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AN ERROR ANALYSIS FOR THE MIDPOINT METHOD

IOANNIS K. ARGYROS

Abstract. We approximate zeros of nonlinear operator equations in Banach space setting using
Newton-Kantrorvich assumptions and the majorant theory for the midpoint method.

I. Introduction

Let E;, E> be Banach spaces, and let U(zo, R) denote the closed ball with center
1o € E; and of radius R > 0 in E;. Suppose that the nonlinear operator F defined
on an open convex subset D of E; containing U(zo, R), with values in Ej, is Frechet
differentiable at every interior point of U(zo, R) and satisfies the condition.

IF'(z + h) — F'(2)]| < A(r,|IBll), z€U(zo,r), 0<r<R, O<|A[<R-r (1)

Here A is a nonnegative and continuous function of two variable such that if one of
the variable is fixed then A is a nondecreasing function of the other on a corresponding
sub-interval of [0, R].

‘Moreover, we assume that 6—’%%9 is positive, continuous and nondecreasing on [0, R—
r] with A(0,0) =0

Note that by setting A(r,||R||) = c[|h]| for all 7, ||k||, for some ¢ > 0, we obtain the
usual Lipschitz conditions on F' (see, [1], [3]), whereas for A(r, ||h|]) = e(r)||h]|, we obtain
some generalized condiitons considered also in [4], [9], [16], [22] but for Newton methods.
Conditions of the form (1) wher also considered in (3) for Newton’s method.

Let z, € D be arbitrary and define the midpoint method for all n > 0 by

Yn = Tn — FI(-'L'n)_I'F(-Tn) (2)

and 3 .
G5 5 Wy (-2-(33,, § y,;)) F(zy). (3)

For a background on the midpoint method one can refer to [7], and the references
there.
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Using the majorant theory, we will show that under certain Newton-Kantorovich
assumptions on the pair (F,2p), the midpoint method converges to a locally unique zero
z* of equation

Fli} =1k (4)

We also provide upper bounds on the distances ||z, — 2*|| and [|yn — z*|| for all n > 0.
Finally, we show that our results improve earlier ones [11]-[22].

II. Convergence Analysis

It is convenient to introduce constants

1> llyo — zoll, B> IF(zo)7 ll, to=0, so>=n, t 23,
BA(to, 3 (to + s0))(s0 — to)

% =20+ 7540, L(to + 50)) )
scalar iterations
Sn1 = tn1 + 7T ﬂA?O,th)P(t"’s")’ (6)
B

1
A(tnt1, = (tnt1 + Sn41))(Snt1 — boi)y 11

tnt2 = Snt+1 +

1- ﬁA (0, %(tn+1 + Sn+1)> 2
Pl i) = b [ " Al )t + Altn, ~(sn — t t 8
BT = T B0 tst) tn (30, 1)t + Altn, 5(3" = tn))(5n — tn), (8)

B
1-BA(0, 5 (tn+5n))

A(sn, 1(-‘31*» —tn))A(tn, %(sn —t5))(Sn— tn)]

Sn—1n
+ / A(tp, t)dt+
0 2

forall n>0

and the function

B p
T(r)=t1+ T BA(0.7) (1 YTORD A(r,T) + 1)
d P B T
[A A(T‘, t)dt + A(T, —2-)7' + -]—.—-—,3‘4.—(_6,——7:5142 (T, 5)7‘] . (9)

We can now prove the main results.

Theorem 1. Let F : D C E; — Eo be a nonlinear operator defined on some open
convez subset D of a Banach space E; with values in Ey. Assume.

(a) F is Frechet-differentiable on U(zo, R) C D for some 2o € D, R > 0, and satisfies
\ (1) |
(b) the inverse of the linear operator F'(zp) exists and NE(z) N < B, 8>
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(c) there exists a minimum nonnegative number R;, with

T(RI) < 3 (10)
R, <R, (11)
(d) the following estimates are true:
BA(0,Ry) < 1, (12)
P ‘ A(0,t)dt < 1if R # R or BA(O,R1) <1if R= Ry, (13)

R—-R; /R,

and
(e) U(:EO:R) g L.

