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SCHATTEN-TYPE CLASSES ON SEQUENCE SPACES

R. KHALIL AND M. SALEH

Abstract. Let H be a Hilbert space and L(H) be the bounded linear operators on H. For
T € L(H), let ||T|l, = sup[z:ll | < Ten,en > |P]P, where the supremum is taken over all
orthonormal sequences (en). Set Cp(H) = {T € L(H) : ||T||, < co}. The object of this paper
is to define and study Cp(X,Y) where X and Y are sequences spaces.

0. Introduction

Let H be a Hilbert space and L(H) be the space of bounded linear operators on H.
For T € L(H) let

Il = sup [ Y"1 < Ten,en> ] 1< p< o0

n=1

where the supremum is taken over all orthonormal sequences (en) in H. The Schatten
class of index p is defined to be

Cp(H) = {T € L(H) : |T|l, < o}.

We refer to [4], [5] for more on Schatten classes. The set of compact operators in L(H)
are denoted by Coo. It is known that Cp(H) C Cq, for all 1 < p < oo, and that Cp(H)
is a two sided ideal in L(H). Further, for 2 < p < co and T € C,(H),

18]l = su% {Z IlTen”p] l/p.
£ n=1

n

Andfor 1<p <2,
) O_?_\ ' i/p
1Tl = jut | 3= eali?] ™
& n=1

Schatten classes can be defined on Banach spaces either via singular numbers of bounded
operators or via (p, 2)-summing operators. We refer to [4] for both cases.
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10 R. KHALIL AND M. SALEH

The object of this paper is to define Schatten type classes on sequence spaces (P —
sapces) via p-orthogonal sequences.

Throughout this paper L(E, F) is the space of all bounded linear operators from E
to F', where E and F' are any two Banach spaces. the compact operators in L(E, F) will
be denoted by K (E, F') while the finite rank operators will be denoted by F(FE, F'). The
class of (p, q)-summing operators in L(E, F) is denoted by mp 4(FE, IF), [4], and the class
of p-nuclear operators will be denoted by N,(E, F'), [4]. The class of weakly p-summable
sequences on E is denoted by £7(E), [2]. The dual of E is E*, the unit sphere of F is
S(E) and the conjugate of p is p*[2 + 5= = 1].

I. Cp(¢*",E)

Let E be any Banach space and 1 < p < oo. To define our class of operators, we need
first to introduce the concept of p-orthogonal elements in Banach spaces.

Definiton 1.1. A sequence (z,) in E is called p-orthogonal if

= = P 1/p
13 Anzall = [ 32 AalPllanll?]
=l n=1

If ||z, || = 1, we say () is p-orthonormal. For p = oo, (zn) is called p-orthogonal if

o0
I Z AnTn|| = SUP(I/\nmxn”)-
n=1 L

We refer to [1] for more on p-orthogonal sequences in Banach spaces. Some of the basic
properties of p-orthogonal sequences in listed in:

Lemma 1.2. Let (z,) be a sequence in the Banach space E. Then:

(i) For E = (P, (z,) is p-orthogonal if and only if supp(zy,) N supp(zm) = @ forn #m,
where supp(z,) = closure of {i : zn (i) # 0}.
(ii) For E = (P, (z,,) is p-orthogonal if and only if (|z|) is p-orthogonal.
(iii) If (zn) is p-orthonormal in E, then

o 1/p
(S 1< a2t > P 7 <lls”|
n=1

for all z* € E*.

The proof of (i) can be found in [1], (i) follows from (i) and (iii) follows from the
definition of p-orthogonal sequences.

Now we introduce our basic definition.
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Definition 1.3. For 1 < p < co and E any Banach space, set:
. ’ = 1/p
(¢, B) = {T e L@, B) :sup [ 3" |T6ulP] < o0},
n=1

where the supremum is taken over all p*-orthonormal sets, (6,,), in £7". for T € Cp (", E),
set:

o0 1/ .
IT||, = sup { [ Z ”Tf)nllp] = (6,,) is p*-orthonormal set in ¢P }
n=1
For p = ¢, we let

Coo (€', E) = {T € L(¢", E) : sup(||T,])) < oo},

where the supremum is taken over all 1-orthonormal sets, (6,,), in £!. For T' € Coo (€2, E),
set:

IT||co = sup{l|(IT6x)lloo, (6r) is 1-orthonormal set in £!}.

