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NEVANLINNA CONSTANT AND ITS ANALOGUES
FOR ENTIRE AND MEROMORPHIC FUNCTIONS
OF FINITE NONINTEGRAL ORDER

TIEN-YU PETER CHERN®™) AND S. M. SARANGI

Abstract. In this paper we deal with the Nevanlinna constant and its analogues for functions
of finite positive nonintegral order.

0. Introduction

One of the central problems in the classical function theory is: for any complex
value o and a given entire function f(z) can we find connections between the growth
of f(z) and the value distribution of a-points of f(z). Borel (1897), Nevanlinna (1929),
Shah (1944) Edrei and Fuchs (1960) among many others have attacked this kind of
problems. The study on Nevanlinna constant has a long history and its results reflect
partial achievements in this aspect.

In this paper we deal with the Nevanlinna constant and its analogues for functions of
finite nonintegral order. In section 1 we begin with a Borel’s inequality which expresses
a relationship between the growth of a canonical product P(z) and the value distribution
of the zero-points of P(z). The result (1.3) in Theorem 1 can be viewed as a version
for entire functions connecting a result of the second author [7] (see also Theorem G
in this paper), both results (1.3) and (1.4) of Theorem 1 are new. The result (1.6) in
Corollary is a quantitative version of a result of Valiron (see expression (1.2)) which has
been proved by S. M. Shah in 1967 (see [13, Theorem 2]) by using a sequence of Pélya
peaks; however our proof is simple and based on a result of the first author [2].

There are two kinds of variational results on the Nevanlinna constant in section 4.
One kind of results considers I(r, f), a mean of T(r, f) instead of T'(r, f). The another
kind of results deals with taking small meromorphic functions instead of taking complex
values. The proof of Theorem 1 is left in section 5.
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1. Nevanlinna Constant for Entire Functions
For a canonical product P(z) of finite positive genus p, 1897 Borel has proved the
following result:

Theorem A. (Borel’s inequality)
log M(r, P) < K/ (n(t, P = 0)rP™! /tP*1(t + r))dt, (1.1)
0

for a positive constant K. This Borel’s inequality gives an indirectly relationship between
M(r, P) the mazimum modulus function of P and n(r, P = 0) the number of roots of the
equation P(z) =0, in |z| < r.

Using above Borel’s ineuality and the notion of the proximate order (for definition
we refer the readers to [10]) for a given entire function f of finite nonintegral order,
1913 Valiron [15] established a relationship between the growth of f(z) and the value
distribution of the zero-points of f(z) as follows:

Theorem B. (Valiron)
limsupn(r, f =0)/log M (r, f) > 0. (1.2)

r—<400

In this paper we shall prove the following result and its analogues:

Theorem 1. Let f(z) be entire with finite nonintegral order X. Let A(r) be a prozi-
mate order of log M (r, f) and U(r, f) = r*") be a type function of log M (r, f). Then for
each a € C, we have ‘

Ky(a, f) > (g+ 1= XN —q)/Aa(9), (1.3)
and .
ligﬁggn—(g’({"—;)m > (g+1-A)A-q)/ei(q), (1.4)

where Ky (a, f) = limsup,_,; o N[(f(’fj)“) ;alg) =1,ifg=0, ci(g) = 2(¢+1)[2 +log(g +

D] ifg¢>0,q=[A.
Remark. The result (1.3) in Theorem 1 can be viewed as an entire version of a result

of the second author [7] (see also the below Theorem G of this paper), both results (1.3)
and (1.4) of Theorem 1 are new.

It follows from Theorem 1, we deduce immediately the following.

Corollary. Let f(z) be entire with finite nonintegral order A. Then for each a € C,
we have

limsup 1 THF = > (g4 1- N - DA (@), (L5)
and 3 . :
g BL =B 0 0 5 35—} . (16)

r—t+o0 lOgM(r, f)
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Remark. In the above Corollary, the result (1.5) seems new and the expression
(1.6) is a quantitative version of a result of Valiron (see expression (1.2)) which has been
proved by S. M. Shah in 1967 (see [13, Theorem 2]). Shah proved it by making use a
sequence of Pélya peaks.

