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AN OSCILLATION THEOREM FOR A NEUTRAL DIFFERENCE
EQUATION WITH POSITIVE AND NEGATIVE COEFFICIENTS

WAN-TONG LI* AND SUI SUN CHENG

Abstract. An oscillation criterion is derived which supplements the oscillation theorems dervied
in [1].

In [1], comparison and oscillation theorems are derived for a class of neutral type
difference equations with positive and negative coefficients

A(In = Tnmn—ﬁ) + PnZTn—r — nTn-- =0, n=0,1,2,..., (1)

where £ is a positive integer, 7 and o are positive integers such that 7 > o, {r,}52, is a
real sequence, and {p,}52, as well as {¢,}2}, are nonnegative sequences.

In this note, we will assume in addition, and also throughtout the sequel, that {r,}
and {pn, — gn—r+o} are eventually nonnegative and the latter sequence has a positive
subsequence, and derive another oscillation theorem which supplements those in [1]. For
the sake of brevity, preparatory definitions and material in [1] will not be repeated here.
Lemma 1 in [1] will be assumed: In a ddition to the assumptions on (1), assume further
that

n—1

Tn + Z g <1 (2)

i=n—71+40

holds for-all large n, then for any eventually positive solution {z,} of (1), the sequence
{zn} defined by
n-—1
2 S B —Taltag— Y Qe 720 (3)
i=n—71+0

will satisfy z, > 0 and Az, < 0 for large n. Here and in the sequel, we adopt the
convention that empty sums are equal to zero. We will also make use of the following [1,
Corollary 1] in the later two corollaries: in addition to the assumptions imposed on (1),
assume further that r,, > 0 for all large n. Then every solution of (1) oscillates if, and
only if, every solution of the following functional inequality

A2y —TaZn—¢) + Pan—r — IZn-¢ <0, n=0,1,2,...
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oscillates.

Lemma 1. Suppose

n—1
T =k Z q; 2 1 (4)

t=n—T7+0

for all large n. Suppose further that

i[pn — Gn—r+0) €XP {

n=0

n

1 2
=3 ilp - qy‘—f+a)} = 00, (5)
jh %

3=0
where p = max{§,7} > 0. Then for any eventually positive solution {z,} of (1), the
sequence {z,} defined by (3) satisfies z, < 0 and Az, < 0 for all large n.

Proof. Suppose {z,} is an eventually positive solution of (1). In view of (1),
Azn = "'(pn - Qn'—‘r+a')$n~—r

for all large n. Since {p, — gn—r+o} is eventually nonnegative and has a positive subse-
quence, we see further that {z,} is either eventually nonpositive or eventually negative.
Suppose to the contrary that {z,} is eventually positive, then there is some integer T
such that z, >, 2z, > 0 and Az, <0 for n > T — max{{,7,0}. Let u = max{¢,7} and
k =min{{,0}. Then in view of (3), for T <n < T + p,

n—1
-TnZM{T'n"}' Z qi}ZM:
i=n—7+o0
where
M = minder_ q6 80— piis o5 2P F > D,

and by induction,
2n > M,T+(k—Du<n<T+kp,

for each k = 1,2,.... In other words, z,, > M forn > T — p.
Next, in view of (3), for n > t + p,

n—1

Tn =2p +ThTn—¢ + E 9iTi—qo
t=n—71+0
n—1
> %+ ('rn -+ E Qi) min T¢
. n—p<ti<n—x
i=n—r+o -

> Zn + min Te 2 Z2p+ WD T
n—plti<n—x n—-u<t<n
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Let [z] be the greatest integral part of the number z and let N(n) = [n/u). Then by ‘
applying the same arguments, we see further that

Tp 2> 2p+ min x4
n—p<t<n

22,4+ min {zt+ min :1:3}
n—p<t1<n t—p<t1<t

22+ min_ z;, + min { min zt2}+---
n—pu<ti<n n—p<lti<n Ut —pu<ta <ty

+ min {{ min th(n_T)_l}}
n—p<t1<n IN(a—T)—2—BSEN(n—T)-1SEIN(n—-T)-2

+ min {{ min xtw(n_m}}-
n—p<t1<n IN(=-T)=1ZtN(n—T) SEN(n—T) -1

Hence when tn(,—7) > T, from the monotonicity of the sequence {zn}, we see that
Zn >2Nn—-T)zn+M, n>T+p.
But then

