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HOLDER CONTINUOUS FUNCTIONS AND

THEIR ABEL AND LOGARITHMIC MEANS

SUSHIL SHARMA ANDS. K. VARMA

Abstract. Mahapatra and Chandra (8] have obtained the degree of approximation for f E
H。(0 :<S fJ < a :'S 1) using infinite matrix A:,= (an.kl·Mahapatra and Chandra (7] used Euler,
Bora! and Taylor means. In the present paper we have obtained the analogous results using Abel
(A>.) and Logarithmic (L)-means

1. Introduction

Let C2rr be the Banach space of all 21r periodic functions defined on [-1r 汀r] under the
sup norm. For O < a~1 and some positive constant k.

H。= {f EC玩 : lf(x) - f(y)I :S klx - YI°'}.

The space H。is a Banach space with the norm II·II。defined by

1111 伝 = llfllc + sup{~°'f(x,y)}
x,y

(1.1)

(1.2)

where

llfllc = sup lf(x)I
-rr<x<rr

and

A叮(x, y) = lf(x) - f(y)I

Ix -yl°'
(x-/= y) (1.3)

we shall use the convention that~叮 (x, y) = 0. The elements of the space H。are called
Holder continuous functions. If D is the collection of all differentiable functions defined
on [-1r, 司 then 比 is easy to see that

c鈺 2 恥 ;2H。 ::::>D for O ::; /3 ::; a ::; 1.

For each f E JI°', 0 < a ::; 1, let the Fourier series be given by

00

f(x) a。,.....,2 十芷 (av cos vx + bv sin vx)
v=l

(1.4)
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where av and 比 are Fourier coefficients.
Given >. > -1, we say that the series I: Um is A>,.-sumrnable to a finite sum S if the

senes
00

(1 - r)>.+1 芝 ¢严 Sn
n=O

is convergent 阮 all r in (0,1) and tends to S as r-+ l in (0,1), where

焓 = (n:》 n

and 臨 ＝芝 Um·
rn=O

If ,\ = 0, A>,-method reduces to well known Abel method of summability (Hardy [3]).
Borwein [1] introduced Logarithmic (L)-method of surnmabililty. He defined a series

L Um to be summable by£-method of summability to the sum S if, for r in the interval
(0,1)

1
00

lim 严 Sn~= S.
勺 -o I log(l - r)I n=l n

We have following inclusion relation

(L) :) (A,A):) A:) (C,5) for every 6 > -1.

We shall use the following notations throughout this paper

2</>x(t) = f(x + t) + J(x - t) - 2j(x),

A>. (r, t) = (1 -c- r).>.+i f亞nsin(n + !)t
sin t

n=O ）

1 r sin t
L(r, t) = - tan可

t
）

1 - r cost

、.1',

、`̀
,'

5

6

1

1

'
t、

,
t、

(1.7)

2. Statement of Results

Khan [5] obtained the necessary and sufficient condition for A>. -summability of
Fourier series (1.4) and Hsiang [4] obtained the necessary and sufficient condition for
L-surnrnability of Fourier series (1.4),

Prossdorf [10] proved the following theorem A with a view to obtain the degree of
convergence of the Fejer means of the Fourier series of f E H。.

Theorem A. Let f EH。, 0 < a~1 and O~/3 < a, then

O(n/3-a), 0 < a < 1,

1 回(f x) - !lie = [
O{n正1(1 + logn)1-/3}, <x = 1

(2.1)
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Mahapatra and Chandra [7] replaced the Fejer means of the series (1.4) by well known
Norlund and (瓦 Pn) means. Mahapatra and Chandra [8] replaced Norlund and (N,pn)
by a more general infinite matrix T = (an,k) with some conditions on (an,k). Mahapatra
[9] proved results on degree of approximation of Holder continuous functions. Das, Ojha
and Ray [2] used Borel means to obtain the degree of approximation. Mohapatra and
Chandra [7] used Euler, Boral and Taylor means to obtain the degree of approximation
for f EH。They proved the following theorem

Theorem B. Let O < f3 < o: < 1_ . Then, for f E Ha,

IIB1'(f: x) - fllfJ = O{r-<1/2)(ac-fJ)(logr)f3/et} (2.2)

where Br(!: x) is the Boral mean of the series (1.4).

＇In the present paper we have used A>.-mean and L-mean. In fact we shall prove the
following theorems:

Theorem 1. Let O ::; (3 < a ::; l. Then, 阮 f E Hee

I/AA(!) - f/113 = O[(l - r)ec 一門

where AA(!) is the A>.-mean of the series (1.4)

Theorem 2. Let O ::; (3 < a ::; 1. Then 阮 f EH。

1/Lr(J) - Jl/(3 = O[log(l - r/f3/o)-l(l - r)°'-µrµ]

where Lr(!) is the L-mean of the series.(1.4).

(2.3)

(2.4)

3. Preliminary Lemmas

We shall use the following lemmas for the proof of our theorems.

