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SCHATTEN-TYPE CLASSES ON SEQUENCE SPACES

R. KHALIL AND M. SALEH

Abstract. Let H be a Hilbert space and L(H) be the bounded linear operators on H. For
TE L(H), let IITIIP = sup[L= I < Te >

n=l ,., en 門l/p, where the supremum 1s taken over all
orthonormal sequences {en). Set 令 (H) ={TE L(H) : IITIIP < co}. The object of this paper
is to define and studyCp(X, Y) where X and Y are sequences spaces

0. Introduction

Let H be a Hilbert space and L(H) be the space of bounded linear operators on H.
For TE L(H) let

00 1/p
JJTIJP = sup [芝 I < Ten, en > JP'1 :Sp< 00

n=l
］

where the supremum is taken over all orthonormal sequences (en) in H. The Schatten
class of index p is defined to be

Cp(H) ={TE L(H) : IITIIP <co}.

We refer to [4], [5] for more on Schatten classes. The set of compact operators in L(H)
are denoted by C=. It is known that Cp(H) C C00, for all 1~p < co, and that Cp(H)
is a two sided ideal in L(H). Further, for 2~p < co and TE Cp(H),

IITIIP = sup [f IITenllP] .
1/p

包 ） n=l

And for 1~p~2,

IITllp = / 門；[f,丨Tenllp] l/p
n:=1

Schatten classes can be defined on Banach spaces either via singular numbers of bounded
operators or via (p, 2)-summing operators. We refer to [4] for both cases.
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10 R. KHALIL AND M. SALEH

The object of this paper is to define Schatten type classes on sequence spaces (伊 －
sapces) via p-orthogonal sequences.

Throughout this paper L(E, F) is the space of all bounded linear operators from E
to F, where E and Fare any two Banach spaces. the compact operators m L(E, F) will
be denoted by K(E, F) while the finite rank operators will be denoted by F(E, F). The
class of (p, q)-summing operators in L(E, F) is denoted by 1fp,q(E, F), [4], and the class
of p-nuclear operators will be denoted by Nv(E, F), [4]. The class of weakly p-sumrnable
sequences on E is denoted by 伊 (E), 圍 The dual of E is E*, the unit sphere of E is
S (E) and the conjugate of p is p* [i 十户 = l].

I. C誆亡E)

Let Ebe any Banach space and 1~p < oo. To define our class of operators, we need
first to introduce the concept of p-orthogonal elements in Banach spaces.

Definiton 1.1. A sequence (xn) in E is called p-orthogonal if

00 00

IIL垕nll = [芷 I.\詛'llxnllp]
1/p

n=l n=l

If llxnll = 1, we say (xn) is 1rorthonormal. For p = oo, (xn) is called 1rorthogonal if

00

II 芷 入亞nil = sup(l>.n lllxnll)
nn=l

We refer to [l] for more on p-orthogonal sequences in Banach spaces. Some of the basic
properties of p-orthogonal sequences in listed in:

Lemma 1.2. Let (xn) be a sequence 切 the Banach space E. Then:

(i) For E = 仔，(xn) is p-orthogonal if and only if supp(xn) n supp(xm) = r.p for n i- m,
where supp(xn) = closu元 of {i: Xn(i) i- O}.

(ii) For E = f_P, (xn) is p-orthogonal if and only if (l:z石i I) is p-orthogonal.
(iii) If (xn) is p-orthonormal in E, then

[f= I< Xn,x* > ,pr/p~llx*II
n=l

for all x* E E*.

The proof of (i) can be found in [1], (ii) follows from (i) and (iii) follows from the
definition of p-orthogonal sequences. .

Now we 洫roduce our basic definition.
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Definition 1.3. For 1 :Sp< oo and E any Banach space, set:

令 (f!P., E) = {TE L(fP•, E) : sup [ f IIT8謂 l/p < 00'

n=l
］ ｝

where the supremum is taken over all p* -orthonormal sets, (恥 ），in fP*. for TE Cp(fP*, E),
set:

IIT伽= sup { [ f IITOnllP] l/p : (Bn) is p*-orthonormal set in /!,P* .
n=l

｝
For p = oo, we let

Coo(l1, E) = {TE L(l1, E) : sup(IITBnll) < oo },
n

where the supremum is taken over all 1-orthonormal sets, (()n), in且 For TE C00伊 ，E),
set:

廿Tlloo = sup{ll(IITBnll)lloo, (()n) is I-orthonormal set in€1 }.
Throughout this paper, we write sup to denote that the supremum is taken over all

（此 ）p

p-orthonormal sets (恥 ）in 伊 where 1 ::; p ::; oo.