0=Az,+ (pn = Qn—-r+cr)$n—-r
2> B+ (pn - Qn—-r+a)(N(n = T)Zn—--r 5 M)
> Az +(1 - exp(_(pn = Qn—r+a)N(n =iy === T)))Zn—r + (pn - Qn—r—f-a)M
for n, say, greater than or equal to T+ p, where we have used the fact that e* > 1+ z

in deriving the last inequality. If we multiply the above inequality by the “integrating
factor” (cf. [5, Theorem 1])

exp ( i (Pi — Gierto)N({i — 7 — T)),

=TT

we obtain

A{zn exp ( ”‘21 (Pi — Gi—r 4o ) NG — 7 - t))}

=T+

+M(pn - Qn—r—u) €xp ( Z (pi o5 Qi-—'r+a')N(7: = = T)) <0
ca=T+7

for n > T'+ 7. Summing the above functional inequality from 7' + T to n, we obtain

n
ZT+r 2 Zn+1 €XP ( Z (pz - Qi—‘r+o’)N(i | = T))
t=T4+T1
n J
+M Z (pj = gj—r+o) €xp ( Z (Pi — Gimr40)N(i — T — T)) > 0.
=T+ i=T41
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By letting n tend to infinity, we see that

o0
Z (pj - (Iiw'r+a €xp ( Z (pz qi— 1'+<1)N(7' e T))
j=T~+r =TT

we see finally that

i [Pj - Qj—‘r+o] €xXp {% i i(pi - Qi~—r+a)} <00,

j=T+T i=T+7r
This is contrary to (5). The proof is complete.

Theorem 1. Suppose
n—1
ro 4 Z gi=1 (6)
i=n—7+0

for all large n. Suppose further that (5) holds. Then every solution of (1) oscillates.

Indeed, recall that under the condition that (2) holds for all large n, for every eventu-
ally positive solution {z,} of (1), the sequence {z,} defined by (3) is eventually positive.
But this is contrary to the conclusion of Lemma 1 here. Thus (1) cannot have any
eventually positive, nor any eventually negative, solutions.

As an example, consider the equation

1
Alzn— (1 —@)pp—)+ (a + n—ﬁ)xn_z — Q%1 = 0,

where g = max{{,7} =2,0<a<1l,and 3/2< 3< 2. Taker,=1-a,pp =a+ 1/nP
and ¢, = a, then (6) is satisfied for all large n. Furthermore, since

L
2.2
3=

ol 1 1
/2 2P-1 " (2-pB)(k+1)F-2  (2-p)28-2

and

k _
exp (Z jﬁl_l) > exp ((3‘_—@1%) exp ((2 - ﬁ)(flb T l)g_z),

=1
/100 ml exp ((2—;)7-5)&0 = 00

by means of the integral test, we see that

oo
Z[pk —Qk—7+40c exp{

k=1
e [ %, 1
Zk_ﬂ (Z]ﬁl
j=1

k=

o,

as well as

T~
.

=1

Xk:J - Qj—T+a')}

0.

frc?
DN | =
S

Il
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This shows that condition (5) is satisfied. All the assumptions in Theorem 1 are satisfied
and hence all solutions oscillate. But he results in [1,4] are not applicable when 3/2 <
B < 2. This is because for such a 3,

00 o 1 00 1
n(Pn — Gn-r+o) Z(pk — Qk—r+40) = Z nB-1 Z kB
n=2 n=2 k=n

oA |
San’_/ Z([3—1(n(n—1))’3—1

n=2

In case (4) is not satisfied for all large n, we may try to apply the following two
results.

Corollary 1. Suppose (2) holds for all large n. Suppose further that (5) holds and
that

'rn—r(pn = Qn—'r-{-a') = (pn—§ S Qn—£—7+a) (7)

for all large n. Then equation (1) is oscillatory.