Contrast to the result (1.6), there is a well known result as follows.

Theorem C. [1, p.55-59] [14, p.3] If f is entire with order A\, 0 < A < 1, and if
all the zeros of f(z) lie on the negative real azis and the counting function n(r, f =
0)~Kr*K > 0,0 < A < 1) then

n(r,f =0) sinwA

Eart logM(r,f)  w ° oL
and (r. f = 0)
. iy f= __
A Fr =0 (18)

2. Nevanlinna Constant for Meromorphic Functions

We now state a result of Nevanlinna on Nevanlinna constant.
Applying Borel’s inequality (1.1) again, in 1929 R. Nevanlinna [5, p.51] proved:

Theorem D. (Nevanlinna) If f is meromophic in the complez plane C with finite
nonintegral order A, then

: N(r,f =a)+ N(r,f =b)
liurzup T f)

for distinct a, b in C. This x()\) is called a Nevanlinna constant of f.

2 x(A) (2.1)

We next list some works after R. Nevanlinna as following: For 0 < A < 1, 1944: Shah
[9] proved:

Theorem E. (Silah)
x(A) >1- A (2.2

For 0 < A < 1, in 1960 Edrei and Fuchs [3, p.236, Theorem 2] obtained the optimal
value of x(A) by proving the following:

Theorem F. (Edrei and Fuchs)
x(A) =1 0<A<1/2
=sinTtA 1/2<A< 1L (2.3)
(see also [4, p.116, Theorem 4.14]).
The authors remark that in case A > 1, the optimal value of x()\) is not found yet.
If f is meromorphic with finite nonintegral order A, 1978 the second author [7] put

_ N(r,f=0)+ N(r, f = 00)
= i Ur f)(

(2.4)
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where U(r, f) = "), X(r) is a proximate order function of T'(r, f); and proved the
following.

Theorem G. (Sarangi)

Kxir) 2 (@+1-2)(A-q)/Xai(q) (2.5)

where ¢1(q) =1, if ¢ =0, e1(q) = 2(g + 1)[2 + log(g + 1)] if ¢ > 0, ¢ = [A].
1989 the second author and Patil [8] improved above Edrei and Fuchs’ result (2.3) by
proving
Theorem H. (Sarangi and Patil)
Kym 21 for0<A<1/2
Ky >sinth for 1/2< A< 1 (2.6)

We remark that K, is an analogy of x(}) and is subtler than x(A).

3. A Lemma

To prove Theorem 1, we need a result of the first author as follows.

Lemma 1. [2, lemma 4.1] Let f be nonconstant meromorphic in C, and S(r) be an
unbounded increasing function of finite positive order . If a € C = CU {co}, then we

have N
lim sup N(r,f=a) < (1/)limsup n(r,f =a)

r—+00 U(r) - ro4oo U(r) el

where U(r) = ") is a type function of S(r) and X(r) is a prozimate order function of
S(r).
The above Lemma 1 and the meaning of K, gives:

Proposition 1. If f is meromorphic with finite nonintegral order A,.then

. n(r,f=0)+n(r,f=00)_.. n(r,f =0) + n(r, f = 00)
e T(r.f) 2 lim sup Ulr.7)

>AKyr)-  (3:2)

The results of Proposition 1 can be viewed as analogues of Theorem D in terms of
n(r,a) instead of in terms of N(r,a).

4. More Variational Results

For any nonconstant meromorphic function f(z), in 1929 R. Nevanlinna [5, p.25]
introduced a mean value of T'(r, f):

e )= %/o‘f logt M(t, f)dt (4.1)
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and prove that:

Thereom H. (Nevanlinna) For k > 1, we have
kE+1
Ir,f) < T T(hr, ). (4.2

If f(z) is of finite positive order A, then I(r, f) is dominated above by U(r, f) which
is given by a well known classical result:

Theorem I. If 0 < A < 400, then
I(r, f) < dNU(r, f) (4.3)

_ 2\1/2 . ;
where d()\) = §i+;\;1§iii231/2 (1+(1+’\A2)1,2)’\, and U(r, f) is a type function of T'(r, f).

In terms of I(r, f), there are two well known results.