Lemma 1.4. Let E and F be any Banach spaces, and I ::; p ::; oo. Then:

(i) IITII ::; IITIIP for all T E 令 (fP*) E)
(ii) For any A E L(E, F) and all TE Gp厐 ，E)AT E cp(fP., F) and IIATIIP ::; 鬪 IIITIIP
(iii) Gp(e户E) is a Banach space
(iv) C00(€1,E) = L(f1,E).

Proof. The proof of (i), (ii) and (iv) follows from the definition of II llp- For (iii) we
only prove that C以fP*, E) is complete. for that, by proposition 4(6,p.116] it is enough to
prove that if Tn E 令 (fP*, E) such that I::=1 II九 IIP < oo, then L~=l Tn E Cp(fP•, E).

Consider T = I::=I Tn, where Tx = I::=I Tnx for all x E f,P*. Then:
00 00

IITxl丨5曰芷 IITnll :s; llxll L IITnllp < 00
n=l n=l

Hence, T E L(fP., E).
Now, let (()k) be any p* -orthonormal set in 伊「 Then

[E IJ f, TnOk IJPtp'.', t, [E11TnOk [[Ptp

:Sf sup [立 ITnek "p] l/p
n=l 囯）p 示 k=l
00

三芝 1/Tnl耘
n=l
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Lcrnrna 1.5. F(£P•, E) C C甚 f!.P• , E) . Further Jor any x E 伊 and y E E we have

llx 0 YIIP = llxllllYII-

Proof. Follows from definition 1.3 and the basic properties of II lip·We now give a
nice characterization of Gp (£P., E).

Theorem 1.6. Let 1 < p < oo and pf. 2. Then the following are equivalent:

(i) TE 烏(fP. ,E).
值）T=立:1 入，心 ®9n, where 9n EE with ll9nll = 1. In this case, llTIIP = 11(-Xn)IIP

Proof. (i) -t (ii).
Let T E c以fP*, E) and x E fP*. Since 6n is a basis for fP*, 1 < p < oo, then

x = I:~=l < x,8n >聶 This implies that

00

Tx=瓦 <x,bn > Tbn.
n=l

Thus,
00

T = Lon @Ton,
n=l

where the series converges strongly. Hence, T = L~=l A誠 0 9n where An = JITbnJI and
9n =疏『But since TE 令 (£P• ,E), then [L~=l I A謂严 = [L『~1 JITc5nJJP]1/P :::; IITJIP
Thus

00

T=芷垕讜 9n,
n=l

where 囚）e 伊 and ll9nll = l.
(ii) ---+(i).
Let T = L~=l皇讜9n, where 匹）e 伊 and 9n E E with ll9nll = l. We claim that

TE Cp(fP*, E). First, we prove that TE L(fP•, E). For this, let x E fP•. Then

00 1/p 00

l!Txll =:; [芝囚Ip] . [芷 <8n, x > Ip* r/p*
n=l n=l
00::; [L匹月I/p·!!xii
n=l

Thus, T E L(eP·'E) and IITII :::; [I:~=l I.:\謂]1/P.
Now, let 僙）be any p* -orthonormal set in f,P•. Then

[ f: IITBkllp] l/p:::; [f [f l.:\nll < 6n毋 ＞叮 1/p
k=l k=l n=l
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CX) CX)

~I瓦芷叫Anll < 6n,缸 >I
k=In=l
CX) CX)

5芷芷 lrJk 11辶 ＜糾 'IBkl >
k=ln=l

(ll(TJ.k)llp• = 1)

Since lbnl is p-orthonorrnal, then II I::=l四因屿= [I::=1 IA謂严 < co. Thus
I::=1 扒司因 E 伊. Consequently, since 丨虯 Ef户 then:

00

［芷 IITBkllp]
1/p 00 00

5 芷 囯 ＜芝 匹恥虛計＞．
k=l k=l n=l

Again, since I Bk I is p-orthonormal, we get

CX) 00 * 1/p*
IIL 厙 11ek111p* =圉曰 < 00.

k=l k=l
］

Thus L~1 lrJkll()kl E£P•. Hence,

［立 ITOkllp『/p~ 丨<f 1Anllc5nl,f回因 ＞丨(since立nllc5nl E 伊）
k=l n=l k=l n=l

00 CX)

~II芷因向 Ip·II L ITJkllOklllp•
n=l k=l
00 00

5図可
1/p .
［芝 加/P.] 1/p*

n=l k=l
00

= [I:1可 1/p

n=l

Since (Bk) was arbitrary p*-orthonormal sequence, it follows that T E C只£亡 E) and
IITIIP :; [L~=l 扒謂 ]1/P. But

