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A NOTE ON AN iNEQUALITY SIMILAR TO OPIAL’S INEQUALITY

B. G. PACHAPTTE

Abstract. In the present note we establish a new inequality similar to Opial’s inequality by

using a fairly elementary analysis.’

1. Introduction
In a celebrated paper [4] Z. Opial proved the following inequality.
If f € C*0, h] satisfies f(0) = f(h) =0 and f'(z) > 0 for = € [0, h], then

h h
| r@r@is <3 [1r@pras, (1

where the constant factor % 15 best possible.

The Opial’s inequality has evoked considerable interest since from its appearence and
many papers dealing with new proofs, extensions, generalizations, variants and discrete
analogues have appeared in the literature, see [1, 3, 5-8] and the references given therein.
The aim of this note is to establish a new inequality similar to Opial’s inequality (1)
involving linear differential operator Ly, its related initial value problem solution y, the
associated Wronskin function W and the initial conditions point g € R. The analysis
used in the proof is elementary and our result provides new estimate on this type of
inequalities.

2. Main Results

Let I be a closed interval of R, the set of real numbers. Let ay, ..., an, b be continuous
functions on an interval I and let L = D™ + a;(z)D™"! + -+ + a,(z) be a fixed linear
differential operator on C™(I). Let ¢1(z), ..., ¢n(z) be a basis for the solutions of Ly = 0.
Let zo be a fixed point in 7, then it is well known (see, [2, pp.122-123]) that the unique
solution to the initial value problem

Ly =b(z), yD(z0)=0, ¢=0,1,2,...,n—1, (2)
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is given by

/ 3 de(@)or (Db, 3)

T0 k=1

Wk(d’l:'- ';¢n)(t) (4)
W(¢11 2808 7¢ﬂ)(t) ’
in which W (¢, ..., ¢,) is the Wronskian of the basis ¢1,...,¢,, and W is the determi-

nant obtained from W (¢, ..., ¢,) by replacing the k-th column (¢, ¢%,- - -, ,(c"_l)) by
(0,0,...,0,1).
Our main result is given in the following theorem.

where

(Tk(t) —

Theorem 1. Let x > xo, o, z € I and p > 1, ¢ > 0 be real constants. Let U(z),
V(z) be real-valued positive continuous functions defined on I. Let ¢1,..., ¢, be a basis
for the solutions of Ly = 0 and y(z) be a unique solution of (2) on I. Then

[ vobOPIz)@rE < 0Aw [ voleerd, ®)
where C = (¢/(p + q))¥/(®+9) and

A(z) = [/z U(p+q)/p(t)v—q/p(t)[/t VU (pta=1) (g)

zo
X (Y |¢x(B)ow () PO/ Pra-Ddgipta=t agpp/ ), (6)
k=1

forx > x9,x9,z € I.

Proof. From the hypotheses, for z¢o < t < z, we have

y(t) = Z ¢k (t)or (s)(Ly)(s)ds. (7)

Z0 =1

From (7) and using Hoélder’s inequality with indices p + g and (p + q)/(p + g — 1) we
obtain

o t n
vOP <[ [ ooy e)ds]”

TYTO0 1

= [ [ vt Y I @on(s)VHEH () (L) )]
k=1

Zo

- t n
(/ V‘l/(”"'q‘l)(s)(z |ox (t) ok (5)|) (PH)/ (PHa=1) gy (p+a—1)/(p+a)
k=1 '

x(/ )(Ly) (S)|p+qu)1/(p+q)] (8)
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Multiplying both sides of (8) by U(¢)|(Ly)(t)|?, integrating the resulting inequality over
[0, z] and using Holder’s inequality with indices (p + ¢)/p and (p + q)/q, we obtain

[ veworiznor:
= / ’ {U(t)V“J/(P“) )] / t V=1/(pta=1) (4
X (i | b (t)Uk(S)I)(p+Q)/(p+q‘1)ds]p(p+q—1)/(p+q)}

k=1
s {[/ V()PP Oyl oro ()I(Zy)(t)|" fdt
< [/z U("’*”q)/”(t)V“J/P(Lr)[/lt VU (pta-1) ()
X (zn: | b (t)gk(3)|)(p+q)/(p+q—1)ds]p+q—1dt]p/(p+q)

k=1

x[/m[/ V(s)I(Ly)(3)|P+Qd3]P/9V(t)I(Ly)(t)lp-l-th]q/(p-’rq)

=cA@ [ vl ere (©)

0

This is the required inequality in (5) and the proof is complete.
The counterpart of the Theorem 1 is embodied in the following theorem.

Theorem 2. Let z < zp, g,z € I and p > 1, ¢ > 0 be real constants. Let
UV,¢1,...,0n,y be as in Theorem 1. Then

/ " U PI(Ly)®)dt < CB() / VLY @) P, (10)

where C is defined as in Theorem 1 and

To -
Blg) = [ / U(P+Q)/P(t)V—q/p(t)[ / y-1/r+a=1) (5)
‘ t
X(Z |pr (t)ok (s)l)(7’+q)/(p+q—1)ds
k=1

]p+q—1dt] I’/(TH"’!), (11)

Jorz <wo, %30 € 1.

Proof. Let z < t < g, o,z € I. From the hypotheses and using the Holder’s
inequality with indices p + ¢ and (p+ q)/(p + ¢ — 1) we obtain

vor =| [ Y a0 Eu s
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<[ [ Lol
It =1
= [ v 18 @o Y @ T )1ds]
e k=1
< [/:DV 1/(pta- 1) Z|¢k or(s )(p+q)/(p+q 1) ds ]Uqu#l)ﬂpﬂ)

/(P+Q)] - (12)

<[ [ " V(s)|(Ly)(s>|p+qu]

Multiplying both sides of (12) by U(¢)|(Ly)(t)|?, integrating the resulting inequality over
[z, o] and using the Holder’s inequality with indices (p+¢)/p and (p+g)/q and following
the proof of Theorem 1 with suitable changes we get the desired inequality in (10). The
proof is complete.

We note that, in a recent paper [1] Anastassiou has obtained inequalities similar
to that of given in Theorems 1 and 2 involving Green’s function H associated for the
operator L in place of the Wronskin W involved in our results. We note that one can very
easily extend the results given in [1] involving the Wronskin W in place of the Green’s
function H involved in the results given in [1]. Here we do not discuss the details.

We also note that the Opial’s inequality (1) is a special case of our theorems when
na=z L
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