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NULLITY DISTRIBUTION ON THE TANGENT
BUNDLE OF A RIEMANNIAN MANIFOLD

WEE-KEONG LIM

Abstract. The nullity distribution on the tangent bundle of a Riemannian manifold is studied.
The vetical and complete lifts of a vector fileld belonging to the nullity distribution on the
base manifold are show to be in the nullity distribution on the tangent bundle. Under certain
regularity assumption, the dimension of the nullity distribution on the tangent bundle of a
Riemannian manifold is found to be twice that of the nullity distribution on the base manifold.

1. Introduction

Let (M,g) be a C* Riemannian n-manifold and T, M be its tangent space at the
point p € M. The tangent bundle TM of M is defined to be the union of all tangent
spaces over M,

™ = | | T,M.
pEM

The projection map w : TM — M is defined by m(X) =pforall X € T,M. We will
write (p, X) for X € T, M.

Let (¢,U) be a coordmate chart on M and (z!,22,. ,a:") be the coordinate system
on U. Deﬁnex = & om, (9, X) = X where X=%,. 1X“(am;)p, (p, X) € T,M. Then
Q= (B B s oy B P 1 005 T) defines a coordinate system on 7~ 1(U). We Wlll call this
the induced coordinate system. We will sometimes write (z!,72,...,2",¢,9%,...,9")
as (z*,2%,...,3", 7" 772 3 or (8,32,...,2", 2, %0,...,E0).

A l—form w in M can be viewed as a function in 7'M, which will be denoted by ww.
Ifw=),wdz thenw =1 wi'.

Let Q7(M) denotes the set of all tensor fields of type (r,s) on M and $(M) =
> ms=0 S5 (M). Note that S(M) = C°°(M) and (M) is the set of all C™ vector fields
on M.

Unless it is specifically mentioned, the summation range for h,i,j,k,! are from
1,2:...40; and for A, B ave from: 1.2, 051,200, 0

The nullity distribution was first defined by Chern and Kuiper in their paper [1] on a
Rimannian manifold (M, g). The distribution assigns to each point m € M, the subspace

N(m) = Ny = {X € ToM|R(X,Y) =0, forallY € T,,M}
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where V is the Riemannian connection with respect to g in M and R is the curvature
tensor. We denote the nullity distribution by N. If U is an open set in M, then I'(U, N)
denotes the set of all vector fields X such that X (m) € Ny, for any m € U. When
U = M, we write I'(N) for I'(M, N).

In the same way, the nullity distribution on an affine manifold can also be cansidered
[3].

We have the following simple characterization of a nullity distribution which we will
need in the sections to follow.

Proposition 1. A vector field X = i e X’“%,; on M belongs to T'(N) if and only
i P XkRkjih =0 forall h,i,5 =1,2,...,n where Rk]’ih are the local components of
R.

Proof. Since X € (), then for all ¥ = Y Yk, Z2=Y0, 722 e S3(m),
we have .
n . .
RX,Y)Z= )" X*vizip,;* > -
h,i,5,k=1
Thus >7h x=i X*Re;i" 5% = 0 which implies that D k=1 X*Ryjii™ = 0 for all 4,5,h =
1.2, oo,

2. Vertical and Complete Lifts

In the following sections, we will follow closely the definition and terminology in [4].

We define the vertical life of a C* function fin M as f¥ = forn:TM — R, which
is also C° on T'M. If there is no confusion, we will write fVoas f.

The vertical lift of a vector field X = Yo X h%,,— in M is defined to be a vector
field in TM. written as XV, which satisfies X Y (w) = (wX)Y for all w € XM ). Thus
X¥=%2 Xt 52 € QYT M).

The complete life of f € SY(M), written as f€, is defined to be fC = Wdf) =
2ic1 U gk We shall write 8f for Y7, 7' 2L € T M).

The complete life of X = 37 | X532 € SY(M) written as X©, is defined by X€ fC =
(X f)© for any f € SY(M). Thus XC = Db (XM 2 + 0X"3%) € ST M).

The complete lift of a 1-form w = iy widz?, written as wC, is defined by w®(X€) =
(wWX)C for any X € 33(M). Thus w€ = > i1 (BwidZ = widyt) € SUTM).