00

［芝比ilpr/p = [f IITonllp l/p~IITllp
n=l n=l

］

Hence
CX)

IIT!lp = [L因p] .
l/p

n=l
If p = 1, then we have:

Lemma 1.7. If T = L~=l 入心 0 9n, where 匹 ）E f1 and 9n E E with 丨9nll = 1,
then TE C1(f=,E). In this case1 !ITll1 = i1(>.n)ll1,
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Proof. This is just (ii) --+ (i) in Theorem 1.6. ..
Let Np,q,r(X, Y) denote the space of (p, q, r) uclear operators, [4,Defimtion 18.1.1],

from X into Y. Using Np,q,r(X, Y) we give orthcr characterization of C以 f_P.'E).

Theoren1 I.8. Let 1 < p < oo, p f. 2, and E be any Banach space. Then the
following arc equivalent:

(i) T E Cp(fP., E)
(ii) T E Np,l,p(f,P*, E) and T =亡~1 入亞 n®Yn, where 匹 ）E 四 (xn) = (JxnJ) E f,P• (伊）

and supn IJY乩 < oo.

Proof. (i)一 (ii):
Let T E Cp(fP*, E). Then by Theorem 1.6, T = 江~=1 Anbn 0 9n where 匹 ）e 伊，

8n = I糾 E 伊 and ll9nll = 1. Since 囚）E 伊，supllx尹 1[~~=1 J < 6n,x*IP 亨 ]1/p* S 1 and
SUPn 廿9nll = 1 then it follows from Definition 18.1.1, [41, that T E Np,1,p(eP*, E).Further,

00 00 1/p*
IITllp,l,p ::; .[芝 I>-』1/p

sup [LI< On, x* > Ip*]·sup ll9nll
n=l llx*ll~l n=l n
00

5工可
1/p

n=l
= IITllp•

(ii) -+ (i).
Let T E Np,l,p(fP*, E) such that T = 立:,1 AiXi©Yi where 氐）E 包 包）＝（因 ）E

fP• (l互~) and supi IIYill < oo. Let (t5k) be an p*-orthonormal set in fP•. Then

00 00 00

[ L 11rok11pr/p ::; [LI L 匹 II< Xn, Ok> IIIYnlW]
1/p

k=l k=l n=l

~I芝严 1J - k!Anll < Xn,燥 > I IIYn 111 (For some 區）E S1 (£P.))
00 00

k=ln=l
CX) CX)

:::; I芝芝 T/kl団 <I已因> IIYnlll-
k=ln=l

00 00

:s; I <芷 匹丨lxnll!Ynll,:已 n謳kl> I
n=l k=l

CX) CX)

::; II芷囚llxnlllvnllll~II严 n謳k lllp•
n=l k=l

<: s~p IIYnll·[f 扒謂t'[fl<x戸 >i··r;··
n=l n=l
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Thus, by Theorem 1.6,
00

IJT屿 :S [L JAnlpr/p. sup [t I < Xn, x* > ,p·l/p*
1/x•匡I n=l

]·SUPIIYnll-
n=I n

Hence TE 令 (fP.'E).

II. Ideal Realation of C只fl_P*'E)

The proof of the following is immediate and will be omitted:

Theorem 2 .1.

(i) 兮 (fP*,E) 旦 K(fP*'E)
(ii) 节严 ，E) 戶兮 (fP*'E)
(iii) }1:只fl_P*'E) 戶令 (fP*,E)

For p = 2, we have the following nice result:

Theorem 2.2. Let E be any Banach space. Then C2伊 ，E)=江戶E).

Proof. By Theorem 2.l(ii), we have 1r2(戶E) 旦 C2(戶E).
To prove the other inclusion, let T E C2伊 ，E) and (xn) be any sequence m 2. If

SUPl/x*/19 [ L:=l I < Xn, x* > j2尸=oo, then we have: . fl_

[f丨1Tx~JJ2 112~oo = sup [f <戸 ＞丨2『/2,
n=l

］
胆. II 三 I n=l

and TE 而 (f2, E).
Assume that sup戶匠1[I::=1 I < Xn, x* > 門]1!2 < oo. Define

A : f2 --1- g2
00

A= 芝 6讜 Xti.
n=l

The for each x E 亡
00

IIAxll = I 芷 ＜心，X >< Xn,x* > /
n=l

00

5曰 [I:丨<Xn, x* > 12] 1/2
n=l

(for some x* E 51 (£勺）

Consequently, A E L(亡旳 and /IAII :S [L:=l I < Xn, x* > j2尸 Hence
00

図j1'xnll2J 1/2 1/2

n=l
= [ 立 丨TAonl丨2] = IIAI丨［立 ITWOniif'