Throughout this paper, we write sup to denote that the supremum is taken over all
(6n)p
p-orthonormal sets (6,,) in £? where 1 < p < .

Lemma 1.4. Let E and F be any Banach spaces, and 1 < p < co. Then:

@) TN < WIT|lp for all T € Cy(€7", E)

(ii) For anyA € L(E,F) and allT € Cp(¢P" ,E)AT € (¢, F) and AT ||, < [IAIITl,-
(iil) Cp(¢P",E) is a Banach space
(iv) Coo(€!, E) = L(¢', E).

Proof. The proof of (i), (ii) and (iv) follows from the definition of || ||,. For (iii) we

only prove that Cp (€7 E) is complete. for that, by proposition 4[6,p.116] it is enough to

prove that if T,, € C,(¢?", E) such that | B HT,,H,, < oo, then Y72 | Ty, € Cp(¢7", E).
Consider T'= )7 | Ty, where Tz = Y>> . T,z for all z € ¢7". Then:

o0 [e%s)
1Tl < llzll S ITll < llell S [Tl < co.
n=1l el

Hence, T' € L(¢*" | E).
Now, let (6;) be any p*-orthonormal set in #¢". Then

(SIS Ter]” <3 [an o]
k=1 n=1 n=1

Z 0 [Z T, gk”p]l/p

<D 1Tl

n=1
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12 R. KHALIL AND M. SALEH

Lemma 1.5. F(¢?",E) C Cp(¢*",E). Further for any z € £° and y € E we have
liz @ yllp = ll=llllyll-

Proof. Follows from definition 1.3 and the basic properties of || ||,. We now give a
nice characterization of Cp(¢*", E).

Theorem 1.6. Let 1 < p < oo and p # 2. Then the following are equivalent:

(i) T €C (&, E). |
(i) T'= Zoo )\ 5, ® gn, where gn € E with ||gn|l = 1. In this case, |[T]lp, = [|(A sl

Proof. (i) — (ii).
Let T € cp(E”*,E) and z € ¢P . Since 6, is a basis for F",1 < p < oo, then
=3, <z,0, >, Thisimplies that

o0
Tm:-—-z < 2,60 > T6p.

n=1

Thus,
T=>Y 6,®Téy,

n=1

where the series converges strongly. Hence, T = 3250, A6 ® gn where A, = ||T6,|| and
O = 1|1’<5 Trsiy- But since T € Cp(¢P"F), then [377, [An |”]1/1’ = [§ s 18 IP1/? < ||Tlp-
Thus

o0
T = Z Andn ® gn,
n=1
where (\,) € P and ||gn|| = 1.
(if) —(1).
Let T = 3.2, Aubn ® gn, where (A,) € € and g, € E with llgnll = 1. We claim that
T € C,(¢7" ,E). First, we prove that T' € L(¢?",E). For this, let z € ¢°". Then

HT:{;H " [Z |)\n|p] 1/p . [f: Y Ip,]l/}h
n=1

o0
n=1
[ee]
/
<[] -l
n=1

Thus, T € L(*", E) and ||T|| < [Fmeq [An |P]M/P.
Now, let (6;) be any p*-orthonormal set in ¢7" . Then

o0

[§l|T9k|‘p]l/P < [i [;I)‘HH < & B 5 I]P]l/p

k=1
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IZanIAnH <m0k > (lme)llpr = 1)
=1

n=1
(o2)

5 Z |77k”/\nl << 5n|7|9k| > .

k=

=
—

n=

Since [6p| is p-orthonormal, then ||>°°7 |A, ||5 lle = Doy PalP? < oo, Thus
> met |An|l6n] € £°. Consequently, since |6 | € £, then:

o l/p (o) [>9]
[ D2 0T8P] ™ < S el < 3 1hnlldal, 6] > -
k=1 k=1 n=1

Again, since |0x| is p-orthonormal, we get

1Y el 6elllp- = [Zlnkl’” [
k=1 k=1

Thus Y72, |7x]|6k] € €P". Hence,

*

[éumnp]w << ilx\nnanl,gmkueu i g i allda] € 29)
<| ijj Aaldlly- Hélnkllf)klllp*
<[] [gjllnklp‘]” :