By taking account of

(@F)® = g% F¥ 4 g¥ 12
(FX)]7 = ¥ X 4 JOXY,
(fw)? = fYw® + fOuV

where g, f € SQ(M), X € S}(M), w e SY(M), we extend the definition of complete lift
to arbitrary tensor field by imposing the following conditions:

(Pedl¥ = P2 09,
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(P + R)® = P° + R®

where () is any tensor field and P, R are any-two tensor fields of the same type.
Now, we look at some special type of tensor fields which will be used later:

(i) A metricin M,g=Y7._, gjida’ ® d € SY(M). Thus

n
99 = D (957 ® df + g;idf’ ® dF' + Bgjidz’ ® di').
,j=1
If g is a Riemannian metric, then g€ is a pseudo-Riemannian metric on TM [4, pg

38).
(i) S=3Thi, inm1 S s iy 7o ® dzi, @ dai,_, ® - ® dz;, € SL(M). Thus

n
a —
§C — Z (Si’:,i,_l,...,il azh ®dZ;, ®dT;,_, ® -+ ® dx;,

Rits8s—1y00e0ti

h 0 _ _ ~ s . 5
TG 2t agh & Wi, ®dZi,_, ® - ®dz;, + Z O b gt

‘ y =] y
®dZT;, ®dZ;, , - ® dZ;,,, ®dy;, ®dZ;,_, @ - ® dz;,). (1)

3. Nullity Distribution on (T'M, g¢, V)

Let (M, g, V) be a Riemannian manifold. Let R, T be its curvature and torsion tensors
with respect to V. The tangent bundle TM with metric g€, the complete lift of g to
T'M, will form a pseudo-Riemannian manifold. The connection induced by g%, will be
V¢ while the curvature and torsion tensor will be RS and T°C respectively [4, page 41].
From (1), the components of the curvature tensor RC of VC, R2, ., with respect to the
induced coordinates in TM, where A, B,C,D =1,2,...,n,1,2,...,7, can be expressed
in term of the components of R,

Rij; = Rusi", RY;, = ORE;,

kji ki
ph h ph _ h ph _ h
Ryji = Ryji™, Rz, = Ruji", Rij; = Ragi”, (2)

all the others being zero.

Let IV be the nullity distribtuion in 7'M with respect to RS, If X = D oher (XA +
Xh=8:) is in T(V), then from Proposition 1,

ozh

> RZpcX4=0 forany B,C,D=1,2,...,n,1,3,....7 (3)
A

From (2), the above equations (3) reduce to the following two cases:
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(case 1) D =h, B = J, C' =1, we have

A k=1
(case 2) D =5, B =j, C =1, we have

D=V B
A

= Z(@Rkﬁh.}_f’“ + Rkﬁth—c)
k=1

= aR“*X’erk i"OX* — Ry "Xk + R, M XF 5y
vJ °J 7

k=1
= a(z R X%y 4 Z R;:"(X* — 6X%)
= Z‘ Ry (X* - 6XH). (5)

From (4) and (5) above, we have

Proposition 2. A vector field X = ZZ=1(Xhag X”-‘—‘Lh) is in T(N) if and only

b1 Reji® Xk =0 .
{Z,’;_l Rkjgl’z}(‘ll_c _JaX-k) _ 0} b =12, ... 1. (6)

if

Proposition 3. For any X € I'(N), we have XV, XC ¢ L'(N).
Proof. Let X = z;’;zl X"5% € T(N). We have z;;l Ryi"X* = 0.

Eor XY =37 . (X":2 + Xh = 2 h=1 X" 52, its components satisfy

6

ogh

n
D Ryg"R*=0 und
k=1

n n
Z Ry ™(X* — AX %, = ZRkjith
k=1 k=1
=)
forallhz]—l 2.

F;cor XC = Zh:l(X 5or + )_(E%,,—) Db (XA 55 + BX" 5% ), its components
satisfy

n n
D Rtk = Y Rui*X* =0  and
k=1 k=1
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> Ryt (X* - 08Xk =0
k=1 :

for oll B89 =1,2,.:..7.

Hence, from Proposition 2, XV, X € I'(N).

The differential of the projection map =, written as 7, will map the tangent bundle of
TMtoTM, . : T(TM) - TM. Y is in T(TM) at (p, X), then 7, will be a tangent
at p with (m,Y)f =V (for) forall f € C*®(M). Since the nullity distribution N of TM
is a subspace of the tangent bundle of TM, we would like to see the effect of 7, over V.

Propesition 4. N(p) = n,(N(p, X)) for any X € T, M.

Proof. Let Y(p,X) = ¥, Y4(p, X) 52 (p, X) € N(p,X). From Proposition 2 we
have ZZ:I Rkjih}_/k 07, X) = (0 and EZ:l Rkjih(}_/k —BYk)(p, X) = 0. Then TF*Y—'(p, X) =
) ?i(p,X)-é%—(p). By Proposition 1, m.(Y (p, X) € N(p). Therefore, m,N(p, X) C
N(p). Together with Prposition 3, we have N (p) = mN(p, X).