n=l·n=l
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Set A= 卣. Then !!All = l. Lemma 2.2.3, [5], implies that A= I:辶 O:i'tLi, where u為

are unitary operators and 立=1回 = l. Thus

(X) oo 4 2 1/2[ L l!Txnll2] 112 :S IIAII [巴 ［芝 lo:illlTuibnll] ]
n=l n=l 七l

11 00 1/2
三 丨IAll[~io:ii[I:11Tuibnll2] ]

i=l n=l
:S IIAIIIIT伽 ，

noting that a unitary operator maps orthonormal sets to orthonormal sets. Consequently,

[ f 11Txnll2『/2 :S IITll2 . sup [f I < x二 >,2r/2
n=l llx*ll~l n=l

Thus, TE 1r2(f2, E) and IITll'Tr2 :S IITll2-

III. Duality in Cp (.f户E)

Theorem 3.1. let E be a reflexive Banach space. Then

(i) [C2(£2, E)]* is isometrically isomorphic to 1r2(E, 佇 ）．
(ii) [Cp(fP., E)]* is isometrically isomorphic to Gp• (伊，E*), 1 < p < oo and p-/: 2

Proof.

(i) Follows from Theorem 2.2 and the fact that 屆 (£2,E)]* = 1r2(E,£2), [4, p.296].
(ii) For A E 俘 （伊，E*), define

I'A : Cp(fP*) E) -+ C,
00.

肛 (T)=芷 <Aon,Ton >.
n=l

Then
00

JFA (T)J ::; [ L JJA6nJJP•]
1/p• 00

［芝 JJT6nJJP]
1/p

ri==l n=l
::; JJAJJp• ·JJTJJP

Hence, JJFAII ::; JJAJJ This implies that启 . 1 ('
p•. is a bounded linear funct10na on 丛fP.'E).

Further
ex:,

IIAllp• = [ L IIAbnllp*]
1/p*

n=l
ex:,

=I严 <A6n,Yn > I
n=l

(11(\!Ynll)\jp = 1).
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Now, define

To: £P. -+ E,
co

To= 芷 On 0 Yn·
n=l

Then

00 1/p• 00

IIToxll~[辶 l<Jn,x>lp*]·[芷 IIYnllp『/p~llxll
n=l n=l

Hence, To E L(fP., E). But

(X)
1/p

(X)
1/p

［辶 IITi。Jnllp] = [辶 I 丨YnllP] = 1
n=l n=l

Then by Theorem 1.6, To E 今 (fP*, E) and JJToJIP = 1. Thus

00

IIAllp• = IL < AJn, Ti碣 > l = IFA(To)I :'S 丨IFAII·IITollP = IIFAII-
n=l

This implies that IIFAII = IIA阶
Now, define:

J: 今 （四 E*) -+ [c誆亡E)]*'
J(A) = FA.

Since IIFA II = JIAllp•, it follows that J is an isometry
We claim that J is onto. To see, let F E [C武（户 E)]*. Define a map

A: f_P-+ E*
< Ax, y >= F(x®y).

As x®y E 偽 (fP*, E), it follows that

I< A:r:,y >I~IIFII· 朊 Q9 Yllp = IIFII . 丨lxllllYII-

Hence I/All~IIFJJ and A EL(四E*). If 固）is the p-orthonormal basis in 包 then
CX) CX)

[I: 丨/Aon/Ip*]
l/p*
＝丨严 < Aon,9n > /

n=l n=l
CX)

＝丨芝 F(on©Yn)I
n=l

(I 丨( 丨l9nll)IIJ> = 1).
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Theorem 1.6 implies that二三nECp(伊·,E) and II L了一1心®gnllp=[L了~1ll9nllP]lfp
Thus

[ f= l!Abnllp"] i/p* = IF [立n®9n] I
n=l n=l

00
::; IIFII·II芷 6n®9nllp

n=l
=IIFII-

Theorem 1.6 now implies that A E Gp• (四 E*).
Now, let T E Cp(ev·, E). Then, by Theorem 2.1, there exists 1N = L~=l bn®bn E

F(fP., E) such that limN-too IITN - Tllv = 0. Hence

F(T) = lim F(T刃 =FA(T)
N一宓(X)

Consequently, FA = F. This implies that J is an isometric onto operator.

Corollary 3.2. Let 1 < p < oo, p -:j:. 2 and E be a re且exive Bariach space. Then
令 (fP• , E) is reflexive.

