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EXISTENCE OF SOLUTIONS OF SEMILINEAR DIFFERENTIAL

EQUATIONS WITH NONLOCAL CONDITIONS IN BANACH SPACES

K. BALACHANDRAN AND M. CHANDRASEKARAN

Abstract. The aim of this paper is to prove the existence and uniquencess of local, strong and
global solutions of a nonlocal Cauchy problem for a differential equation. The method of analytic
semigroups and the contraction mapping principle arc used to establish the results.

1. Introduction

The problem of existence of solutions of evolution equation with nonlocal conditions ir
Banach space has been studied first by Byszewski [5]. In that paper he has establised the
existence and uniqueness of mild, strong and classical solutions of the following nonlocal
Cauchy problem:

du(t)
"一·
dt + Au(t)_ = J(t, u(t)), t E (t0,t0 + a]
u(to) + g(t1, t鉛. . . , tp, u(-)) = uo

）
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where -A is the infinitesimal generator of a C0 semigroup T(t), t 2'. O, in a Banach space
X, 0 :s; to < t1 <· · ·< tp :s; to + a, a > 0, uo E X and f : [to, t0 + a] x X ---t X,
g : [to, 柘 十 a]P x X 弓X are given functions. Subsequently he has investigated the same
type of problem to a different class of evolution equations in Banach spaces [3-7]. Here
the symbol g(t1, ... , tp, u(·)) is used in the sense that in the place of'·'we can substitute
only clements of the set {t1, ... , tp}.
The purpose of this paper is to prove the existence and uniqueness of local, strong

and global solutions for a semilinear differential equation with nonlocal conditions of the
form:

du(t)
．．．．

dt + Au(t) = f(u(t)), t E (0, b]
u(O) + g(t1, t2, ... , t1J, u(ti), ... , u(tp)) = u0

where Os; 柘 < t1 <· · ·< tp s; b. For example,

g(t1, t2, ... , tp,u(t1), ... ,u(tp)) = c1u(t1) +· · · 十 C11u(tp)

(3)

(4)
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where ci(i = 1, ... ,p) are constants. In this case, equation (4) allows the measurements
at t = 0, t1, ... , tp rather than just at t = 0.
Here we assume that -A is the infinitesimal generator of a bounded analytic semi

group of linear operator T(t), t 2: 0, in a Banach space X. The operator A°'can be
defined for O :::; a < 1 and Aa is a closed linear invertible operator with domain D(Aa)
dense in X. The closedness of AO implies that D (Aa) endowed with the graph norm
of Aa, that is the norm llxll = llxll + IIA0xll, is a Banach space. Sine Aa is invertible
its graph norm II·II is equivalent to the norm llxll0 = IIA0xll. Thus, D(A叮 equipped
with the norm II·Ila, is a Banach space which we denote by Xa. From the definition
it is clear that O < a < f3 implies X。:) Xf3 and that the imbedding of Xf3 in X。is
continuous. Throughout the paper we shall use the symbol J = [O, b]. The nonlinear
operators f : X。丑X, g(t1, ... , tp; u(t1), ... , u(tp)) : JP x XPa -+ Y are given functions.
The motivation for an abstract theory such as this comes from the following partial

differential equation:

Vt(X, t) - Vxx(x, t) = a(v(x, t))x,
v(O, t) = v(I, t) = 0
v(x, 0) = v(x, 1) + s(x)

O<x<l
t>O
O<x<l

It is not true in general that 嘉 = A112, however [13] there exist a bounded linear
operator B from X into itself such that A112B = 音. Letting G = 駒 we can fit the
above equations into the abstract theory developed in this paper.
The abstract theory one can find in the books [8, 9, 12] handles partial differential

equations of the above forms, however the theory illustrated in these works does not
distinguish between the problems of the form

Vt(x, t) - Vxx(x, t) = v(x, t)lv(x, t)l/3-l
with nonlocal conditions and the above equations but with right hand side 沿 [v(x, t)
lv(x, t)113一 l]
As in [1-3, 7, 8, 10, 11] the nonlocal condition (4) can be applied in physics with

better effect than the classical condition u(O) = uo since condition (4) is usually more
precise for physical measurements than the classical condition.

