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INEQUALITIES SIMILAR TO THE INTEGRAL ANALOGUE

OF HILBERT'S INEQUALITY

B.G.PACHPATTE

Abstract. In the present paper we establish some new inequalities similar to the integral ana­
logue of Hilbert's inequality by using a fairly elementary analysis.

1. Introduction

The integral analogue of the well known Hilbert's double series theorem can be stated
as follows (see [3, p.226)).

Theorem H. If p > l, p'= p/(p- 1) and

00「fP(x)dx ::; F」gP'(y)dy::; G,
0 0

then 1= 1=鬥g~) dxdy < sin(:可Pl F'l•a'I•',

unless f = 0 or g = 0.
Since the discovery of the most celebrated Hilbert's double series theorem and its

integral analogue given in Theorem H, a large number of papers dealing with different
proofs, numberous variants, various generalizations and their applications have appeared
in the literature, see [1-7, 12]. For the earlier historical development of this kind of
inequalities and many important applications in analysis, see (3, Chapter IX). Recently, in
[8-11] the present author has established some new inequalities similar to Hilbert's series
inequality and its integral analogue which we believe wUl serve as a model for further
investigations. The main purpose of this paper is to establish some new inequalities
similar to the integral analogue of the Hilbert's inequality involving functions and their
higher order derivatives. The analysis used in the proofs is elementary and our results
provide new estimates on inequalities of this type.
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2. Statement of Results

In what follows we denote by R the set of real numbers. Let fx =
x > 0, y > 0, I= [O, oo), R+ = (0) [O, x), ly = [O, y),

, oo denotes the intervals in R.
Our main results are given in the following theroems.

Theorem 1. Let n > I b_ e an integer. Let u E en
u<i) (0) = v(i) (0) = O for 讠= 0, 1,2, Ux, R), V E cn(Iy, R) and

... ,n -1. Then

「「 lu(k) (s)llv(k) Ct)丨 dsdt
O O s2n-2k-1 十 t2n-2k-1

X

5 叭 (n, k, x, y) (1 (x - s)lu<"\s)l2ds尸(1• (y - t) /v<"l(t)l2dt)'1', (1)
where

叭 (n,k,x,y)=~u- ,~.,売 -· 丶·

Theorem 2. Let n > 2, O < k <_ _ _ n-2 be integers. Let r E C1
VE 研(Iy, R) and u(i-I) (0) = v正 l)(o) (I, R+), u E Cn(Ix, R),

= 0, i = 1, 2, ... , n. Then

(2)

「「 ju(k)(s)I丨v<k) (t)I。。s2n一2k一 3 + t2n-2k一 3 dsdt

:S M2(n, k, x, y)(「(x 一 S二(js IC雨 ）u(n-1) (a))'12品）ds I/2。 r2(t) 。
x(fo\y - t)三 戍）v<n-l>(())'I演）dt)l/2' ) (3)

where
1

M2(n,k,x,y) = - —— 一－洹2 rr_'- n~ll')/~-·_、· (4)

Theorem 3. Let n > l, O < k < n -
U E c2n(Ix,R), VE c2n(Iy,R) - -

l be mte
（

gers. Let r E en(!, R+),
and U i-l)(Q = V护 1)

(r(O)v(n) (0))伝 1) ) (0) = 0, (r(O)u伍）(0))护 1) =
= 0, i = 1, 2, ... , n. Then

「「 ju伍）(s)I丨vCk)(t)I dsdt。。s2n一2k-1 + t2n-2k-l

5陷(n,k,x,y)[[cx - s)訌 c[1c兩 ）u<n)位））(n)丨2心 ）ds]'12

丑 "<v - t)~([ l(r(()vCnJ (<))CnJJ演）dt『/2, (5)
where

叭 (n,k,x,y) = ! 洹
2 [(n - l)!(n - k - l)l]2(2n - 1)(2n - 2k - 1)·(6)
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Remark 1. We note that in the special case when k =:= 0, the inequalities established
in Theorems 1-3 reduces respectively to the following new inequalities

「「 lu(s)llv(t)I x
0 0 s2n-1 + t2n-1 dsdt~ 叭(n, 0, x, y)(丨(x - s)lu(n)(s)l2ds)112

。y
X (j (y - t)lv(n) (t)12dt)l/2'
。

「「 lu(s)llv(t)I dsdt
0 0 82n一3 + t2n-3

5 祏 (n,O,x,y)(「(x - s)二-(「l(r(a)u(n-1) 位））'12品 ）ds) i/2。 r2 (s) o

丑y (y - t)直t) (lot lr(~)v<n-1) (~))'I演 ）dtf12,

「「lu(s)伽 (t)I dsdt
0 0 s足 1 + t2n-1

S叭(n,O,x,y)[「(x - s)s2n-1 (「I(兩 ）u(n) 位））(n) 12 da)ds] 112
。 户(s) o

t
X [「(y _ t) t2n-1 (j 戌）v(n)(~))(n弔d~)dt] 112
。 户(s) o

(1')

(3')

(5')

We note that in a recent paper (9] the author has proved the special version of the
inequality given in Theorem 1 when k = 0 and n = l.

