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NEVANLINNA CONSTANT AND ITS ANALOGUES

FOR ENTIRE AND MEROMORPHIC FUNCTIONS

OF FINITE NONINTEGRAL ORDER

TIEN-YU PETER CHERN(*) ANDS. M. SARANGI

Abstract. In this paper we deal with the Nevanlinua constant and its analogues for functions
of finite positive nonintegral order.

0. Introduction

One of the central problems in the classical function theory is: for any complex
value a and a given entire function f(z) can we find connections between the growth
of f(z) and the value distribution of a-points of f(z). Borel (1897), Nevanlinna (1929),
Shah (1944) Edrei and Fuchs (1960) among many others have attacked this kind of
problems. The study on Nevanlinna constant has a long history and its results reflect
partial achievements in this aspect.
In this paper we deal with the Nevanlinna constant and its analogues for functions of

finite nonintegral order. In section 1 we begin with a Borel's inequality which expresses
a relationship between the growth of a canonical product P(z) and the value distribution
of the zero-points of P(z). The result (1.3) in Theorem 1 can be viewed as a version
for entire functions connecting a result of the second author [7] (see also Theorem G
in this paper), both results (1.3) and (1.4) of Theorem 1 are new. The result (1.6) in
Corollary is a quantfrative version of a result of Valiron (see expression (1.2)) which has
been proved by S. M. Shah in 1967 (see [13, Theorem 2]) by using a sequence of P6Iya
peaks; however our proof is simple and based on a result of the first author [2].
There arc two kinds of variational results on the Nevanlinna constant in section 4.

One kind of results considers I(r, !), a mean of T(r, f) instead of T(r, !). The another
kind of results deals with taking small meromorphic functions instead of taking complex
values. The proof of Theorem 1 is left in section 5.
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1. Nevanlinna Constant for Entire Functions

For a canonical product P(z) of finite positive genus p, 1897 Borel has proved the
following result:

Theorem A. (Borel's inequality)

log M(r, P) < K丨=(n(t, P = O)rP+l /tP+l (t 十 T))dt,
。

(1.1)

for a positive constant K. This Borel's inequality gives an indirectly relationship between
M(r, P) the maximum modulus function of P and n(r, P = O) the number of roots of the
equation P(z) = 0, in lzl~r.

Using above Borel's ineuality and the notion of the proximate order (for definition
we refer the readers to [10]) for a given entire function f of finite nonintegral order,
1913 Valiron 冏 established a relationship between the growth of f(z) and the value
distribution of the zero7points off (z) as follows:

Theorem B. (Valiron)

lim sup n(r, f = 0) / log M(r, f) > 0.
r-t+oo

(1.2)

In this paper we shall prove the following result and its analogues:

Theorem 1. Let f (z) be entire with fi、nite nvnintegral order A. Let A(r) be a proxi­
mate order of log M(r, f) and U(r, f) = r>-(rl be a type function of log M(r, f). Then阮

each a E <C, we have

and

Ku(a, f) 2 (q + 1 - >.)(>. - q)/>.c1 (q),

n(r, f = a)limsup
户 t+oo U(r, f)

2 (q + 1 - >.)(>. - q) IC1 (q),

(1.3)

(1.4)

where Ku (a, f) = lim supr-*+= 懦霏 ), C1 (q) = 1, if q = 0, C1 (q) = 2(q+ 1)(2 + log(q +
1) J if q > 0, q = 扒］

Remark. The result (1.3) in Theorem 1 can be viewed as an entire version of a result
of the second author [7} (see also the below Theorem G of this paper), both results (1.3)
and (1.4) of Theorem 1 are new.

It follows from Theorem 1, we deduce immediately the following.

Corollary. Let f (z) be entire with finite nonintegral order 入 Then for each a E (C,
we have

N(r,f = a)limsup
r-t+oo logM(r,f) -

> (q + l - A) (A - q) / AC1 (q), (1.5)

and
n(r, f = a)lim sup

T'-++oo log M(r, f)
乏 (q + l - .X)(.X - q)/c1 (q). (1.6)
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Remark. In the above Corollary, the result (1.5) seems new and the expression
(1.6) is a quantitative version of a result of Valiron (see expression (1.2)) which has been
proved by S. M. Shah in 1967 (see (13, Theorem 2]). Shah proved it by making use a
sequence of P6lya peaks.

Contrast to the result (1.6), there is a well known result as follows.