2. Preliminaries

It is known that equations (3) - (4) are related to the integral equation

u(t) = T(t)u0 - T(t)g(t1, ... , tp, u(ti), ... , u(信 ）十jt T(t - s)f(u(s))ds, t 2: 0 (5)
。

where T(t) is the semigroup of operators generated by -A. The solution u(t) of equation
(5) is called a mild solution of equations (3) - (4) and is not necessarily a solution of
equations (3) - (4).
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Definition 1. A function u(t) is a mild solution of equations (3) - (4) on [O, b) if
uEC([O,b);X。) ，u(O) = uo - g, and u(t) satisfies the integral equation (5) on [O, b).

Definition 2. A function u(t) is a strong solution of equations (3) - (4) if u E
C([O, b); X。)）n C1 ([O, b); X), u(O) = u0 - g, and u(t) satisfies (3) - (4) on [O, b).

3. Existence of Solutions

We shall make the following assumptions on the operator A and the nonlinear oper
ators f and g:

(i) -A is the infinitesimal generator of a bounded analytic semigroup of linear operator
T(t), t > 0, in X.

(ii) There exist real constants M and o such that 丨IT(t)II~Me0t fort> 0.
(iii) For O~a< 1, the fractional power A0 satisfies JIA0T(t)II~C江a for t > 0 where

C。is a real constant.

We shall assume X。戶Y 戶X so that T(t) : X 分 Y for all t > 0 is a bounded linear
operatcr and

(iv) Af3T(t) : X -+ Y fort > 0 and 丨JA.BT(t)II E£1(0, r) for (J E [a, a+ cl] for some d > 0
and every r > 0.

(v) The function f maps X。into X, and satisfies:
there exists G: Y-+ X such that IIG(u) -G(v)JI~KJJu 丑;JI where K is a constant,
G:X。-+X。and for each u(O) E X。, f(u(O)) = AaG(u(O))

(vi) The function g(t1, ... , tp, u(ti), ... , u(tp)) maps JP x X~into Y and satisfies:
there exist h(ti, ... , tp, u(打），. . . , u(t矼 ）：JP X XP 分 X and a constant 瓦 > 0 such
that

llh(t1, ... , tp, u(t1), .. - , u(tp)) - h(ti, ... , tp, v(ti), ... , v(tp))II~K1Jlu - vJI,
h: JP xx~-+ x。and g = A窪

Theorem 1. If the assumptions (i) to (vi) hold, then for each u(O) E Y there exists
a b > 0 and a unique continuous function u : (0, b) ---t Y such that

u(t) -= T(t)uo - T(t)Aa h(t1, ... , tp, u(t1), ... , u(tp)) 十丨尼T(t - s)G(u(s))ds, t~0
。 (6)

Proof. Define the set S = {u : (0, t] ---t Y : u(t) and g E Y are continuous, u(O) =
uo - g and 伽(t) - u(O)II =s; R}. Choose'b'such that for

ll(T(t) - I)ll(lluoll + llg(t1, ... , tp, u(仂）， . . , u (tp)) 11)
+Cb(l-a-) /(1 — a){IIG(u(O))丨I+ KR}:::; R

and {IIAa-T(t)丨IK1 + Kb(l-a) /(1 - a)} < 1
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Moreover, define the mapping P on S by

(Pu) (t) = T(t)u。—T(t)g(t1, ... , tp,u(t1), ... ,u(tp)) + ft A°'T(t- s)G(u(s))ds, t~0
。

First note that for u E S, P is well defined since

［。IIA"T(t — s)G(u(s))llds <:; {丨~'A"T(t - s)lids} - {IIG(u(O)) + G(u(t)) - G(u(O)) 廿｝

~{丨IIA°'T(t - s)llds}·{IIG(u(O))II + KR}
。

For u E S, we have

ll(Pu)(t) - u(O)II = IIT(t)uo - T(t)g(t1, ... , tp, u(t1), ... , u(tp))

十「庄T(t 一 s)G(u(s))ds - (u。- g)II
。

~ll(T(t) - !)11(1丨uol丨+I丨g(t1, ... , tp, u(ti), ... , u(tp))II)
+cb(l-a) /(1 - a){IIG(u(O))II + KR}
<R

This implies that P(S) 戶 S. Therefore, P maps S into itself. Let u, v E S, then we have