Proof. Suppose to the contrary that {z,} is an eventually positive solution of (D).
Then by means of Lemma 1 in [1], the sequence {z,} defined by (3) will satisfy z, > 0
for all large n. In view of (1), we have

AZn = _(pn = Qn—-r+a')xn—r

= _(pn - Qn—-r+a){zn—‘r + Tn—srZn-t—r + Z Q'i—rxi—r—-a}

i=n—1+40

so that
Az, + (pn - Qn—r-}—a)zn—r o Tn——’r(pn - Qn—r—f-a)xn—E—T <0.

In view of (1) again, we also have
Azn—{ i (pn—§ - Qn—ﬁ—‘r-f-d)xn—‘r—& =0.
Subtracting the latter equation from the former, we obtain

A(zn e 25) + (pn - (Jn—‘r—i—a)zn—‘r
S {(pn~-§ - Qn—5—7~}~a) - T'n.—T(pn - (In—T—l-a')}xn—«T—E S O:

which implies that {z,} is an eventually positive solution of the recurrence relation
A(zn = Zn-‘-g) o (pn - Qn—'r+cr)zn-—T < G
By Corollary 1 in [1] mentioned above, we see that the equation

Az, — Zn—é) + (Pn — —— Y|
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has an evntually positive solution. This is contrary to Theorem 3.

Corollary 2. Suppose that the conditons (4) and (5) in Lemma 1 hold, that {q,/(pn—
Gn—7+0)} 1S eventually nondecreasing, that

B (Pr—e — Grr—gto) = Trr(Pn — Gn—rqe), B1 >0, (8)
and that
Gn—7(Pn — Gn—r+0) < h2(Pn—o = Gn-7) (9)
for all large n, where hy + ho(T — o) = 1. Then every solution of (1) oscillates.
Indeed, suppose to the contrary that {z,} is an eventually positive solution of (1),

then by Lemma 1, we see that the sequence {z,} defined by (3) will satisfy z, < 0 for
all large n. Furthermore, in view of (8) and (9), we get

Azn = _(pn i Qn—r+0')l'n—r

n—1

= _'(pn - Qn—‘r+a') [zn—-r + Tn—rTn—g—7 + Z Qi—‘rl'i—a——r]
i=n—T1+40
Z _(p'n, B Q'n——‘r+cr)zn—-r s hl (pn—E = Qn—‘r+0'—£)mn—§—r
n—1
/ qi—
~(Pn — Gn—r+0) Z S e e Z_T _ (—Azi_q)
Wil Pi—o — Qi—7
n—1
> (pn - Qn—-r—i-cr)zn-—r - hlAzn—g + ho Z: Kz v
i=n—740

= _@n — Qn—140 + hZ_)Zn—T i hZZn——cr & hl Azn-—&;

so that
A(zn B hlzn—E) + (pn —Qn—r4o + hZ)Zn-—r - B¢ >0

for all large n. This shows that {—z,} is an eventually positive solution of the inequality
A(2n = h12n—g) + (Pn — Ga—r40 + h2)2n-r — h32q_, < 0.

By Corollary 1 in [1] mentioned above, we see that the equation
Afzn — Mza—g) + (Pn = Gu—rio + h2)2n—r — ha2p-oc =0

has an eventually positive solution. This is contrary to the conclusion of Lemma 1.
As our final example, consider the equation

A(:cn — Z(nn—_:-zl)mn—l) + (% + niﬁ)a:n_z — %xn_l = 0



AN OSCILLATION THEOREM FOR A NEUTRAL DIFFERENCE EQUATION 45
Sincer,=(n+2)/2n+2),pp=1/2+1/nP, g, =1/2, 6 =0=1,7= 2, we see that

n+2 1
s =51,
Rl Z E=8m+1) 3

i=n—1+4+0
If we take hy = 1/2 and hy = 1/2, then

hi + ho(r —0) =1,

1

h1(Pr—¢ — Gn—r—g-0) = An_1)p’
1
rn—-r(pn = Qn—‘r-—a) = W7
1

Qn—T(Pn - Qn—-r+a) = ’é’,ﬁ'ﬁ’

and i
h —0 sp) T e e

Thus the assumptions (4), (8) and (9) in Corollary 2 are satisfied for all large n when
1 < f < 2. Furthermore, as already seen in the previous example, condition (5) is
satisfied. Hence all its solutions oscillate. The same conclusion cannot be drawn form
those in [1,4] when 3/2 < 8 < 2.
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