Then

(i) The sequence {tn}(n > 0) defined by (6)-(7) is monotonically increasing and bounded
above by its limit R; for all n > 0;

(ii) Then midpoint method generated by (2)-(3) is well defined, remains in U(zo, Ry) for
all n > 0 and converges to a unique zero z* of equation F(z) = 0 in U (o, R

Moreover the following estimates are true:
lzn — z*|| £ R1 —tn, (14)

and
lyn — z*|| < R1 —sp forall n20. (15)

Proof. (i) We will show that sequence {tn}(n > 0) is monotonically increasing and
bounded above by R; and as such it converges to some R, with Ry < R; (by (10)). From
(5)-(8) and (10) to < so < 1 < 51 < ty. By assuming tx < Sk < Tk, k=10,1.2, .50
we obtain ti1 < Sk+1 < te42 from (6)-(8) and (12). Hence, {tn}(n > 0) is monotonically
increasing. From (5) and (11) to £ t1 < R, and from (7) for n = 0, to < T(R1) < Ri.
Tt us assume that 4 < By for k= 0,1,2,...,n+1. Then from (6)-(8)

B & B B
1— BAO0,tnt1) 11— BA[0,5(tnt1 + Snr1)] 1 - BA(0,tn+1)

'A[tn+17 %(tn+1 . 3 3n+1)]]P(tm Sn)
g [ B

the2 =tny1 + [

A(R1,R1) + l]P(tn, s,)

<tntr+ 77540, Ry) LT = BA(Q, Ra)
B B
<-4+ T TBAD, R (T=pap AR B + 1)

ntl pt;41 n
> / ARy, Bt + Y ARy, Ra) (s — )

3=0
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o B 2 s
J:ZO/O A(Ry,t)dt + -}.Tﬂ—A(a—,.R—l)A(Rl’Rl) Z(sf —tJ)

j=0

(by(10))-

} <T(Ry) £ Ry

Hence, {t,}(n > 0) is bounded above by R;. Moreover we deduce t; < sg < g1 < Fa
for all £ > 0. '

That completes the proof of part (i).
(ii) We will show that if

1 i B
F'(= st .
H (2(“3” + un)) ” =~ 1-BA(0,%(tn + sn))
then
Zns1 — ynll £ tag1 — 8ns
“F(xn+1)” < P(tnasn)
and

”yn—mn” Ss’n"—tn) TLZO,
“F((Zln)” S P(tn—lasn—1)7 n Z 1:

/ -1 B
| F' (zns1) 7| < Aoy " > 0,

lyn+1 — Tnt1ll < Sny1 —tnyr  for all

From (3), (17) and (19) we obtain for k =0,...,n -1,

||$k+2 =5 yk+1||

IN

< B
—_ 1
1-—ﬁA(O, 5(tk+1 +Sk+1)

Also, by (5) we get

s = zoll < |

BA(to, 3 (to + s0))
= 1—BA(0, 5(to + 50)

Hence, (20) is true.
Using (1)-(3), (16)-(20) and the approximation

F(zny1) = / [F/ (yn + t(Tn41 — yn)) = F’(yn)](wvﬂ-l — Yn)dt

v0

1 = 1 '
l'F'(§($k+1+yk+1)) 1"!|F,(§($k+l+yk+l))_Fl($k+1)””yk+1_xk+1“

P (520 +90)) ™| 17 (5 @0 + o)) ~ (o)l — ol

)(30 —tp) < t1 — so.

