ),
k1yerskr=0 i=1
(2.2)
provided that | Y"1, ;| <la|, N\ # 1, and |z;| <1 (i =1,...,n).
The generating function (2.2) admits of a further extension. Indeed, in terms of the
Lauricella’s multiple hypergeometric series FJ, ([7, p.33]), which is defined by

Fg)[a,bl,...,br;c;xl,...,:ET]

oo

_ Z (a)m1+.“+mr(b1)m1 -.-(br)mr H{IZ } 7 (maX{|$1|,---,|$r|}<1) (2.3)

mi,....,mp=0 (C)m1+---+m7,

it follows from (1.5) that

3 25 et |

i=1 i)k by fin .
2 (V)iH T h 9<p)A+Zﬂz+k) V,a; T, . Tn)
. k.=0 i

=1

o —)\+V—Z;M n . i , t t,
_ Z (a+9Q) i=1 H{M}FE)[)\,/“,...,MT;V;H—IQ,.. J;Q ,(2.4)
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provided that max{|%|} <1, u; > 1, Vi=1,...,7; Re(A+ Y_I_; 1) > Re(v) > 0. More

generally, (2.4) may further be extended in the form

o0 k tki
Z V(ki,. .k, GEZ”)U—l—Zkz,aJcl,..., )H{kzl!}

k1,...,k.=0 i1
o0 n
_ (Nz‘)m-xm} P:Q ~Q[ t tr ]
= a+ Q) ST Qi . (25
X e g{ e L | @)

provided that
1) 1+30 (s —Q )JrlfP > 0 and either P > [ and ) ;_

max{|%[} <1 (i=1,...,r)
(ii) p; > 1, Re(a) >0

where
' o e
I1(ai) - (b5 )k, (07 )k,
i=1 ki i=1 i=1

Viki,... k)= ; =t ” - . (2.6)
(o) e, TL0, - TL ),
= ki i=1 =1
i=1
The function Flplel’;'S'jQT [1,...,2,] occurring in (2.5) is the generalized Lauicella series

in several variables defined as follows (see [7, p.38]):

(r)

P:Q1;...;Qr P:Q1;..;Qr (ap) : (b11)7,(b ),

Fl:sf;z_l,,;er [€1,..., 2] = l:sf;?.l..;er . f? . . (%7 STl Ty
(al)'( sl)""’( Sr )a

0o r ki
= ¥ V(kl,...,kr)H{k’i!}, (2.7)

k1,....kr=0 i=1

where, V(k1,..., k) is defined above by (2.6).
Next, consider a set of polynomials {S%,(x)}5°_, defined by [5, p.1, Eq. (1)]:

[m/q]

Sa(x) = Z = zn')q]C’( )’ (¢ e Nym € Ny =NU{0}) (2.8)
j=0
where C(j) are arbitrary constants (real or complex).

Then, by simple series rearrangement method, and applying (2.2) in the process, we are
lead to the following multiple generating relation:

%0 ( i N
% i o) A+Zkz,ax1,..., n)}:[l{SZ:(%),;!}
-2
kr=

3

Mo qi L ki
s Hzmma th,xl,.w . H{c(kz){yzk(l! D } (2.9)

kiq =1

i=1
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By specializing the sequence C(k;) as follows:
I (),
COlhy) = =28 (2.10)
qk7Q7, ﬁ (b(n)
! j=1 T ki
we then find from (2.9) that
) T A(QZ kz) (a(z)) tfi
(A) - g(ﬂn A+ ki a;me,. .., 170) {qu’,PiFQi & Py,
kl,.grzo Z: (Pn Z E (sz) ’ kz'
N =
= Z ()\ T (Z:) )‘+Zqulaa_zt’uxl7"'a
K1 ,eeoskr =0 Z
P;
r 1;[ ( ) RN
11 7{yz< ) } , (2.11)
i=1 (@) i
kit TT (657 )k
j=1

where A(m, \) denotes the array of m-parameters

A A+1 A4+m—1

— e, (m € N).
m’ m m

Example. By involving the Lagueree polynomials (which occurs when P, = 0

Qi=1=q, " =14a;(i=1,...,r), (2.11) yields

- r i(0, \1Ki
2 % o A+zkz,axh..., )H{%}
ki, kr= ki

(1 + ai)ki

o0 T K k _ t)kl
- A) . 9(“" A+> ko= tian,... 2, {(L} 2.12
D A e M B It G

Several other examples similar to (2.12) can be obtained from (2.11) by suitably special-
izing the sequence C(k;). We omit further details.