Theorem C. (1, p.55-59] (14, p.3] If J is entire with order ,\, 0 < ,\ < 1, and if
all the zeros of J (z) lie on the negative real axis and the counting function n(r, f
O)~K户 (K > 0, 0 < ,\ < 1) then

lim n(r, f = 0) sin訌

r---?+oo logM(r, J) 7r
(1.7)

and
lim n(r, J = O) = A.r-++oc N(r, J = 0) (1.8)

2. Nevanlinna Constant for Meromorphic Functions

We now state a result of Nevanlinna on Nevanlinna constant.
Applying Borel's inequality (1.1) again, in 1929 R. Neva.nlinna [5, p.51] proved:
Theorem D. (Nevanlinna) If f is meromophic in the complex plane <C with finite

nonintegral order A, then

N(r, f = a) + N(豆 =b)lim sup
r-++oo·T(r, f) ~X(A) (2.1)

for distinct a, b in C. This x(.\) is called a Nevanlinna constant off.
We next list some works after R. Nevanlinna as following: For O < ,\ < 1, 1944·Shah

[9] proved:
Theorem E. (Shah)

x(.\)~1 - .\. (2.2)

For O < A < 1, in 1960 Edrei and Fu~hs (3, p.236, Theorem 2] obtained .the optimal
value of x偽 ）by proving the following:
Theorem F. (Edrei and Fuchs)

x偽 ）= 1 0 -::; ,\ -::; 1/2
= sin 1r,\ 1/2 -::; ,,\ < 1. (2.3)

(see also [4, p.116, Theorem 4.14]).
The authors remark that in case >. > 1, the optimal value of x位 ）is not found yet.
If f is meromorphic with finite nonintegral order >., 1978 the second author (7] put

K.x(rJ
N(r, f = 0) + N(r, f = oo)

=: limsup
·r---++oo U(r, J) (2.4)



186 TIEN-YU PETER CHERN ANDS. M. SARANGI

where U(r, J) = r>-(r), >.(r) is a proximate order function of T(r, !); and proved the
following.
Theorem G. (Sarangi)

K>..(r)~(q + 1 - >.)(>. - q)/>.c1 (q)

where c1 (q) = 1, if q = 0, c1 (q) = 2(q + 1)[2 + log(q + l)] if q > 0, q = [>.]
1989 the second author and Patil [8) improved above Edrei and Fuchs'result (2.3) by

(2.5)

provmg
Theorem H. (Sarangi and Patil)

K>.(r) 2: 1 for O ::; ,\ < 1/2
K>.(r) 2'. sin訌 for 1/2 ::; ,\ < l.

We remark that K>.(r) is an analogy of x(>.) and is subtler than x(>.).

(2.6)

3. A Lemma

To prove Theorem 1, we need a result of the first author as follows.

Lemma 1. [2, lemma 4.1] Let f be nonconstant meromorphic in C, and S(r) be an
unbounded increasing function of finite positive order ,\, If a E C = CU { oo'}, then we
have

N(r, f = a) n(r, f = a)
lim sup ::; (1/ .X) lim sup
r-t+oo U(r) . r-t+oo U(r)

(3.1)

where U(r) = r>-(r) is a type function of S(r) and A(r) is a proximate order function of
S(r).
The above Lemma 1 and the meaning of K>.(r) gives:
Proposition 1. If f is meromorphic with finite nonintegral order A,. then

n(r,f = 0) +n(r,J = oo) n(r,J = 0) +n(r,f = oo)lim sup > lim sup > -\KA(r)·
r-t+oo T(r, J) 一 户-,+oo U(r, f) -

(3.2)

The results of Proposition 1 can be viewed 邸 analogues of Theorem D in terms of
n(r, a) instead of in terms of N(r, a).

4. More Variational Resu!ts

For any nonconstant meromorphic function f(z), in 1929 R. N~vanlinna [5, p.25]
introduced a mean value of T(r, J):

1
I(r, J) =: ;: for log+ .l\1(t, f)dt (4.1)



NEVANLINNA CONSTANT AND ITS ANALOGUES 187

and prove that:

Thereom H. (Nevanlinna) Fork> 1, we have

I(r, f)~曰T(kr, f). (4.2)

If f(z) is of finite positive order .X, then J(r, f) is dominated above by U(r, J) which
is given by a well known classical result:

Theorem I. 昀 <A < +oo, then

I(r, f) :S d(>.)U(r, f) (4.3)

where d(,\) = (1->.J+(l+>.2)1/2
ll+:\.\+/1+;\.2)1/2 (1+(1十氾 ）1/2 ) >., and U(r, f) is a type function of T(r, !).

In terms of I(r, !), there are two well known results.

Theorem J. ([6, Theorem 2], [11, Theorem 2]) If f'is meromorphic with finite
nonintegral order ,\, then

N(豆 =0) + N(r, f = oo)lim sup ;: 0,
r~+oo I(r, f)

(4.4)

and
r n(r, r= 0) + n(r, f = oo)
unsup 2 0.
·r--+十= I(r, f)

The result (4.4) is due to Okada which can be viewed as an alternating version of
Theorem D. The result (4.5) is due to Shah which can be viewed as a meromorphic
version of (1.2) a result of G. Valiron. In this aspect we have the following:

(4.5)

Theorem 2. If f is meromorphic with finite nonintegral order >., then

N(r, f = 0) + N(r, f = oo) KA(可lirn sup >一—
r---++= I(r, J) d(>.)

