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ON DEGREE OF APPROXIMATION OF FUNCTIONS BELONGING TO THE
WEIGHTED (L?,£(t)) CLASS BY (C,1)(E,1) MEANS

SHYAM LAL

Abstract. In this paper, a theorem on the degree of approximation of the function belonging
to the weighted class W (LT, £(t)) by (C, 1) (E,1) means is established.

1. Definitions and Notations

Let f(t) be periodic with period 27 and integrable in the sense of Lebesgue. The
Fourier series of f(¢) is given by

1 - :
f(t) ~ 590 + g::(an cosnt + by, sinnt). (1.1)
We define || ||, by
2m 1
1= ([ f@Pds)”,  p21 (12)
0 ;

and let the degree of approximation E,(f) be given by

En(f) = Mln”f = Tn”P7 (13)

where T,,(z) is a trigonometric polynomial of degree n. A function f € Lip « if
flz+1t)— f(z) =0(]t|]*) foro<a<l (1.4)

f(z) € Lip (a,p), fora <z <b, if

b 1
([ 1@+ - 1@Pe)" <A, o<as<ip>1 (1.9

(definition 5.38 of McFadden (1942)). Given a positive increasing function £(t) and an
interger p > 1, f(z) € Lip (&(t),p) if

o =

2m
([ 1f@+0-s@Pdz)” = o) (16)
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and that f(z) € W(LP,£(t)) if

27 L
([ 1 +1) - @) sin? ada) " = 0(e@), (82 0) (17)
0 ,
In case B = 0, we find that W (LP,£(t)) coincides with the class Lip (£(2),p). If
Er=29" (n) Sp —+ S, as M — 00 1.8
n kZ:O % k ( )

then an infinite serise 3 o, a, with the parital sums s, is said to be summable (E,1)
to the definite number s. The (C,1) transform of the (E,1) transform E} defines the
(C,1)(E, 1) transform of the partial sum s, of the serise ¥ g Thusif

1 n
(CE)} = - ;E,g — 35, asn— oo (1.10)

where E. denotes the (E,1) transform of s,, then the serise Yo o Gn is said to be
summable by (C,1)(E,1) means or simply summable (C,1)(E,1) to s.
We shall use following notations:

¢(t) = f(z +t) + f(z —t) — 2f(z)

2. The degree of approximation of functions belonging to Lip «, Lip (o, p) and
weighted class W (L?,&(t)) by Nérlund means has been discussed by a number of re-
searchers like Qureshi (1981, 1982), Khan (1974) and Neha (1990). But till now no
work seems to have been done to obtain the degree of approximation of the functions
by product summabilities means of the form (C,1)(E,1). In an attempt to make an
advance study in this direction, one theorem on degree of approximation of functions of
W (L?,£(t)) class have been obtained in the following form:

Theorem. If a function f, 2m-periodic, belonging to the weighted W (L? ,E(t)) class,
then its degree of approzimation is given by

If - CERI=0(en?*),

provided £(t) satisfies the following conditions:

([ (29 aweruaf’ =o(2) eRt

{/: (t‘;(qz)(t))z’dt}% _ O(né) 2

n
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where & is an arbitrary number such that q(1 — ) - 1 > 0, conditions (2.1) and (2.2)
holds uniformly in z and (CE)% are (C,1)(E,1) means of the series (1.1).

3. Estimate

We shall require the following estimate :

1 — cos™ (%) cos (%E) =0(n%t?) for 0<t< % {acl)

For 0 <t < i, we have

- (5o (5) =1 {1- (§ =)} (- )
1= (-1 0-5)

n2t? nt? n3tt

=l =T T
n?t? 1
=2t _)
& ( +n

4. Proof of Theorem

Following Titchmarsh (1939, p.403) and using Riemann-Lebesgue theorem, the partial
sum s, of the series (1.1) at ¢t = z may be written as

/ —smnt dt + O(1)

The (E, 1) transform E} of s, is given by

El - f(z)=2_ it {i (Z) sin(kt) }dz

k=0

“/ Ol ()}

0

k=
== Mcos %)S [nt]

™

Denoting the (C,1) transform of E1 is the (C,1)(E,1) transform of s, by (CE)},
have by reqularity of (C, 1) transform,

(CE), — f(z) = mr/() ¢§t)[Zcos (;)sm(k;)]dt
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- nl—w Ow ﬂiﬂIp[Zﬂ:cosk (%)eﬂﬂfg]dt

rt/z cos (4) {;; é;/ e (%))n}} dat

1 [T,

p

nw Jo t

’—_O[Il +Ig], say

1 Y™ g(t) [t nt
b5 E/o —?2—(1 — cos (5) oS (?))dt
Applying Holder’s inequality and the fact that #(t) € W(LP,£&(t)), we have

Now,

. = : y nt q 1/q
B[ (]| [ {i‘? St i) } }
—o(&)ol [ (Y al" wanew
Applying mean-value theorem, we have
I = O(E(%) (/1/” (%(—ﬂdf—l);)l/q] whére 0<e< %
—(B+1)g+1  q1/n\1/
- (6(}1{) ([—tﬂ n 1); £ 1]2 n)l q)
- o(g(l) (n(ﬁJrl)q-l))l/ ")
n
-o{e(3)+
- O(&(—le)nﬁ“/p), where % - % =1 such that 1 < p < c0.
Therefore
I = O(f(%)nﬁﬂ/p)
Similarly, as above, we have
1/q

L e qup | 7 fE@(1 - cos™ L) cos (%t !
a2 [ (i) [[f =

— om0w0| [ (Sl ey

g2yit 3
51y 1), 2-d-1
=P = T %

n
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[(CE);, - f(=)| =0

oy
T,
S|
R
3
i)
+
=
o S

I(CE), — f(=)l| =0

s FE o <1

- o —
o
Pt
oy
>
S|
N
=
=
+
o
| S
]
jo N
8
Nt
—
s
3
[ S———]

= OF %)nﬂ%(/o?r da:)l/p]
-ofe(2))

This completes the proof of the Theorem.

5. Following corollaries can be derived from the theorem:

Corollary 1. If f = 0 and £(t) = t* then degree of approximation of a function f
belonging to the class Lip(a,p), 0 < a < 1, is given by

(€)% - s@I=0[(2)"]

Proof. Since ®

(CE), - f@@)| =0|¢
=0
(

which completes the proof.

Corollary 2. If p = oo in Corollary 1, then we have, for 0 < a < 1,

(CE), ~ f(@)] = 0] o].

R

Remark. An independent proof of Corollary 1 can be developed along the same lines
as the theorem.
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