(16)
(17)

(18)

(19)

(20)
(21)

(22)

1
Altrsr, 5 (e +8k41)) (Sk41 —tht1) =trt2— Sk+1-
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- [P (@ + tyn = ) = F'(@a)) (4 — n)dt

- [F (-;-(:g,? 3 yn)) - F’(mn)] (¥ — @n) — [F’(yn) = (%(mn + yn>)]
F' (%(mn + yn))_l
[F' (5 + ) = F'(n)] (4n — 20),

we can obtain by taking norms

|F (@)
< /3 “F’(yn + t(Tnt1 — yn)) = F’(yn)”llxr&l — Ynl|dt
1
+/ |F (n + tyn — 20)) = F'(@a)]| - lm — zalt
0
HIF G (@n +50) = F'(@a)]| - 19 = 2l
P G+ ) - 1P (w) = P (G(on + wm) |
NP (3 (en +9a) = F'(z)]| - v = 2l
1 1
5 /0 A(sn, (1 = t)sn + ttnya)dt + /0 A(tn,t(sn — tn))(8n — ta)dt

+A(tn, %(tn + 8n))(8n — tn)

g .
T BAQ, St F o)

(tn + ) A(tn, %(tn + 8n)) (8n — ta) = P(tn,5n),

1
+ (STH §

where we have also used estimates

Zns1 — Toll < lIZas1 — voll + llvo = Zoll < l&n41 = Yall + llyn — voli + llyo — 2ol
<o+ < (tng1 — 8n) + (8Sn — S0) + 50 < tnt1 < R, (23)
Nyns1 — Zoll < llyn+1 — Yol + llyo — zoll < llyn+1 — Znt1]|
H|Tns1 — Ynll + [lyn — Yol + llyo — o]
< oo < (Sn41 — tnt1) + (bng1 — Sn) + (8n — 50) < 841 < Ry, (24)

Hence (21) is true. From (2), (18) and (21)

lyn+1 = Tnpall S NEF @ner) L IE(@nta)l

B
< : = s
- 4(0,tn+1)P(t“’S") = Sn+1 ~ tntl; (25)

from which (22) follows.
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Moreover, from (1), (5), (12) and estimate

|7/ @0 || |1 (@n) = F(@0)]| < BAO, 1) < BAW, Rr) <1, (26)
it follows from the Banach lemma on invertible operators that F'(z,)~" exists and
F'(zo)"! 8
“F'(.’cn)"l“ p < forall n>0
1 ”F’(zo)“l“ ) Hpr(xn) _ F’(:z:o)“ 1 - BA(0,t,)
(27)
Furthermore, from the estimate
|z + yn — 25[;0” < “mn - -730” +* “yn - xO“ < itn + Sn,
we obtain for alln > 0
1
|7 o) ||F’ (2n +yn)) = F'(20)]| < BA(0,5(ta +3n)) < BAO, R2) <1. (28)
it now follows that F'(1(zn + yn))*1 exists and
=1
“F'(%(xn + yn)> H < b , forall n>0. (29)

1-8A (o, L6, + sn))

Hence, iterates {z,}(n > 0) generated by (2)-(3) are well defined for all n > 0. Also, by
(16) and (20)

lEnga — 2l € @s4e — Ynll + lgn — Zall S tng1 —tn forall n>0

it now follows from the above estimate and (i) that the sequence {z,}(n > 0) is Cauchy
in a Banach space and as such it converges to some z* € U(zo, R1), which by taking the
limit as n — oo in (2) becomes a zero of F since F(z*) = 0. Moreover, by (23) and (24)
Tn,Yn € U(zo, R;). The estimates (14) and (15) follow immediately from (i), (20) and
(22). '

Finally to show uniqueness, we assume there exists another zero y* of equation (4)
in U(zo, R). Then from (1), (13) and (27), we obtain

| P [ [P+t - v - FGan)
< ||F' (o )‘1”/ , (1= t)||zo — y*|| + tllz* — zoll)dt <1, by (12) and (13).