Lemma 1. If f E H。(0 < a :'.S 1) then

I¢x (t) - c/Jy (t) I :'.S 4k IX - YI°'
and

l<l>x(t) - </>y(t)I~4klt1°'

、
~

、̀
l

1

2

．

．

3

3

,
!'

·3
[、

where k is a positive constant. The proof of the lemma is obvious from the definition of
如 (t) and the function space H°'.

Lemma 2. Khan [6]

A;.(r,t)=

0(( 古 ）], when t~1 - r,
0 < t~7f,
O~r<l.

0( 丐 出 訂 ，when t~1 - r,
0 < t~1f,
O~r<l.

(3.3)
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Lemma 3. Hsiang [3] For O < r < l,

~_1 (r sin t)
O[百 ], 0 <曰 1 一 T

- tan 1 - r cos t = [ 0 [t], 1 - r < t :S ,r

4. Proof of The Theorem 1

Let
＇

In(x) = A託f, x) - f (x)
00

= (1 - r)>-+1 芷 [Sn(x) - J(x)]rnc~
,i=O

(1 - r 严 OO

＝
7f

芝 T一` 「 虻(t) si~(n + 1/2)t dt
smt/2

n=O 。
Therefore

ln(x) — In(Y) =:[ I 虻 (t) - 旳(t) IA, (r, t)dt

＝ ；［ ［ 一1'+ /:J比 (t) - 的(i)IA.>. (r, t)dt

=Ii+ h, say.

So

1 1-r 1
Ii = ; 1 t°'(~)dt, by (3.2) and (3.3) .

= 0(1 - r)°'.

and

1 7r

h = ; f_r (1 - r)>-+lta->--2dt; by (3.2) and (3.3)

= 0(1 一 r)°'.

Similarly if we use (3.1) in place:: of (3.2), we get

11 = 0(1)「r Ix - YI°'dt
0 (1-r)

= Olx - YI°'-

and

(3.4)

(4.1)

{4.2)

(4.3)

(4.4)
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I2 = 0(1)「三(1 - r)狂 1dt
1 一 T

= Ojx -y尸·(4.5)

Now for k = I, 2, we observe that

h = 1:-(3/01/3/o
k

So by (4.2), (4.3), (4.4) and (4.5), we have

Ii= O{扛－硏 (1 - r)0一勺

and

So

h = O{lx -y尸 (1 - r)°'一勺

supl~13In(x,y)I = 0{(1 一 r)°'-/3}
"'•Y
.ef,y

This completes the proof of the Theorem 1.

Proof of theorem 2.

In(x) == l~「莖严
I log(l - r)l 1r 。sin t/2 n=l n

sm(n + l/2)tdt.

So

In(x) - In(Y) == l l 「叭(t) - 列(t) 00

I log(l - r)I; 。 sin t/2
辶 尸sin(n + l/2)tdt
n=l

== 1 1 [ 1-r 7r 陷(t) - 西(t)I 00

I log(l - r) 丨 ； 1 +l一」 sin t/2 芷 严 sin(n + l/2)tdt

== Ii + h, say. (4.6)

Ji = l 0(1)「r r
llog(l-r)I O (1-r) t°'dt, by usmg (3.2) and (3.4)

= 0(
r

I log(l - r)I
(1 - r)°')

h=
1 1·7T I~匹 (t) - 列(t)I 00

丨 log(l - r)I 元 l-r sin t/2 芝 严 sin(n + 1/2)tdt.
n=l

= 0(1)
llog(l -r)I l-r

1 /1r t0-1dt, by using (3.2) and (3.4) .

= O{
(1 - r)°'

I log(l - r)I
｝

(4.7)

(4.8)
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Similarly if we use (3.1) in place of (3.2), we get

and

0(1) 尸

Ii= llog(l-r)I lo lx-ylcr(l:r)dt

= 0(
扛 -yl吁

llog(l -r)I
）

0(1)•7r 扛- Ylcr
h = j dt

I log(l 一 r)I l-r t

= O{lx - Ylcr}

(4.9)

(4.10)

Now for k = 1, 2 we observe that

Ik = Iki-<f3/QJ I且/a
k

So by (4.7), (4.8), (4.9) and (4.10), we have

Ix - Ylf3r/31ar位 －切 /a(l - r)°'-.8
Ii= 0[

log(l-r)
］

= 0(
Ix - Yl13占1 - r)°'一8

log(l - r)
］

h=O[
Ix - y!13{log(l - r)}/3/°'(l - r)Q-(J

I log(l - r)I l

Since (3 < 1 and r :S 1, (4.11) and (4.12) gives

sup lt::,,/3 In(x, y)I = O[{log(l - r)}(f3/a)-l (1 - r)a一 /3 rP]
"'·Y
"''FY

、̀
,'·

`

~

1

2

1

1

4

4

,'
｀ .

'
\

This completes the proof of the Theorem 2.
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