3. Proof of Theorem 1

From the hypotheses and Taylor expansion we have

(k) l s

u (s) = (n - k - 1)! 1 (s - T)n-k-lu(n\T)dT,

1 t
v(k) (t) = (t)= 丨(t - crr-k-lv(n) 位）dcr,

伍- k - 1)! 。
for s E Ix, t E Iy. From (7) and using Schwarz inequality we have

lu(k)(s)I s; 1 「S 一 T
(n - k - 1)! 。(r-k-1 lu(n) (r)ldr

1•S
- (n - k - 1)! 。< (j (s _ r)2(n-k-1) dr)l/2(「1u<n\r)l2dr)1/2

。1 8(2n-2k-1)/2 s＝ （丨ju(n) (T) 12 dT)1/2'
。

）

、
丿

7

8

(

,,＇、

(9)
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for 8 E Ix·Similarly, from (8) and using Schwarz inequality we have

严 (t)/~
1 t(2n-2k-1)/2 t
三 言 (j lv(n) (疏 d(J)l/2,

。
fort E ly. From (9), (10) and using the elementary inequality c1/2d1/2 < 1
c, d nonegative reals) we have - 2(c + d) (for

(10)

lu(k)(s)l/v(k>(t)I <~1 2n一2k-l
一 2 [(n -·k - I)甲(2n - 2k - I) [s + t2n-2k-I]

X cf.'lu(n)行）鬨 严 cf.'lv(n) 位）尸）1/2, (11)

for s E Ix, t E Iy. Rewriting (11) and th
integrating the result" en integrating over t from O to y first and then

mg inequality overs from O andhave x and using Schwarz inequality we

「「 丨U伍）(s)丨lv(k) (t)I
。。三 dsdt

1 1 X S

三這三 [f (j lu(n) (r)l2面 ）I/2ds

X [[ ([ lvC"\疏 do-)'i'dt] 。。 ]
1 1 X S

＜- 2n;-=三 司f (j /u(n)(r)/2dr)ds)112
。。y t

x可 (j Iv伍）伍 ）丨2面 ）dt 1/2
。。

= M, (n, k, x, y)(f." (x - s)lu(":(s)l'ds)112 X cf.'cy - t)jvC"\t)l'dt)'i'

This completes the proof.

4. Proof of Theorem 2

From the hypotheses and Taylor expanson we have
s

r(s)u(n一 l)(s) = / (r(r)u(n一 1) 行））'d九
。

u(k)(s) =—辶＿「
(n - k - 2)! 。(s - rr-k-2u圧1)行）dr,

for 8 E 1x·From (12) and (13) we observe that

、
丿

）

2

3

1

1

,'
\

,＇
\

uC•l(s) =~fo'(s 一 Tr-k-2計 { <虛）uCn-1)

。 位））Ido-)d九 (14)
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for s E Ix. Similarly, we have

vC•>(t)=三 J.'(t -~r-•-,志<{(r(Ov伍-ll(())'d{)d~, (15)

for t E ly. From (14) and using Schwarz inequality we have

lul•\s)I:三;',{s 一 ,r-•-, (志{ l(r(u)u圧1\u))'ldu狂
（- (n - k - 2)! 。(s 一 ,)2(n-k-2)面 ）1/2

X [fas五 1T I(兩 ）u<n-I) (a))'Id吖d寸 1(2

1 s{2n-2k-3)/2=~~x[fos志 (「l(r(a)u<n-I) 位））＇庫 ）2d, 1/2

1 8(2n-2k一3)/2'1 ;。 J
戶一 ~ -;::---一— ~[fo亨cfo 1(兩 ）u<n-I) 位））, 12面 ）dr] 1/2,

(16)
for s E Ix. Similarly, we have

严 (t)I:::;
1 t(2n-2k-3)/2

. .. ... .一 ' .. - - -
＇ 一一 ＇＂ 一一.... 一 "'一·-k - 2)! (2n - 2k - 3)1/2

丑 t志 T/([ l(r(Ov(n-l) (W'I演）dT/]'I',

fort Ely. Form (16) and (17) and using the elementary inequality c1/2d1/2 < .!.
(for c, d nonegative reals) we have 一 2 (c + d)

(17)

lu (k) (s) llv(k>(t)丨< 1 [s2n-2k-3 + t2n-2k-3]
,.