仆 (Pu)(t) - (Pv)(t)II
::; IIT(t)A°'(h(t1, ... , tp, u(t1), ... , u(tp)) - h(t1, ... , tp, v(ti), ... , v(tp))) 仆

+II ft A°'T(t 一 s)[G(u(s)) - G(v(s))]dsll
。

::; IIA°'T(t)IJKillu - vii+ {Kft IIA°'T(s)llds}llu - vii
。t

::; {IIA°'T(t)IIK1 + K丨IIA°'T(s)dsll}llu - vii
。

::; {IIA°'T(t)IIK1 + Kb1-°'/1 - a)}llu - vii

By the contraction mapping theorem P has a unique fixed point'U E S

Lemrna 1. Let assumptions (i) - (vi) be satisfied, then all fJ > 0 and t, t + h E [(), a]
there exist u such that llu(t + h) - u(t)II~C(B)h汽 O<u<l.

Proof. Now

llu(t + h)-u(t)II~ll(T(h)-I)T(t)uo)丨I+ ll(T(h)-I)A°'T(t)h(t1, .·.. , tp, u(ti), ... , u(tp))II

+II户0{(T(h) - I)T(t - s))G(u(s))dsll
。
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+II「h A°'T(t + h - s)G(u(s))dsll
汀A0T(t)(T(h) - I)A丑 uoll

+IIA°'T(t) (T(h) - I)h(t1, ... , tp, u(ti), ... , u(tp)) II

+ll(T(h) - I)丨AaT(t - s)G(u(s))dsll
。

+II「h A°'T(t + h - s)G(u(s))dsll
: ()一rll(T(h) - I)A-°'uoll
+CB一TIIT(h) - I)A-巴4.°'T(t)h(ti, ... , tp, u(t1), ... , u(tp))II

+II ft A°'十eT(t-: s)(T(h) - I)A一ec(u(s))dsll
。
丁i A°'T(t + h - s)ds·{IIG(u(O))I丨+KR}

:::; cB-T伽ollh°'+ CB一 T IJA°'T(t)h(t1, ... , 耘 ，u(t1), ... , u(tp))llh°'

+[C(IIG(u(O))II +KR)It IIAa+cT(s)llds}he+C{IIG(u(O))ll+KR}h戸
。

Taking a = min{a, 1 - T, c}, where O < c < er, hence the Lemma.
This establishes that a solution of equation (6) is locally Holder continuous on (0, b].

If the solution u(t) of equation (6) is in X。and if it is also Holder continuous in the
X。norm we can show that u(t) is a solution of (3) - (4) if f and g are locally Lipschitz
continuous from X。into X and JP x X~into Y respectively.

Lemma 2. Let assumptions of Lemma 1 be hold. Then the solution u(t) of equation
(6) is in Xi-a for t E (0, b)

Proof. Letµ> 0, then the solution u(t) of equation (6) satisfies

u(t) == T(t -µ)uo - T(t -µ)A°'h(t1, ... , lp, u(t1), ... , u(山）

十户 °'T (t - s)G(u (s))ds
, µ

and

u(t) = T(t -µ)u0 - T(t -µ)A节 （有， . , tp, u(t1), ... , u(tp))

十户 o-T(t - s)G(u(t))ds + It Ao-T(t — .5)[G(u(s)) - G(u(t))]ds
.µ/J.

Since T(t--11,)uo, T(t-µ)Ao-h(t1, ... ,tp,u(t1), ... ,u(tp)) E D(A) for all t >µand
j、~Ao-T(t - s)G(u(t))ds = A正 1[G(u(t)) -T(t -µ)G(u(t))] for all t 2: 11. We have only
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to show that
户QT(t 一 s)[G(u(s)) - G(u((t))]ds
µ

is in X辶a·Note that

IIA'-"l A"T(t - s)[G(u(s)) - G(u(t))]rJsll = II「AT(t - s)[G(u(s)) - u(t))dsll
µ µ

t
:S CK J (t - s尸(t 一 s)u ds

µ

= CK(t _: µf /a.
By Lemma 1, the last inequality is true.