[i |/\n|p] 1/p

&

Since () was arbitrary p*-orthonormal sequence, it follows that T € C (EP E) and
”T”p [Zn 1 I/\n|,’p]1/p But

[0l = [ zsap]” < i

n=1 n=1

Hence -
1/z
Il = [Z Al?]
If p =1, then we have:

Lemma 1.7. If T = fo_’_l Andn @ gn, where (A,) € €' and g, € E with lgnll = 1,
then T' € Cy(€°, E). In this case, ||T||; = ||(An)]|1-



14 R. KHALIL AND M. SALEH

Proof. This is just (ii) = (i) in Theorem 1.6.
Let N, ,.(X,Y) denote the space of (p,q,r) uclear operators, [4, Deﬁmtlon 18.1.1};
from X into Y. Using Ny 4.r(X,Y) we give orther characterization of Cjp (e ,E).

Theorem 1.8. Let 1 < p < o0, p # 2, and E be any Banach space. Then the
following are equivalent:

(i) T € Cp(&", E)
(i) T € Np1,(¢7 ,E)and T = 372 AnZn®Yn, where (An) € P, (z,) = (|zn]) € 7" (¢P)
and sup,, ||yn| < 0.

Proof. (i)——)(ii)
Let T € Cp(¢°",E). Then by Theorem 1.6, T = 377 ; Anfn ® gn where (An) € £7,
= |6n| € £P and ||gn|| = 1. Since (\») € £7, SUP||z*||<1[En_1 | < 8, 2*IP"1/P" <1 and
sup,, |lgn|l = 1, then it follows from Definition 18.1.1, [4], that T' € Np1 (7", E).Further,

ng

ITlp,1,p < [Z |An l”] .” bP[]%l [Z[ & B o ¥ ] Sl,l,p”g"”
<[ mr]”
=1
= [|Tlp-

(i) = (©)-
Let T € Ny p(¢P", E) such that T = Zt_ AiT; ® y; where (A; ) € P, (z;) = (|zi]) €
¢°" (#7) and sup; ||y:]| < co. Let (&) be an p*-orthonormal set in ¢¢" . Then

[g i) < |

<]

i 1/p
|3 Dhall < 2, 86 > HlallP]

1 n=1

(&)
> 1= klAall < zn, 0k > [l|ynll|(For some (1x) € S1(€7))
1

M8

=~
il

n

<| M| An| < |nl, [6k] > llynlll-

NIERRNgE:
M8

1

Eel
Il

=1

0
<< nllzalllyall, > meldil > |
n=1 k=1

81

oo
< Z [Anllznll|yn
n=1

k=1
<swlall- [ ab] [ <onie
n=1

n=1

p.]lfp*.
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Thus, by Theorem 1.6,

1Tl < [32 13nl] 7 sup [Z|<wn,z > 17" sup

A1 Jlz*]|<1

Hence T € C,(¢*" ,E).

IL. Ideal Realation of C,(¢*" E)

"The proof of the following is immediate and will be omitted:

Theorem 2.1.

(i) C (E” ,B) C K(¢er", E)
(ii) ﬂp(ép ,E)CC (KP E)
(iii) N,(¢?",F) C C (€7 E).

For p = 2, we have the following nice result:
Theorem 2.2. Let E be any Banach space. Then C2(,E) = my (L2, E).

Proof. By Theorem 2.1(ii), we have m3(¢2, E) C C (€2, E).
To prove the other inclusion, let T € Cy(¢2, E) and (z,) be any sequence in ¢2. If

SUP||g= <1 [zn: | < zZn,z* > |2]Y/2 = 0, then we have:

[f:HTm"n”?]l/zsoO: ik [Z<$n,x >’]1/.
n=l

llz*ll<t ==

and T € m3(¢%, E).
Assume that sup|«<1[Y e, | < Zn, z* > |2]/2 < c0. Define

A f2 oy 2
n=1

The for each z € £2,

||Az|| = | Z <l @ 3 T * > | (for some z* € S (£2))

n=1

snxu-[2|<xn,x =

n=l

Consequently, A € L(¢%,£2) and || 4| < [, | < Zn,z* > >]*/2. Hence

(3 1zan?]”* = [g a2 = jay [ Z I

n=1
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Set A = 'ﬁ%ﬁ' Then ||/i|| — 1. Lemma 2.2.3, [5], implies that A= Zle o;ug, where u;’s