. It now follows from the above inequality that the linear operator
Jy F'(y* +t(z* — y*))dt is invertible. From this fact, and the approximation

F(") - Py") = / Py +t(z" —y"))(z* — y")dt
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it follows that z* = y*.
That completes the proof of the theorem.

Remarks. (a) From the estimates
||z — Yoll < lzr — Ynll + llyn — Yol < (tn — sn) + (8n — so) Lth—1N < Ry —n
and

”yn+1 - yO“ 4 “yn+1 —$n+1” = “xn+1 —yn” + ”yn—yOH
< (8n+1 —tnp1)+(tnt1—8n) + (8n—30)
<spt1—N< Ry -1,

it follows that Zn,yn € U(yo,R1 —n) for all n > 0. Note also that R; is the unique
positive zero of T'(r) —r = 0 in (0, Ry] (by (10)).

(b) We can use the midpoint method to approximate nonlinear equations with non-
differentiable operators. Indeed, consider the equation

Fi(z) =0, (30)

where
Fi(z) = F(z) + Q(z),

with F' as before and Q satisfying an estimate of the form -
1Q(z + ) — Q(@)|| < B(r,|Ihll), z€U(zo,R), 0<r<R, 0s< Al < R—7

where B is a nonnegative and continuous function of two variable such that if one of the
variables is fixed then B is a non-decreasing function of the other on a corresponding
subinterval of [0, R]. Note that the differentiability of Q is not assumed here. Moreover
we assume B is linear in the right hand side variable. Replace Fin (2) and (3) by F1
and leave the Frechet-derivatives as they are. Define the sequences {%.} and {Sn}(n > 0)
as the corresponding {t,} and {sn} given (6) and (7) respectively. The change will be
and extra term of the form B(tn, sn — tn) added in the definition of P(tn, $n). Define T}
by T in (9) the insert inside the bracket the term B(r,r). Then following the proof of
the above theorem step by step we can show a similar theorem with identical hypotheses
and conclusions, but holding for equation (30). (See, also [4], [9], [10], [22]).
(c)In [7] we showed the result (see also [9]). :

Theorem 2. Let F : D C Ey — Es, E1, E; be real Banach spaces, and D be an open
conver domain in Ey. Assume that F has 2nd order continous Frechet derivatives on D
and that the following conditions are satisfied:

IF'(z) = F' ()|l < Illz = yll, IF"(@)]l < Nllz = yll,
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forall x,y € D

”F'(mo)*lu < B, ||lvo — zol| <

TN13 :
2

e <
[M +6ﬁ] < K,

and
Ulyosri — ) € D.

Moreover, we define

1 1 n

t) = Kt — —t + -,
1-+/1-2h
= A Ui

and
t9_1— 1—-2h

R Y s

where 1 15 the smallest zero of the equation g(t) = 0. Then the midpoint method (2)—(3)
is convergent. Also z,,yn € U(yo,r1 —1n), for alln € Ny. The limit z* is the unique zero
of the equation F(z) =0 in U(zo,73), 1 <713 <72 if L=K(or M = K) and r; =72 if
I<K(orM<K).

Moreover, we have the following error estimates and optimal error constants:

|zn —z*|| <m —¢tL, forall n,

llyn — z*|| £y — sk, forall n

and ( 92)
_ A =6%)n gn_y
Irl e tﬂ - 1 — 9311 0 )
where ( 1) ‘
t
1 - tl - g n tl - 0
N TCYR
and )
t
b =8~ 9(tn) forall n > 0.

g'(3(th +s1))
(d) Several sufficient conditions can be given to show for examples that under the
hypotheses of theorems 1 and 2

Sn—tn <s,—t- foral n>0.
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On such condition can be

B 2 A p 1 g(r)
___1—ﬁA(0,r) [/0 A(r, t)dt + A(r, §)r+_’_—_—1-ﬂA(O,T)A2(T’§)T] <sl—t}, or < —m

for all r € [0, R].
The details are left to the motivated reader (see, also [4], [9]).