4. The Dimension of The Nullity Distribution on (T'M, ¢©, V©)
From here on, we shall assume that the nullity distribution N on M is nonsingular.

Proposition 5. If the dimension of the nullity distribution N on (M, g) is d, then
the dimension of the nullity distribution N on (T M, g©) is greater or equal to 2d.

Proof. Suppose that the dimension of the nullity distribution IV of (M, g) is d. Let
(§1,&2, .., &a) be alocal basis of I'(V). From Proposition 3, we already know that ¢, £C
are in (V) for all i = 1,2,...,d. Let ¢ = >or 1 & 3% Since the dimension of N is

d, the rank of the matrix (&) is also d. The set {¢Y}2_, is linearly independent since
gy = Yoimi & 9. and the rank of the matrix (¢]) is d. Consider the linear equation

i i o7
Zle (a’¢) +b¢C) = 0. We weould like to show that this is true only if all at, b* = 0.
The equation becomes
: B 9 E 5
igV | 1ipC i ' i oj
V | 5ieCy — ied 9 | pige 9 | pigi O
i;(a & +b'€f) ;;(a {ggs TV 055 + e 5
d n
. 5 . o
- 1] tayedN = 1]

—gg((agz_‘_bafz)agj_*_b zaj_,)

=1
Thus
A d n ) 6 d n a
iej Y i j O
;;béaz—j _;b (j;fg@a?j)

=0
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Since {&}4, is linearly independent, we have b = Oforalli=1,2,... d. Also

1=1
d n o ' .9 d n 5
DD (ai + bz@ff)@ = Zzaszéﬁ

i=1 j=1 i=1 j=1
d
=D a'¢l
i=1
=0
implies that a* = 0 for all ; = 1,2, ...,d since {¢Y . i linearly independeﬁt. )
Hence {¢},¢C}4 | is linearly independent. This shows that the dimension of /V is

greater or equal to 2d.
We would like to show under the assumption that both N and NV ‘are nonsingular, the

dimension of N is actually 2d, where d — dim N, i.e., at each point (z!,32,... BT
72,... s %) N(ix,fzi__.,jn,yl,gz,,_‘,yn) is a 2d dimension subspace of T(,-g,52,.“,@@1,@2,“_,@")
(TM).

Prposition 6. If both the nullity distributions N of (M, 9,V) and N of (TM, g%, )
are nonsingular, then the dimension of N is twice that of the dimension of N.

Proof. Let d = dim N. Forany X € I'(7, N),let X4, RD_ . be the local components
of X and RC respectively with respect to the induced coordinates.
The system (6) at a point (Z,22,..., 2" gL, g2, . .. ™) in TM will be

{ (ZZELRkji’jjk)(iJ,jz:'-"xn:gligzr")gn) :O} (7)
(k=1 By (X* - 0X%)) (21,22, . . & Tl 07 =1

hi,j=1,2,..., n. Its solutions will have the form [ X", X”E}};":I = { X®, Y& +8X%8 .
where {X*}2_  {¥*}7_ satisfy the first equation of (7).

Note that R;y;"(z!, %2, ... ,x",y_l,gjz, ..+, Y™) are functions of (&2, . ...8M)

Since the degree of freedom of {X*}2_, is equal to dim N(z',z%,...,2") = d, we now
have to show that the degree of freedom of [X® PEydx ke o = [Pk s i ) yj’%ﬁ}z’:l
is d.

From the assumption that N is nonsingular, we have

dim N(:El,fz,...,m“,ﬂl,ﬂz gn) = dimN(il’52 i“,O,...,O)-

..........

Thus, we only need to show that {(Y* 4+, 37[%")(51,52,..-,5",0,..-,0)}2=1 is of degree
d. It is clear that

& =, 0X* " Sl i n
{(Yk + ZylW}(fl,iz,...,i",o,...,ﬂ)} = {Yk(z15‘r27 ceey T JO) v 70)}k=1'
=1 k=1
- The degree of freedom of {Yk@z! z2, . . ,2™,0,...,0)}7_, is clearly d since the second

set of equations in (7) reduces to (Xok=1 Reji"Y*)(31, 22, . . ,2",0,...,0) =0.
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Remark. If we assume only that NV is nonsingular, N may still be singular.

The results in this paper are contained in the author’s M. Sc. thesis [2]. The author
would like to express his gratitude to his supervisors Dr. S. L. Tan and Dr. S. H. Kon
for their encouragement and guidance during this work.
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