(4.6)

and
n(r, f = 0) + n(r, f = oo) 入K>.(r)

lim sup
I(r,f)

＞
r---t+oo d(入）

(4.7)

Rernarks. In Theorem 2, (4.6) improves the right hand of (4.4) by replacing thE­
lower bound O by a positive number K>.(>.)/d(>.) and (4.7) improves the right hand of
(4.5) by replacing the lower bound Oby a positive number >.K>.(r)/d(>.). On the proofs of。kada and Shah, they have used a gerneralized version of the Borel's inequality of (1.1)
and the existence of a sequence of P6Iya peak for functions of finite positive order. Our
proof is based on a key inequality which is due to Chern and is stated in the Lemma 1.

The proof of Theorem 2. (4.3) and (2.4) gives (4.6). (4.6) and Lemma 1 implies
(4.7).
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Let's turn to the results taking small functions instead of assuming complex values by
the given function. Let g1 (z) and g2 (z) be two distinct meromorphic funciton (including
rational functions or finite constants) which are small with respect to f(z) in the sense
that

T(r, gi(z)) = o(T(r, !)), (i = 1, 2) as r---+ +oo. (4.8)

Theorem 3. Let f be meromorphic with finite nonintegral order .X. 1几 (z) (i = 1,2)
are two distinct meromorphic functions w加ch are small with respect to f (z) and k > 0,
then

r N(r, f = 91) + N(r, f = g2)1msup
r~+oo T(kr, f)

2: (q + 1- .X)(.X - q)/.Xc1(q)k\ (4.9)

and
l' n(r, f = 91) + n(r, f = 92)1msup
r-t+oo T(kr, f)

乏 (q + 1 - >.)(>. - q)/c1(q)k\ (4.10)

Theroem 3 is an analogue of a result of Shah [12, p紅 1, Theorem 2) and is an
immediately consequence of the following.

Theorem 4. Let f be meromorphic with finite nonintegral order 入 If 91 (z) and
g2(z) are two distinct meromorphic functions which are small with respect to J(z) and
k > 0, then

lim sup N(豆 =91) + N(r, f = 92)
r~+oo U(kr, f)

~(q + 1 - 入）（入 - q)/入C1 (q)k\ (4.11)

．ana
n(r, f = 91) + n(r, f = g2)liin sup

r-++oo U(kr, f)
乏 (q + l - A)(A - q)/c1(q)k>., (4.12)

where U(r, f) is a type function of T(r, f)

The proof of Theorem 4. If we put

F(z) = f(z) - YI (z)f (z) - g2(z)'

and denote the type function of T(r, F) by U(r, F).
Noticing that

U(r, f),...,U(r, F)

and
U(kr,f),...,松U(r, f),

(4.13)

(4.14)

(4.15)

it follows from Theorem G, we have (4.11). (4.11) and Lemma 1 deduce (4.12). This
completes the proof of Theorem 4.
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5. The Proof of Theorem 1

For each a E C, put
f (z) - a= zkeQ(z)P(z), (5.1)

where P(z) is the canonical product forms of non-zero a-points of f(z), Q(z) is a poly­
nomial of degree :S q. Hence we have

log M(r, J) ,...., log M(r, 1/(f - a)),...., log M(r, P). (5.2)

By Hayman [4, pp.27-29], we have

log M(r, P) :S c1 (q) { qrq丨r N(t)-dt + (q +'l)rq+I 00 N(t)。tq+I 1 严dt}, (5.3)

where N(t) = N(t, f = a).
Put

Ku(a, f)
N(r, f = a)

= limsup
·r-t+oo U(r, f)·

(5.4)

Since Ku(a, f) ::; 1, for each€> 0, there is a r0 such that

N(r, a) ::; (Ku(a, f) +€)U(r, f) for r 2: ro,

hence for sufficiently large r, we have

log M(r, J) ::; c1 (q) 忻 I ..r (Ku(a, f) + c:)t>..(t)
dt

。
+(q + l)rq+l丨00 (Ku(a, J) + c)t>..(t)

tq+2 dt + 0(召 ）

= c, (q)(Ku(a, f)'十: , ) { qr'[ t>lt) 一 (q+l)d!

+(q + l)rq+I丨t>..(t)-(q+2)dt + 0(召 ）．
r

｝ (5.5)

Since 「t入（正 (q+l)dt ,..._, r>-(r)-q
。 ). - q'

(5.6)

and 「t<>.(t) 一 (q+2)) dt = r(q+i->.(r))
T q+l-A'

(5.7)

we have

log M(r, f) 1
1 = 1二呾 罡 U(r, J) :S c1 (q)(Ku(a, J) + E) {(.A_ q) + (q +:_.A)} (5.8)
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Therefore we deduce (1.3). (1.3) and Lemma 1 gives (1.4). This completes the proof of
Theorem 1.
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