() Note that the order of convergence for the midpoint is three, whereas for Newton’s
method only 2[1], [9], [13], [16].

(f) Similar theorems can be proved if ||A|| in Cy is replaced by a Holder continuouity
condition of the form ||h||¥ for some p € [0,1]. (See, also [9]).

(g) The function A can be chosen as
A(r, [|pll) = sup

z,y€U(xg.7)
IR SR—T

F'(z +h) - F’(x)”,

or
r+i|All

Al |[All) = / a(t)dt (31)

T

where ¢(r) is a nondecreasing function on the interval [0, R] satisfying
|1F'(2) = F')Il < q(r)llz - yll

for all z,y € U(zo,r) (see also [4], [9], [16], [22]).
One can refer to [5], [9] for some applications of these choices to the solution of
nonlinear integral equations of Uryson-type.

(h) Finally, if the right hand side of condition (1) changes to A(r,r + ||h|]), a new
theorem similar to Theorem 1 can then esaily follow. Remarks similar to (a)-(g) for the
new condition can we also follow.

III. Applications

(A) In this section we will first give an example for Theorem 2 (similarly we can work
for Theorem 1). We first note that the midpoint is of order three. The most popular
methods of order three are the method of tangent parabolas (or Euler-Chebysheff) and
the method of tangent hyperbolas (or Chebysheff-Halley) [1], [5], [6], [9], [12], [14], [15],
[17], [18], [20], [21]. In all the above references it is assumed that N > 0, which means
that these methods cannot apply to solve quadratic operator equations of the form

P(z) = B(z,z) + L(z) + 2,

where B, L are bounded quadratic and linear operators respectively with z fixed in E,.
We then have that P'(z) = 2B(z) + L and P"(z) = 2B. Hence, we get M = 2||B||
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and N = 0. Integral equations that can be formulated in the form P(z) = 0 have bery
important applications in radiative transfer [2], [3], [4], [10].

In this section we use the theorem to suggest new approaches to the solution of
quadratic integral equations of the form

1
z(s) = y(s) + Az(s) / q(s,t)z(t)dt (32)
0
in the space E; = C[0, 1] of all functions continuous on the interval [0,1], with norm
llzll = b |z(s)I-

Here we assume that A is a real number called the “albedo” for scattering and the
kernel ¢(s,t) is a continuous function of two variable s,t with 0 < s, ¢ <1 and satisfy-
ing

(1) 0<Q(S,t) =l OS 8, t < | ¥ Q(O,O) =1
(ii) q(s,t) +4g(t,8) =1,0<s,t < 1.

The function y(s) is a given continuous function defined on [0,1], and finally z(s) is
the unknown function sought in [0, 1].

Equations of this type are closely related with the work of S. Chandrasekhar [10],
(Novel prize of physics, 1983), and arise in the theories of radiative transfer, neutron
transport and in the kinetic theory of gasses, [2], [3], [9], [10].

There exists an extensive literature on equations like (32) under various assumptions
on the kernel g(s,t) and X is a real or complex number. One can refer to the recent work
in [2], [3], [9], [10] and the references there. Here we demonstrate that the theorem via
the iterative procedure (2)-(3) provides existence results for (32).

For simplicity (without loss of generality) we will assume that

q(s,t):ﬁ—t forall 0<s, t<1, ¢(0,0)=1.

Note that ¢(s,t) so defined satisfies (i) and (ii) above.
Let us now choose A = .25, y(s) = 1 for all s € [0,1]; and define the operator P on
E1 by

.
Plz) = )\:c(s)/o s——{—tx(t)dt —z(s) + 1.