Lemma 3. Let the assumptions of the previous Lemma holds and that X1-a 呈辶
the imbedding being continuous, then the solution u(t) of equation (6) is a mild solution
of equations (3) - (4) and is locally Holder continuous into Xa-

Proof. From Lemma 2 and assuption X日 ~x。implies that u(t) E X。for all
t > 0. Thus forµ> 0 and t >µ/2 we have

u(t) = T(t -µ/2)u。- T(t -µ/2)g(t1, ... , tp, u(t1), ... , u(tp))
+「 T(t - s)f(u(s))ds (7)

µ,/2

Since u(t) is continuous into Xi-a and X日 is continuously irnbedded into X。, u(t) is
continuous into X。. Now we show that u(t) is locally Holder continuous into X。. Let
µ> 0 and t + h, t E (µ, b], then

llu(t + h) - u(t)II s; IIA0(T(h) - I)T(t -µ/2)uoll
+IIA0(T(h) - I)T(t 一 µ/2)g(t1, ... , tp, u(t1), ... , u(tp))II

+II「A0T(t 一 s)(T(h) - I)f(u(s))ds丨l
叩

+II「h坪T(t + h - s)f(u(s))dsll
s; Clluollh0 + CJlg(t1, ... , tp, u(t1), ... , u(tp))llha

+{C Jt IIA0+eT(t - s)llds} sup 11/(u(s))lll{
µ,/2

+C/(1 - o:) sup IIJ(u(t))llh1-0

where c is chosen so that a+ E < I. Thus there exist a C > 0 and a O < () < I such that
llu(t + h) - u(t)II~Che fort, t + h, E 柘 ，b]
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Theorem 2. If the cond山ons (i)- (vi) and the assumptions of Lemma 3 are satisfied,
and f and g are locally Lips加tz from X。into X and JP x X~into Y respectively, then
any solution of equation (6) is also a strong solution of equations (3) - (4)

Proof. Since / and g are locally Lipshitz and u(t) is locally Holder continuous into
X。, the fuctions f and g are locally Holder continuous on [µ, b] for anyµ> 0. Thus the
theory of analytic semigroups of linear operators [12] gives the desired result.

Theorem 3. Let the assumptions of Lemma 1 be satisfied, then u(t) may be extended
to a maximum interval of existence I= [O, c), where c = maxb. If b < oo then

lim「IIA°'T(t - s)II 丨IG(u(s))llds = oo
巨c 。
lim llu(t)II = oo
t-+c

(8)

(9)

Proof. Suppose c < oo. For every t E I, u(t) satisfies the integral equation (6).
Claim lim巨 c sup llu(t)II :::; C for all t E I and some C > 0. This gives

llu(t)II~IIT(t)µoll + IIT(t)Aah(t1, ... , tp, u(t1), ... , u(tp))II

+{「 IIACl'.T(~ 一 s) llds }.{sup IIG(u(t)) II}
0 tEI

For O < T < t < c, we have
llu(t) - u(r)II

:S IIA°'T(r)[T(t - r) - I]A-°'uoll
+IIA0T(r)[T(t - r) - I]A-aA0h(t1, ... , tp, u(t1), ... , u(tp)) II

「
+II O A年T(r-s)[T(t 一r)-I]A一 EQ(u(s))llds+ 111 A°'T(t-s)G(u(s))llds

:SC尸lluoll(t - r)°'+ C尸IIA0h(t1, ... , tp, u(仂），. . . , u(t矼）ll(t - r)°'

+C(t-吖{「 IIA°'+cT(s)dsll}·{sup IIG(u(t))II}
0 tEI

+{jt IIA0T(s)dsll}·{sup 丨IG(u(t))II
氐I

Thus we have llu(t) - u(r)II = 0 as t, r-+ c, contradicting the maximality of c.
If limt--tc llu(t)II i- oo then there exist numbers r > 0 and d > 0 with d arbitrarily

large and sequences rn -+ c, tn -+ c as n 弓 oo and such that 冗 < tn < C. llu(尹 =r,
llu(tn刈= r + d and 伽 (t)II :Sr+ d fort E [rn, t卟 We have

llu(tn) - u(rn)II :S ll[T(tn - Tn) - I]u(rn)II
+IIA°'[T(tn - rn) - I]h(t1, ... , tp, u(t1), ... , u(tp))II

+II「A0T(tn - s)G(u(s)) 廿 (10)
Tn
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The right hand side of (10) approaches zero as Tn and tn approach c while the left hand
side of (10) is bounded below by d > 0. This contradiction gives the result and (8) follows
from (9).
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