3. An Integral Transform

Let f(t)(t > 0) be a continuous function, and

F(t) = O(*)(t — o).

(3.1)
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Then, the Lambert transform of f(t) is defined by
st

F(s) = LM{f(t)} = /0 h 7 fdt. (Re(s) > 0) (3.2)

We introduce a generalization of the Lambert transform (3.2) in the following form:

H{f()} = H) (21, wpss) = HED 0 (20, s s)

- /OO St rwa (3.3)

(epiSt — xi)'u'i

—

1

2

provided that Re(s) > 0, p; > 0, |p;] > 1, max|z;| <1 (Vi =1,...,n), f(t) € A and
Re(y) > —2, where A denotes the class of functions f(¢) which are continuous for ¢ > 0
and satisfy the order estimates:

_ O(tv) (t—>0+),
1) = {O(ﬁ) (t — o0). 34
The parameter § is unrestricated, in general, since Re(s) >0, p; >0 (i =1,...,n). We
note that on putting n = p = 1, and setting f = t*"1g in (3.3), we have
" o0 stP
H{ (w3 5) :/0 mg(t)dt, (3.5)
which was recently studied by Goyal and Laddha [4]. Evidently,
1 st
Hi(z;s) = — f(t)dt .
o) = [ s (36)

the transform investigated by Raina and Srivastava [6]. It readily follows from (3.3) and
(1.6) that

* a— —VSs (Oé + 1) n .
H {12 ey = =) (ot Ly + ) papssi o, ), (3.7)
i=1
provided that Re(s) > 0, Re(a) > —1, Re(v) > 0, u; > 1, p; > 0, and |z;| < 1
(Vi=1,...,n).
Further, in view of (2.8) and (3.7) we obtain

{ta 1 —uatH S(h }

[ma/ai] mv/q7 r - me) "
Z > T 1+0¢+Z]’i)H{Ac( )( z) }
J1=0 jr=0 i=1 i=1 .71- S

T n
98:") 1+a+2ji,y+2pmi;x1,...,xn) (3.8)
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provided that Re(s) > 0, Re(a) > —1, Re(v) > 0 and p; > 1, p; > 0, |o;| < 1 (Vi =
1,...,n) and ¢; € N, m; € Ny (Vi = 1,...,r). In particular, when C(j;) = (tai)m,

(1+Oli)ji ’
gi=1(i=1,...,r), then (3.8) in terms of Laguerre polynomials gives

H {to e Lo} (wat) - - Ly (1) }

—H{M}S_O‘i"'ir(l+a+§ji)

J1=0  jr=0

() . n . r (_mi)ji (3%)]1
~9<;;><1+a+Zw+2pmm»wn>ﬂ{m . (39)

=1 i=1 =1

Inversion formula for the transform (3.3)

Applying the Mellin transform [8, p.46], (3.3) then gives

(k) :/ k- lH((;f"))(acl, ey T 8)ds
0

:/OOOS— - {/ stH (ePist — ;)" f(t)dt}ds
/Oootf {/ —kH (ePrst — ‘“ds}dt, (3.10)

=T - 9(“” (1-k szul,:cl,..., n)/ th f(t)dt, (3.11)
0

provided that, in addition to the existence and convergence conditions stated with (3.3),
we also require that Re(k) < 1, for the convergence of the inner s-integral in (3.10) above.

By the Mellin inversion theorem [8, p.46], we obtain the following inversion formula
for the integral transform (3.3):

S+ 0)+ £~ 0)]

1 0+’i00

n —1
— {m — kYO (1~ k, ;piui; 1, ... ,xn)} RN (k) dk,  (3.12)

27” o—100

provided that o > 1/2, Re(k) < 1, t*f(t) € L(0,00), f(t) is of bounded variation in the
neighbourhood of the point ¢, U(k) is given by (3.10), and p; > 1, p; > 0, max{|z;|} <1
(Vi=1,...,n).
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