Note that every zero of the equation P(z) = 0 satisfies equation (32).
Set zo(s) = 1, use the definition of the first and second Frechet-derivatives of the
operator P to obtain using the theorem,

= M=20 g,
_s__

1 ;
/ Ldt‘ = 2[A|In2 = .34657359,
o S +

B= “P’(l)“lﬂ = 1.53039421,
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> “P’(l)“lP(l)” > BAln2 = .265197107,

h = .140659011 < .5
r = .28704852, 1o = 3.4837317

and
6 = .08239685.

(For detailed computations, see also [2], [3], and [9].)

Therefore according to theorem 2 equation (32) has a solution z* and the two-point
method (2)-(3) converges to z*. Note that, the results obtained in [12], [14], [15], [17],
[18], [20], [21] cannot apply here, since N = 0. ,

(B) We will complete this study by providing an example that shows how to choose
the constants B,n and the functions A and T, where A is chosen as in (31).

Let us assume that E; = B2 = C = C[0, 1] the space of continuous functions on [0, 1]
equipped with the usual supremum norm. We consider Uryson-type nonlinear integral
equations of the form

Fla)(t) = =(8) = /0 K(t,s,a(s))ds. (33)

We assume for simplicity that zo = 0, and make use of the following standard result
whose proof can be found for example in [5] or [9].

Theorem 3. The Lipschitz condition (31) for the Frechet-derivative F' of the oper-
ator (33) holds if and only if the second derivative K", (t,s,u) ezist for all t and almost
all s and u, and

K" (t, s,u)|ds < 0 (34)

1
sup / sup
te[0,1]JO Jul<r
Moreover, the left hand side in relation (34) is then the minimal Lipschitz constant

g(r) in (31).
Moreover, the constants  and (3 are given by

1 1 1
7 = sup l/ K(t,s,O)ds+/ r(t,s)/ K (s,p,0)dpds (35)
tefo,1]' Jo 0 0
and ;
B=14+ sup / |r(¢, s)|ds, (36)
te0,1) Jo :

where 7(s, t) is the resolvent kernel of equation

h(t) = /01 K. (t,s,0)h(s)ds = — /{)1 K(t,s,0)ds. (37)

Let us consider a simple example. Suppose that K (¢, s,u) = c1(t)ca(s)cs(u) with two
continuous functions c¢; and ¢z, and ¢3 € C?. We set

1 1
dy =/0 co(s)ds, d2=/0 cy(s)ca(s)ds. (38)
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Then relation (37) becomes
A(t) = [cheb (0) = dics(0)]er (1), (39)
where

€4 :/0 c2(s)h(s)ds. (40)

Substituting relation (39) into (40), one may calculate cy and hence find the resolvent
kernel r(t, s) in case dych(0) < 1, to get

_c1(t)ea(t)ch(0)
) = ] —dzcg(so) . (41)
Using relations (34)-(36), we obtain
q(t) = ller]lda Lo |3 (u)], (42)
_ d163(0) B
= ﬁmllclll (43)
and
dlcg (0)

B=1+ llea]l. (44)

1-— dzc’3 (O)

Thus, in this case a complete and explicit computation of the function T given by
relation (9) is possible. As an example, let us choose

3 | 2 s, B
eift) = ﬁt’ ca(s) = 10° and c3(u) = U + EQH_ 1
on [0,1]. Then using relations (38), (41)-(44), (5) and (9) we get
1 2
By R 0 L
dy 100 2= 100 dac3(0) 7060 "
(t,5) = gots, alr)=~2r, 1 = a3 = 030061011
T ,5—499'; q —1007', 1_30__ ;
_ 1, sl
T 4990 77 99"

Relations (11) and (12) become respectively

r’ +.0300610117% + 229.26115987° + 2.918374609r* — 3141.619606r3
+ 94.44026784r — 33888.20112r + 1018.713654 <0

and
R < 5.688635222 = R,.

That is, the hypotheses of Theorem 1 will be satisfied if we choose

Ry =.030061013 and R = R,.
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The conclusions of Theorem 1 can now follow.
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