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INEQUALITIES SIMILAR TO THE INTEGRAL ANALOGUE
OF HILBERT’S INEQUALITY

B. G. PACHPATTE

Abstract. In the present paper we establish some new inequalities similar to the integral ana-

logue of Hilbert’s inequality by using a fairly elementary analysis.

1. Introduction

The integral analogue of the well known Hilbert’s double series theorem can be stated
as follows (see [3, p.226]).

Theorem H. Ifp> 1, p' =p/(p—1) and

/o fp(:c)d:c<F/ y)dy < G,

1% f(2)g(y) —
/o / oty T < G G

unless f =0 or g = 0.

Since the discovery of the most celebrated Hilbert’s double series theorem and its
integral analogue given in Theorem H, a large number of papers dealing with different
proofs, numberous variants, various generalizations and their applications have appeared
in the literature, see [1-7, 12]. For the earlier historical development of this kind of
inequalities and many important applications in analysis, see [3, Chapter IX]. Recently, in
[8-11] the present author has established some new inequalities similar to Hilbert’s series
inequality and its integral analogue which we believe will serve as a model for further
investigations. The main purpose of this paper is to establish some new inequalities
similar to the integral analogue of the Hilbert’s inequality involving functions and their
higher order derivatives. The analysis used in the proofs is elementary and our results
provide new estimates on inequalities of this type.
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2. Statement of Results

In what follows we denote by R the set of real numbers. Let I; =[0,z), I, = [0,y),
z>0,y>0,1=[0,00), Ry = (0,00) denotes the intervals in R.
Our main results are given in the following theroems.

Theorem 1. Letn > 1 be an integer. Let u € C™(I,,R), v € C™(Iy,R) and
u®(0) = v®(0) = 0 fori = 0, 1% esos i1, Then

/ § / g O] UISIOTIN
0 0

SZn—Zk—.l ey $2n—2k—-1

< My(n, b, z,) /0 - s)lu(n)(s)lzds)l/z( /0 " = Bl (t)I2dt)1/2, (1)

where

VY @)

i
Mi(n,k,z,y) = 5 [(n—k-1)2@2n—2k-1)

Theorem 2. Letn > 2,0 < k <n—2 be integers. Letr € C*(I,R,), u € O™, i),
v € c™(Iy, R) and u(=1(0) = v(i-1)(0) = 0,2=1,2,...,n. Then

=Y 1) (g)|[o®
// 2Iu%_(g)llv ] -
o Jo sIn— + ¢2n—2k—3

= Mz(n,k,x,y)(/oz(x - s)%(/os ](T(o-)u(n—-l)(a)ylzda)ds) 1/2

< =005 ([ oD@y paga 3
where s B /57 )
2(m, ’“”y)—5[(n—k—2)!]2(2n—2k—3)' )

Theorem 3. Letn > 1, 0 < k < n—1 be integers. Let r € O B,
u € C*(I,,R), v € C®*(I,,R) and w(=1(0) = (-1 (0) = 0, (r(0)u(™(0))-1) =
(r(0)v™(0))¢=1) =0, i=1,2,....n. Then

[ [ oeiee ,,
0 0

SZn—2k—1 4 t2n—2k—1

S2n—l

< Ms(n, k,z,y) [/Ow(z - S)W(/Os |(r(a)u(n)(g))(n)l2d0‘)ds] v
<[ [ w-055 ([ 1@ @) mpaga] (5

where

i (6)

' 1
Ms(n, k,z,y) = 3= D~ k= )2(2n — 1) {on — 2k = oy
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Remark 1. We note that in the special case when k = 0, the inequalities established -
in Theorems 1-3 reduces respectively to the following new inequalities

/ /o v ()] ~dsdt < Ml(n,O,:c,y)(/oz(x — 5)|u(™(s)|2ds)!/?

