
TAMKANG JOURNAL OF MATHEMATICS
Volume 30, Number 1, Spring 1999

ON THE ABSOLUTE SUMMABILITY FACTORS OF TYPE (A,B)

HIKMET SEYHAN

Abstract. In this paper we establish a relation between the <p _ 成
summability methods , Pni庫 and'1/J- 丨N,qn;olk, which generalizes a result of Mishra (2).

1. Introduction

Let ('Pn) be a sequence of positive real numbers and let
with the sequence of partial sums (s

Lan be a given infinite series
n)- Let () b

such that Pn e a sequence of positive real numbers
n

Pn =芝 Pv --t oo as n --t oo, (P_i = P-i = 0, i 2: 1).
v=O

The sequence-to-sequence transformation

1 n

tn =瓦芝 p囧v

v=O

(1)

(2)

defines the sequence (tn) of the (N
sequence of coefficients (Pn)-

园 means of the sequence (sn), generated by the

The series 瓦 an is said to be summable 丨N,p庫 ，k 2: 1, if (see [ 1])

00

芷 (Pn品）k-1比- tn-1 lk < 00
n=l

(3)

and it is said to be summable c.p - IN , Pn; 6lk, k 2': 1 and£5 2': 0, if (see [3])
00

芝碟k+k-1比- tn-1 /k < 00.
n=l

(4)

If we take b = 0 and 圀＝旦 then <p- 凶Pn ,p正庫 summability is th
summability. e same as 凶 ，p晶
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If L anAn is summable by a method B whenever L an is summable by a method A,
then we say that the factor An is of type (A, B) and write

入n E (A,B). (5)

2. The Following Theorem Is Known

Theorem_ A.((2]) Let the sequences (Pn) and (qn) be such that Pn > 0, Qn > 0,
Pn ---+ oo, Qn -+ 00 and

Pn/Pn = O(Qn/qn),
Then in order that

An E (IN,q庫 ，IN,Pn, lk), k 2: 1
it is sufficient that

入n = O(qnfY:寸PnQn)
and

PnQn一 1~An + (qnPn - PnQn)An = O(qnPn),
where~An = An - >,n+l·

(6)

(7)

(8)

(9)

3. The Object of This Paper is to Generalize A?ove Theorem in the Following
Form

Theorem. Let k 2: 1 and O f o < 1/k. Let 伍 ）and (四）be sequences of positive
numbers such that

囧=0(固 ）． (10)

Let the sequences (Pn) and (qn) be such that Pn > 01 Qn > 0, Pn 一 oo, Qn -+ oo and {6)
is satisfied. If

00 ok+k-1 k芝 焊 Pn ok+k-1 k-1

崆Pn-1 v
= Q{'Pv Pvpk },

n=v+l
(11)

then in order that
入n E (心－丨fl, qn; olk涇J-IN,p九 ；ol吐

it is sufficient that the conditions (8) and (9) hold.

It may be remarked that, in this thorem, if we take o = 0, 匹 ＝阜 for户
Pn IN,pn;olk

and o = 0, 咋 ＝巒 for 心－丨N, qn; ojk, then we get Theorem A. In this case condition
(11) reduces to

f= Pn = O(上）
n=v+l PnP.,正 1 Pv

(12)

which always holds.
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4. Proof of the Theorem

Let

61

1 ＂ 1 n

Tn =—芝QvSv =—Qn L(Qn - Qv-1)av, (13)
v=O Qn v=O

Write Tn - Tn-1 = bn (write T_1 = 0) so that Tn = bo 十 柘 十 妃 十 · · ·+ bn. Thus
we suppose that in seies form the (N, qn) transform of I: av is

（－
L bn. In a similar way

suppose that in series form the N,Pn) transform of La占 is
n>l

L Cn, Now we have for
n

bn = qn
QnQ正 1 芷 Q~-1av

v=l
which gives

an= (生血 －（正 ）b曰
qn qn-1

Replacing av by avAv and interchanging p, P with q, Q we have for n~1

(14)

(15)

n

Cn = Pn
" 一 ．．

PnPn一 1
芷Pv-1a』
v=l

(16)

Substituting (15) in (16), we get

n

Cn = Pn
PnPn-l 芷Pv一凸 ((Qv厙 ）bv - (Qv一2/Qv-{)bv-I)

v=l
n-l

Pn
＝声 芝bv/qv(Pv-IQ占 －凡Qv-1Av+1) + (Pn华/qnPn)Anbn

v=I
n-I

Pn
＝声 严bv/q譌Ov-1LlAv + (q溈 -p立）Av)+ (pnQn/qnPn)An加 (17)

v=l

Now using (8) and (9) in (17) we have

n丑

Cn = Q(忒~bv凡 ）十 O(bn)

= O(Cn,i) + O(Cn,2)
By Hol<lcr's inequality we get

n一 1 n一 1 n-1
{Lib邙}k~ 严 {lb坩崆/p尸 ｝｛芷 瓦}k-1
v=I v=l v=l

正 1

幻亡JI:1b出pvk /p尸
1)::::C l
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so that

00 00 正 1

严 正IICn卍 =~t.p~k+k-11 P.』二芷 lbvlPvr

oo k n-1
5 芝磷k+k-1 Pn 芷 lb用pvk/玲 l

P守n=l n n刁 v=l
00 00 ok+k-1 k

＝芝 lb詛吋 /p尸 芝 圀 Pn
v=l n=v+I 磨P正 1

00

= O{L t.p~k+k-1 lb詛｝
v=l
00

= O{芷競k+k可立} (by (10) and by (11))
v=l

< 00.

Now, in view of (4) we have

立~k+k-1 ICn,才 =0{立~k+k-l lb詛｝
n=l n=I

00

=O{I:哈正 1 Jb詛} (by (10))
n=I

< oo,

by the assumption that~ an is summable 心 一 IN, qn; blk- This completes the proof of
Theorem.
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