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ON SIMPSON’S QUADRATURE FORMULA FOR MAPPINGS
OF BOUNDED VARIATION AND APPLICATIONS

SEVER SILVESTRU DRAGOMIR

Abstract. An estimation of remainder for Simpson’s quadrature formula for mappings of
bounded variation and applications in theory of special means (logarithmic mean, identric mean,

etc---) are given.

1. Introduction

The following inequality is well known in the literature as Simpson’s inequality:

5 = a a
|| #@ae - 22 AL IO et By L ey 6

where the mapping f : [a,b] — R is supposed to be four time differentiable on the interval
(a,b) and having the fourth derivative bounded on (a,b), that is

1fPNleo := sup [F@(z)] < co.

z€(a,b

Now, if we assume that I}, : @ = Zo <Zy < -+ <Zp-1 <z, =>is a partition of the
interval [a,b] and f is as above, then we have the Sitmpson’s quadrature formula:

b
| 1@z = As(s,1) + Rs(1, 1) (1.2)
where As(f,I4) is the Simpson’s rule
2% 1+
Azl Tg) = 6 ;[f(l'i) + f(Zig1)]hi + 3 ; f(—zz—zﬂ)hi (1.3)

and the remainder term Rs(f, ;) satisfies the estimation

1wy S
Bs(f, In)l < ool f Hoogohz (1.4)
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where h; ;= @531 — 23 fori =0;...5n - L
When we have an equidistant partitioning of [a, b] given by

b—a.

Lot =g+ i ¥ =0 (1.5)
n
then we have the formula
b
[ 1@e = Asalh) + Rsnlh) (16)
where
b—a,.
Asn(f Z) + fla+ G-+ 1]
2 b 141
( Z flat 222 22 a7
and the remainder satisfies the estimation
1 (b ) (4)
" & 1.8
| Rs.n(] < 555 1D lls (18)

For some other integral inqualities see the recent book [1].

2. Simpson’s Inequality for Mappings of Bounded Variation
The following result holds:

Theorem 2.1. Let f : [a,b] = R be a mapping of bounded variation on [a,b]. Then
we have the inequality

2 2

w

| / foys - 2of@ IO opatby Lo gy @

where V2(f) denotes the total variation of f on the interval [a,b].

Proof. Using the integration by parts formula for Riemann-Stieltjes integral we have:

b _ & b
[ s = 5D op - [ @2

where
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Indeed,
. % Sa+b b a+5b
JECLORY IR RSO
5a + b a+ 5b b
= o= 2@ + (o~ @l - [ @)
- b
b a[f<a)+f<)+ “”]_/f(m)dz
3 2
and the identity is proved.
Now, assume that A, : a = x((, M & z(n) " ,El")l <z =bisa sequence of

divisions with ¥(A,) = 0 as n — oo, where I/(An) = maXie{o,...,n—1}(93,(-i)1 - a:z(-")) and

n n n)
f( )E[ ( )7 §+1]
I p; [a b] = R is continuous on [a,b] and v : [a,b] = R is of bounded variation on

[a, b], then

b
= : (n) (n)
JRECCES Ahgl_mzp(g @) - vE))
. (n) (n) (n)

Sumhgl_mZIP(fi Nov(zi) —v(z™)]

< max [n( w)lsupZIU ) — (@)

An 1=0
= IMax lp(m)lVa (v). (2.3)
z€[a,b]

Applying the inequality (2.3) for p(z) = s(z) and v(z) = f(zx) we get

b
|| s@dr@) < max @V, 2.4

Taking into account the fact that the mapping s is monotonous nondecreasing on the
intervals [a, 2%) and [i— b] and

—a a+b 1 a+b 1
s(a) = - 6 y == =0)= 3( —a), s( 7 = —3(b—a)
and s(b) = b—gﬁ we deduce that max,e(qy |s(z)] = £(b~ a).

Now, using the inequality (2.4) and the identity (2.2) we deduce the desired result
(2.1).