: 4
are unitary operators and y_;_; |ai| = 1. Thus

00 ‘ 2 0_4_3\ 4 P /2
S real]” <113 [Slestizus] ]

n=1 n=1 i=1
4 o} 1/2
< N[ D leal [ S Iusdal?] |
1=] n=1
< AT 2,

noting that a unitary operator maps orthonormal sets to orthonormal sets. Consequently,

s 1/2 = 1/2
[ UTzal?] " < Tl sup (> 1<z > P
n=1

z*||<1
Thus, T € w2 (€2, E) and ||T||x, < |IT|2-

=2l

III. Duality in C,(¢*",E)

Theorem 3.1. let E be a reflexive Banach space. Then
(i) [C2(€2, E)]* is isometrically isomorphic to m2(E, Z].
(ii) [Cp(€P", E)]* is isometrically isomorphic to Cp- (4P, E*), 1< p < 0 and p # 2.
Proof.

(i) Follows from Theorem 2.2 and the fact that [m (2, B)]* = ma(E, £%), [4, p-296].
(ii) For A € Cp+(£?,E*), define

Fu:Co(tP ,E) = C,
x
Fa(T)=)_ < A6, Thn >

n=1

Then

(ee] . / N o5
|Fa(T)| £ [Z 1| ASn|I? ]1 P [ZIITcSan] 1/p
o=l n=1
< 1Al - Il

Hence, ||Fa|| < ||A]|p-. This implies that F is a bounded linear functional on Cp(¢P", E).
Further

A p*]l/x" |

o= [ 14
=1 <A, yn> 1 (IlyalDllp = 1)-

n=1
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Now, define

To: 7 — E,
(ee]
To=) 6n®yn
n=1
Then
- S 2 1/p
IToall < | 301 < 62> 7] - [3 lwall?] < el
n=1 =,

Hence, Ty € L(¢P", E). But
i 1/p X 1/p
[ 1Tdnll?] ™ = [ lal?] 7 = 1.
n=1 n=1
Then by Theorem 1.6, Ty € Cp(¢P", E) and ||To||, = 1. Thus

(ee]
pe =1, < 463, Tobs > | = |Fa(To)| < ||Fall- [ Tollp = |Fall-

n=1

||A

This implies that [|[Fal|| = [|A[|p=.

Now, define:
J : Cpr (0P, E*) = [cp(€"", B,
JLA) = Fy.
Since ||F4|| = ||A]|p-, it follows that J is an isometry.

We claim that J is onto. To see, let F' € [Cp(¢P", E)]*. Define a map

A: P - E*
< Az,y >=F(z ®y).

Asz®y € Cp(P , E), it follows that
| <Az,y > [ <Pl - lle @ yllp = 1] - [l]||ly]]-

Hence

|A|l <||F|| and A € L(¢P, E*). If (8,,) is the p-orthonormal basis in ¢P, then

o0

[ " 11461

n=

/P o0
]1 =) <A8mgn>1  (llgnl)lly = 1).

n=]1

=| Z F(6n ® gn)|-
n=1



18 R. KHALIL AND M. SALEH

Theorem 1.6 implies that 357 8,0g,€C, (¢, E) and || 377 02 ®gnllp = (320 llgallP]H?.
Thus

[ZuAaﬂnp] ST ST

n=1 n=1

<FN-11D - 60 © galls
n=1

= [|F]-

Theorem 1.6 now implies that A € Cp« (P, E*).
Now, let T € C,(¢", E). Then, by Theorem 2.1, there exists Tiy = Y n_; 6n ® 65 €
F(P" E) s p = 0. Hence

F(T) = lim F(Tn) = Fa(T).

Consequently, 4 = F. This implies that J is an isometric onto operator.

Corollary 3.2. Let 1 < p < oo, p#2 and E be a reflezive Banach space. Then
C,(¢", E) is reflezive.

IV. Ideal Properties of C,[¢""]

Let O be an operator ideal [4]. The following definitions are taken from Pietsch

[4]- '

(i) O is called small if whenever Q(X,Y) = L(X,Y), then X or Y is a finite dimensional
space.