IV. Ideal Properties of Gp严 ］

Let Q be an operator ideal [4]. The following definitions are taken from Pietsch
[4].
(i) Q is called small if whenever Q(X, Y) = L(X, Y), then X or Y is a finite dimensional

space.
(ii) O is called closed if the closure of Q(X, Y in L(X, Y) is X, Y for all Banach spaces)~)

X and Y.
回 Q is called regular if for all Banach spaces X and Y, T E Q(X, Y) if and only if

k汀 E Q(X, Y**), where ky is the natural embedding of Y into Y**.
(iv) O is called injective if whever JyT E Q(X,£00(Bi(Y*))), then TE ()(X, Y) for all

Banach spaces X and Y. Here Jy is the natural embedding of Y into 严 (B1(Y*)).

Theorem 4.1. Let 2~p < oo. Then Cp[f.P*] is a small left operator ideal

Proof. Suppose Cp(f,P*, E) = L(fP., E) for some Banach space E. Since JJTIJ~JJTJJp,
then the identity map I from Cp(fP*, E) into L(fP., E) is a bounded linear operator which
is onto. The opern mapping theorem now implies that there exists'Y > 0 such that for
each TE Cp(eP·) E), JJTJJp~'YIJTIJ.

Now, assume if possible that E is infinite dimensional Banach space. Chosse N and
E > O such that N1IP > 社1 + c). Then by Dvoretzky's Lemma [4, p.39], there exists
(xi)岱=l E E with llxill = 1 such that

sup [t J < Xi, x* > 12 112~1 + E

llx•\\9
］

i=l
(1)
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Define,

J: fP.-+ E,
N

] =芷 {Ji@ Xi.
n=l

Then for each X E e户 we have:

N

lllxll = I芝＜戸 ><Xi,x* > I
i=l

(For some x* E S1(E*))

:S [f I< 戸 ＞丨p*r/p*. [f I< Xi,x* > IPr/p
i=l i=l

N

三 仆xii·[芷 I< Xi,x* > 12r/2
i=l

:s;(i+t)I丨xii
Thus, IIJII :S (1 + c). Further

(By(l)).

N N

IIJIIP~圉 IIJoillp] 11P = [辶 llxillpr/p = NI/p
i=l i=l

19

Hence, IIJIIP~N1IP. Consequently, N1IP~IIJIIP~ 祉JI丨~1(1 + c) < N互 This is a
contradiction. Hence E must be finite dimensional.

Theorem 4.2. Let 2~p < oo. The:n Cp囝 ] is not closed.

Proof. Suppose Gp严] is closed. Then Cp(f亡 E) is closed in L(eP·, E) for all Ba
nach spaces E. Let E = 伊 where 1 < q < p*~2. lemma 1.4 implies that F(f户 伊）C
叩 伊 卫 ）. Then F(fP*,秒）旦 令 (fP*卫 ）where the closure is in L(fP. 卫 ）. Thus,
K(fP*'i.四）呈 Cp(f,P*'I.頂），[2, p.242]. Hence, by Theorem 2.1, Cp(fP*上 ）= K(伊 ，句
Corollary 4.2, (3], now implies that C出 百 ，伊 = L(eP·,伊）. This contradicts Theorem
4.2. Hence Gp严] is not closed.

Theorem 4.3. Let 1 < p < oo. Then C [伊p ] is regular.

Proof. Let E be any Banach space and肛 be the natural embedding of E into E**.
We want to prove that TE Cp(fP*, E) if and only if K訌 E Cp(e11·, E**).

Let p = 2 and TE C2(P.2, E). Then by lemma 1.4, we have K訂 EC武f2, E**).
Conversely, suppose K訌 EC2伊 ，E**). Theorem 2.2 implies that K訌 E氥亡E**)

AS 冗 is a regular operator ideal, [4, p.109], it follows that T E 已亡E). Consequently,
Theorem 2.2 implies that TE C2(£2,E). Hence C2伊] is regular.

For 1 < p < oo and p I- 2, let T E 偽 (eP·, E). Then Lemma 1.4 implies that
K訌 E Cp(f户E**).
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Now, suppose K訌 E: 偽 (£P., E**). Then, Theorem 1.6 implies that:

00

K訌 ＝芝 6讜呤霆i)

n=l

where [I::=1. II Kt;T6nl尸]1/v < oo. Since KL·;, 1s an 1sometnc operator, then,

(X)

[ L l!Tonllp]
1/p .

< 00.

n=l

Thus, by Theorem 1.6, we have TE Cp(er·, E). Hence, Gp[冝 ) is regular.
In a similar way one can prove:

Theorem 4.4. Let l < p < oo. Then Gp严] is injective.
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