Corollary 2.2. Suppose that f : [a,b] — R is a differentiable mapping whose deriva-
twe s integrable on (a,b), i.e

b
10 = / I fadl [ < 00
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Then we have the inequality

b a
[ 1@ - 2O o < G- 0. 29)

The following corollary for Simpson’s composite formula holds:

Corollary 2.3. Let f : [a,b] =& R be of bounded variation on [a,b] and I a partition
of [a,b]. Then we have the Simpson’s quadrature formula (1.2) and the remainder term
Rs(f,In) satisfies the estimation:

IBs(f, Tn)] < 37 (V) (26)

where y(h) := max{h;|i =0,...,n — 1}.
The case of equidistant partitioning is embodied in the following corollary:

Corollary 2.4. Let I, be an equidistant partitioning of [a,b] and f be as in Theorem
2.1. Then we have the formula (1.6) and the remainder satisfies the estimation:

Rsn(A)I < 5= (b= a)V2(5). @7

Remark 2.5. If we want to approximate the integral fab f(x)dz by Simpson’s formula,
Asn(f) with an accuracy less that € > 0, we need at least n. € N points for the division
I,, where

1 .
Ne 1= [3_6 ’ (b - a)vab(f)J +1
and [r] denotes the integer part of r € R.

Comments 2.6. If the mapping f : [a,b] = R is neither four time differentiable nor
the fourth derivative in bounded on (a, b), then we can not apply the classical estimation
in Simpson’s formula using the fourth derivative. But if we assume that f is of bounded
variation, then we can use instead the formula (2.6).

We give here a class of mappings which are of bounded variation but having the
fourth derivative unbounded on the given interval.

Let fp : [a,b] = R, fp(x) := (z — a)? where p € (3,4). Then obviously

fp(z) == p(z — a)’"!, 1z € (a,b)

and
£@(z) = plp—=1)(p-2)(p-3)
p (z —a)t-P

It is clear that f, is of bounded variation and

, € (a,b).

V2 =(-aP <

a



ON SIMPSON’S QUADRATURE FORMULA

57
: o
but lim; a4 f5  (2) = +00.

3. Applications for Special Means

Let us recall the following means:

1. Arithmetic mean

s il B e 2R

5 Gb20;
2. Geometric mean
G = G(a,b) :=Vab, a,b>0; .
3. Harmonic mean
H = H(a,b) := +—, a,b>0;
aTh
4. Logarithmic mean
b—a
L = Lila, b} 1= s b>0 b;
(a7 ) lnb—lna, a) > 70'# 7
9. Identric mean g
I:I@ﬁp:léq&a a,b>0,a# b;
e a
6. p-Logarithmic mean

ppt+l _ gpt+i %
LszAmw,_hp+D®_aﬂ,peRw—LJL a,b> 0,a #b.

It is well known that L, is monotonic nondecreasing over p € R with L_; := L and
Lo := I. In particular, we have the following inequalities

B LLI<A.

| (3.1)
In what follows, by the use of Theorem 2.1, we point out some new inequalities for
the above means.

L. Let f:[a,b] =+ R(0 < a <b), f(z) = 2P, pc R\{-1,0}. Then
b

=2 | f@ds =12y, {0 g ),
a+b »
FCEED) = 4, 171 = bl - L, pe RA-1,0,1).
Using the inequality (2.5) we get

wﬁmw—éﬂﬁmﬁ—§MMJﬂg%uﬁﬂhw) (3.2)
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2. Let f:[a,b] = R(0 < a<b), f(z) = L. Then

b
L [ f@e = 14 @p), IO gy
a+b . i . B8
f— ) = A7 (a,b), “f“l_Gg(Tb)'

Using the inequality (2.5) we get
(b—a)

[3AH ~ AL - 2HL| < “ 2 LHA. (3.3)
3. Let f:[a,b] > R(0 <a<b), f(z) =Inz. Then
b
[ f@ae=nr@y, {12 _nee),
b—al, = 2
a+b, m _ b—a
SEGD = A@h, IFh= g5
Using the inequality (2.5) we get
I (b—a)
ln[G1/3A2/3] <3 (3.4)
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