1 + t2n—
x " _ (n) 2 1/2’ !
(/0 (y = )™ (8)["dt) (1)

/ / [u(lv@®l
g2n— 3+t2" 3
- Mz(n,O,m,y)(/o (z — s)rzis) (/Os I(r(a)u(n_l)(J))I|2d0')ds)1/2

<( [ =055 ([ Irenr @y ragar) ", 3)

Y Ju(s)l@)
/ / g2n— 1+t2n lddt

< M3(n,0,z,y) / (z—s) ::3)1 (/ |(r(0)u™ (o ))(")l2do)ds] 1/2
<[ [[w-05([ revm @) paga)” -

We note that in a recent paper [9] the author has proved the special version of the
inequality given in Theorem 1 when k =0 and n = 1.

3. Proof of Theorem 1

From the hypotheses and Taylor expansion we have

—_— ss—'r"_k_lu(")'r T
=i ) (r)dr, (7)

u(s) =

1 t ‘
(k) = ()= ——— _ n—k—1, (n) d
W90 = () = gy [ (=" N @), ®)
for s € I, t € I,. From (7) and using Schwarz inequality we have
oy [ e e e

W) <
([ 6= mresan e [ opan

S b1

1 s(2n—2k—1)/2 y ‘
== k_l),@n_%_l)l,z(/o [u®) (7)) 2, ©
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for s € I,,. Similarly, from (8) and using Schwarz inequality we have

1 $(2n—2k—1)/2

p® (8)] <

S k- D @n -2k -1 (/0 [v(™ (5)|2do) /2, (10)

for ¢ € I,. From (9), (10) and using the elementary inequality c1/241/2 < 3(c+d) (for
¢, d nonegative reals) we have

[u(k) (s)”v(’“)(t)[ < _21_[(n —— 1)!]21(2n — T [S2n—2k—1 + t2n—2k~1]
( / W™ () 2aryir /0 [ (0)2)112, (11)

forsel,, teI, Rewriting (11) and then integrating over ¢ from 0 to y first and then
integrating the resulting inequality over s from ( and z and using Schwarz inequality we

have
[ [ A o
= %[(n —k- 1)!]21(2n —2k-1) [/Ox(/o |u<n)(r)|2d7)1/zd5]
A ') t 0™ (0)do) 2dt]
) %[(n s ”3(2” ~2k-1) va| /Ox( /0 ) () Pdr)s) 2
Vil /0 K /0 | 0™ (@) do)ar] '

= M (n,k,z, y)(/ox(:c = 8)[ul™ (s)2ds)/? x (/Oy(y = )™ (1) Pat)1/2.

This completes the proof.

4. Proof of Theorem 2

From the hypotheses and Taylor expanson we have

r(s)u™=(s) = / (™D (1)) dr, (12)
u(k)(s)z————(n ]: 2)'/5(3—7)“—k“2u(”‘1)(7)d7', (13)
.

for s € I,. From (12) and (13) we observe that

w0 = gy f e | e@ur Do)y,
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for s € I,. Similarly, we have

1 ‘ n—k—2 1 " n—1 i
WO = =g | s (@@, ay

for ¢ € I,. From (14) and using Schwarz inequality we have
1 2 1 ¥
(k) P S — A \n—k=2(_-~ (n—1) "\do \ d
WIS g | -7 (75 | 1e@u @)y 1ds) ar

’ [/O(T(i’f) /o |(r(@)ul=D(0))'|dor)dr e
1

S(2n—2k—-3)/2

¢ T 3 e ng, 112
=(n-—k—2)!(2n—2k_3)1/2 X [/0 77?7"_)(/0 [(r(o)u™1 (5))'|do) dT]

1 s(?n—2k—3)/2 s 1 T et} il 1/2
SermEmmgl), a0y o],
(16)

for s € I,. Similarly, we have
. 1 +(2n—2k-3)/2
P < @ 3)172
L | n 1/2

L (n—1) 12 17

<[ g [ 1e@ueD @y pagan] (17)

for ¢t € I,. Form (16) and (17) and using the elementary inequality ¢'/2d/2 < s(c+d)
(for ¢, d nonegative reals) we have

[82n—2k-3 4 t2n—2k—-3]

" il
|u(’“)(8)”U( )(t)’ = 5 [(n—k— 2)12(2n - 2k — 3)