一 2 [(n - 1 n丶,, ..,,~ - ·

寸［三 T l(r位）u(n-1) 位））＇丨2du)dT l/2
。x[[三"l(r化）v<n-1) (OJ'/d()dry『［ (18)

for s E lx,Y E Iy. Rewriting (18) and th
integrating the resulting inequality

en integrating.overt from O to y first and then

have over s from O to x and using Schwarz inequality we

「「 丨u(k)(s)I丨v(k)(t)I dsdt
0 0 s2n一2k-3 + t2n-2k一 3
1 1: X

:c:: 2戸二曰二二) X <lo [[ 占{1<兩 ）u(n-1) 位 ））'I'面 ）dTr/2ds)
。
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x(口t --F-cf TJ 112
。 。r (TJ) o

l(r(~)v圧l) (e))'de)dr1] dt)

1
＜ －

1
- 2 [(n - k - 2)!)2(2n - 2k - 3)

三 （［三 T lr(o-)u圧1) 位 ））'12面 ）dT)ds l/2

x..Jy[{<[ r2~1J) <[ l(r(()v<~-l)(~))'I演）d1])d}12

= M2(n, k, x, y) [「(x - s)二(s l(r(o-)u(n-1) 位 ））'12心 ）ds『/2
。[「 t t

r2(s) 1 i/2

X O (y - t)可if cfo 1 (r(e)v(n-l) (0)'J2de)dt]

The proof is complete.

5. Proof of Theorem 3

From the hypotheses and Taylor expanson we have

u<k\s) = (n - ; _ 1)! fos (s -严-lu(n) 行）d九

r(s)u(n)(s) = 1 「
(n - 1)! 。(s 一 T)n-l (r(T)u(n) (T))(n)dT,

(19)

(20)

for s E Ix. From (19) and (20) we boserve that

uC•>(s) =护 1)!(~-k-l)J {(s-T)"-k-1园[ (T-or-l X (r(o)u(n)(o))<")do):;;

for s E Ix. Similarly, we have

v(k)(t) = (n - 1)!(:- k - 1)! lot (t-TJ)n-k-1 [ l「
兩）。
— (TJ-on-1 X (r(~)v(n) (~))(n)d~]西

(22)
fort Ely, From (21) and using Schwarz inequality we have

juCk\s)j :S 伍-1)!(~-k-1)! 1S (8一,r-k-1园 户 一a)正 1l(r(u)u(n) 位 ））(n) ldu] d,

5 伍- 1)!(:- k - 1)! (1s (s - r)2(n-k-l)dr)l/2
寸 凸 ［「(r - u)正 1 l(r(a)u(n) 位 ））(n) ldurdr)l/2

0 ( ) 。
(2n一2k 一 1)/2

＜
l s

- ( ' 丶I/ 丶`＇＇^ －－ －，^［「 上 (「 'T 一 a)2(n-l)必）
。戶(T) 0
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x(「怡(<7)u(n) 位 ））(n) 12面 ）dT
。

J 1/2

1 s(2n-2k-1)/2
- (n - l)!(n - k - 1)!(2n - 1)1/2 (2n - 2k - 1)1/2

丑s言訌 r l(r(<7)u(n) 位 ））伍）12必 ）dr] I/2,
for s E Ix. Similarly, we have

lv<k>(t)I~
1 tC2n-2k-1)/2

(n - 1 丶. ,

［
t

'T}2n-l
X lo 戸而-(foT/ l(r(()v<n>(i))<n)I演）d'T]] '

1/2

(23)

(24)

fort E Iy.
The rest of the proof can be completed by following the same arguments as in the

proof of Theorem 2 below the inequality (17) with suitable modifications. We leave the
completion of the further proof to the reader.

Remark 2. We note that the bounds obtained on the right hand sides in (1), (3),
(5) are different from the bound given in the integral analogue of the Hilbert's inequality
given in Theorem H. Further, if we apply the elementary inequality c1/2d1/2 ::; 扒c+ d)
(for c, d nonnegative reals) on the right hand sides of (1), (3), (5), then we get respectively
the following new inequalities

「「 lu(k)(s)丨lv(k) (t)l dsdt
。。s2n-2k-1 十 t2n-2k-1

::; ~叭 (n, k, x, y)[「(x - s)lu(n>(s)丨2ds + Y (y - t)lv(n)(t)J2dt],

［［惡l~~~~:;~vt~~~tj」一3dsdt 1
5抨2(n, k, x, y)[「(x - s)二(「I (r(<7)u(n-l) (<7))'12 d<7)ds。 r2(s) 。
+「(y - t)二It l(r(()v正 1)同'I演）dt],。 召(t) 。「「 ju(k)(s)llv(k>(t)I dsdt
。。s

2n-2k-l + t2n-2k丑

5軻3(n,k,x,y)[「(x - s)三刁, l(r(<7)u(n) 位 ））(n) 12品 ）ds
。 戶(s) o

+[(y- t)~([ J(r(()Jv(n)(O)(nJJ演）dt].

For various other inequalities different from those of given here, see [8-11].

(25)

(26)

(27)
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