(ii) Q is called closed if the closure of Q(X,Y) in L(X,Y) is (X, Y) for all Banach spaces
XandV. )

(iii) O is called regular if for all Banach spaces X and Y, T' € Q(X,Y) if and only if
kyT € Q(X,Y**), where ky is the natural embedding of ¥ into ¥Y™**.

(iv) Q is called injective if whever JyT € Q(X,£°(B1(Y™))), then T' € Q(X,Y) for all
Banach spaces X and Y. Here Jy is the natural embedding of Y into £°°(B1(Y™)).

Theorem 4.1. Let 2 < p < co. Then Cp[P"] is a small left operator ideal.

Proof. Suppose Cp(¢P", E) = L(EP E) for some Banach space E. Since ||T'|| < ||T||p,
then the identity map I from C,(£*", E) into L(¢¥", E) is a bounded linear operator which
is onto. The opern mapping theorcm now implies that there exists v > 0 such that for
cach T € Cp(¢7", E), |IT|lp < 7IT|l-

Now, assume if possible that F is infinite dimensional Banach space. Chosse N and
¢ > 0 such that N/? > ~v(1 + ¢). Then by Dvoretzky’s Lemma [4, p.39], there exists
(z;)N_, € E with ||z;]| = 1 such that

a 1/2
sup [Z|<xi7$*>|2] LI+ (1)
llz*||<1

i=1
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Define,
J: " S E,

N
J= }:5,- ® ;.
n=1

Then for cach z € 7", we have:

N
Izl =1 < 6,z ><zi,z* >|  (For some z* € S1(E*))

=1

N N '
«71/p" 1/p
S[g l<5i,m>[”] [E |<:c,;,:v*>|p]
=1 =1

i * 2 2
<lzll- [ D1 < i3 > 7]
=1
<@+l (By(1)).
|J]| < (1 +€). Further

- 1/p i 1/p
171 > [ D8] = [ lheali?] = N2,
=1 i=1

Hence, [|J]l, > N'/P. Consequently, N*/» < ||J||, < v]|J|| < ¥(1 +€) < N/P. This is a
contradiction. Hence FE must be finite dimensional.

Thus,

Theorem 4.2. Let 2 < p < co. Then C,[f?’] is not closed.

Proof. Suppose Cp[¢P"] is closed. Then C,(¢?", E) is closed in L(¢?", E) for all Ba-
nach spaces E. Let E = £? where 1 < g < p* < 2. lemma, 1.4 implies that F(¢P",49) C
C (E” ,£9). Then F(¢r",09) C C,(¢P",£%) where the closure is in L(¢£P",¢9). Thus,

(zp ,09) C Cp(£P,£9), [2, p.242]. Hence, by Theorem 2.1, Cp(£F",£9) = K(£°,£9).
Corollary 4.2, [3] now implies that C,(¢P"),0% = L(¢P",¢9). This contradicts Theorem
4.2. Hence (’,,[Ep ] is not closed.

Theorem 4.3. Let 1 < p< oco. Then C,,[f”*] s reqular.

Proof. Let E be any Banach space and Kg be the natural embedding of F into E**.
We want to prove that T € C,,(K”* , ) if and only if KgT € Cp(ﬁp* g s

Let p=2 and T € Cy(¢?, E). Then by lemma 1.4, we have KT € Cs (€%, E*¥).
 Conversely, suppose KgT'€ C2 (€2, E**). Theorem 2.2 implies that KT € my (€2, B**).
AS 3 is a regular operator ideal, [4, p.109], it follows that 7' € 73 (¢2, E). Consequently,
Theorem 2.2 implies that T' € C»(¢2, E). Hence Cg[ 2] is regular.

For 1 < p < o0 and p # 2, let T € C (ZP E). Then Lemma 1.4 implies that
KgT € C,(€F", E**).
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Now, suppose KT ¢ C,(¢7", E**). Then, Theorem 1.6 implies that:

KET = Z 5n ® K}a‘Tdn;

ne=l

where [5° | || KpT'6,|P]'/? < co. Since Kp is an isometric operator, then,

i 1/p .
[Z nTannp] < 0.
n=1

Thus, by Theorem 1.6, we have T € C,(¢¥", E). Hence, C,[¢P"] is regular.
In a similar way one can prove:

Theorem 4.4. Let 1 < p < co. Then Cp[P"] is injective.
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