<[ [ o[ 1 o)y aoyar]
[}, =),
[ [ [ 1@ @ylagan] (18)

(18) and then integrating: over ¢ from 0 to y first and then
quality over s from 0 to z and using Schwarz inequality we

forsel,,ye I,. Rewriting

integrating the resulting ine
have

z py (k) S ’U(k)t
/0 /0 Szi-zk_(s)_,i t2”£2)’J—3 dsdt
1 L T _Jpe T - » -
2[(n—k—D)12 2n — 2k —3) (/0 [/0 m(/ﬂ |(r(@)u™D (5))| da')dT] ”

VAN
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<«(['[[ = 20 ([ 6@ @y deran] e

1
5[(n- —2)] (2n—2k 3)
Ve / e T) / ir(o)u™=1 (5))’ Izda)df)ds]

i [ ([ 1@t @)y Payana]
=156 k2,0)| [ @ = 0) 2= ([ 0ot o)y Paoyas]
<[ w- 055 ([ 1e@v @y pagar] "

The proof is complete.

5. Proof of Theorem 3

From the hypotheses and Taylor expanson we have

u(k)(s) — —-——1 Yy /s(s —T) "‘k_l u(™ (1)dr, : (19)

r(s)u(™(s) = — 1), / (s = )" (r(r)u™ (7)) dr, (20)
for s € I;. From (19) and (20) we boserve that .
1 g . i 4 i n n

ul®(s) = (n—l)!(n—k—l).’/o (s—T)"* I[R:T—)/o (1—0)" 1 x (r(o)u™ () )do]dT,

(21)

for s € I,. Similarly, we have

1 t oo 1 n i . ’
e orT O gy [ -0 v o) >df](;f;7)

v®)(t) =
for t € I,. From (21) and using Schwarz inequality we have
[u® (5)] < =l S(s—f)"—’“"l =5 | =000 (@) ®ido]ar
~ (n=1)Y(n—k-1)! 7-)
(n—k—1) 3, \1/2
—(n—1'<n~ —1>'(/ i

<[ i [ - 1|(r<a>u<")<a)><">|da] ar)! /2

: 1 s(2n—2k—1)/2 sibe
S oD —k=1) @n= 2%k — 1)1/2 / / =)
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T 1/2
([ @™ @) pao)ar]
0
’ 1 s(2'n.—2k—1)/2

T - Di(n -k —1)!(2n — 1)1/2 (2n — 2k — 1)1/2

s r2n—1 T . ” 1/2
<[ S [ 1)@ paa] 23)
for s € I,. Similarly, we have
(x) i t(2n—2k—1)/2
i S (n—1)l(n — k- 1)!(2n — 1)1/2 (2n — 2% — 1)1/2
tp2n=1 rn el 1/2
<[ [ T [ le@um @) pagan] (24)

for t € 1.

The rest of the proof can be completed by following the same arguments as in the
proof of Theorem 2 below the inequality (17) with suitable modifications. We leave the
completion of the further proof to the reader.

Remark 2. We note that the bounds obtained on the right hand sides in (1), (3),
(5) are different from the bound given in the integral analogue of the Hilbert’s inequality
given in Theorem H. Further, if we apply the elementary inequality c1/24d'/2 < F(c+d)
(for ¢, d nonnegative reals) on the right hand sides of (1), (3), (5), then we get respectively
the following new inequalities

T ry Iu(k)(s)ll’v(k)(t)l
/0 A 3272—219—1 +t2n_2k_1 det
1 z .
<M benl[ -k [ opora, e

[ [ et
0 0

g2n—2k—3 4 $2n—2k-3

< %Mg(n,k,m,y)[/oz(x - s)ﬁ%(/os I(r(a)u(n_l)(a))r|2da)ds

+ [ =0 ([ 1w @y Pagyan, (26)

T pry l’u(k) (S)”’U(k) (t)l
o Jo s¥—2k—1 4 ¢2n—2k—1 dsdt
3271.——1

< gMs(n k)l [ @ = )5 [ @ @)™ Py

gt I vt e
tif =072 10OP @) (27)

For various other inequalities different from those of given here, see [8-11].
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