Theorem J. ([6, Theorem 2], [11, Theorem 2]) If f is meromorphic with finite
nonintegral order A, then

 N(rf=0)+N(r, f =)
enp I, )

> 0, (4.4)

. (r,f = 0) +n(r, f = o)
: n(r, f=0)+n(r,f =00
lim su E : > 0.
e I(r, f) -
The result (4.4) is due to Okada which can be viewed as an alternating version of

Theorem D. The result (4.5) is due to Shah which can be viewed as a meromorphic
version of (1.2) a result of G. Valiron. In this aspect we have the following:

(4.5)

Theorem 2. If f is meromorphic with finite nonintegral order A, then

N(r,-f=0)+N(r,f=oo) S Ky

fim sup It 1) a0 -
d
" lim sup airgf =0) § %) —60) g2 Ay (4.7)
r—+0c I(T, f) d(/\) .

Remarks. In Theorem 2, (4.6) improves the right hand of (4.4) by replacing the
lower bound 0 by a positive number K)(»)/d(A) and (4.7) improves the right hand of
(4.5) by replacing the lower bound 0 by a positive number AK(,)/d()). On the proofs of
Okada and Shah, they have used a gerneralized version of the Borel’s inequality of (1.1)
and the existence of a sequence of Pdlya peak for functions of finite positive order. Our
proof is based on a key inequality which is due to Chern and is stated in the Lemma 1.

The proof of Theorem 2. (4.3) and (2.4) gives (4.6). (4.6) and Lemma 1 implies
(4.7).
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Let’s turn to the results taking small functions instead of assuming complex values by
the given function. Let g1(z) and g2(z) be two distinct meromorphic funciton (including
rational functions or finite constants) which are small with respect to f(z) in the sense
that g
T(r,gi(2)) =o(T(r,f)), ((=1,2) asrt — +oo. (4.8)

Theorem 3. Let f be meromorphic with finite nonintegral order A. If g;(2) (i = 1,2)
are two distinct meromorphic functions which are small with respect to f(z) and k > 0,

then
. N(r,f=g)+N(rf=g) B B ,
lim sup (o 7) > (41 - —g)/Aa(g)k, (4.9)
e (r,f = g1) +n(r, f = go)
; nr,J] =g n\r,J = g A
lﬁligf Tor. ) > (g+1-=XA—q)/ca(g)k, (4.10)

Theroem 3 is an analogue of a result of Shah [12, p.811, Theorem 2] and is an
immediately consequence of the following.

Theorem 4. Let f be meromorphic with finite nonintegral order . If gi1(z) and
g2(2) are two distinct meromorphic functions which are small with respect to f(z) and
k > 0, then

el Ll i}i,;i%( [=92) 5 (g+1- 20 - 9/ A @k, (4.11)
e (r.f =) +nlr, f = 99)
s nr,J =4 n\r,j = g2 _ . DS
e gup Utkr ) > (g+1-NA—-q)/algk?, (4.12)
where U(r, f) is a type function of T'(r, f).
The proof of Theorem 4. If we put
f(2) — 91(2)
F(z) = ——F—F—-— 4.13
&= =0 (“49)

and denote the type function of T'(r, F') by U(r, F).
Noticing that
U(r, /)-U(r, F) (4.14)

and
U(kr, f)~E U(r, f), (4.15)

it follows from Theorem G, we have (4.11). (4.11) and Lemma 1 deduce (4.12). This
completes the proof of Theorem 4.
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5. The Proof of Theorem 1

For each a € C, put
f(z) — a = 2*e@) P(2), (5.1)

where P(z) is the canonical product forms of non-zero a-points of f(z), Q(z) is a poly-
nomial of degree < ¢q. Hence we have

log M(r, f) ~log M(r,1/(f — a)) ~ log M(r, P). (5.2)

By Hayman [4, pp.27-29], we have

log M(r, P) < e1(g) {qr /0 Z ) gt 4 (g + 1rets / -t]\(f%ldt}, (5.3)
where N(t) = N(t, f = a).
Put
Ky(a, f) = limsup w. (5.4)

ro+o0  U(7, f)
Since Ky (a, f) < 1, for each € > 0, there is a ry such that

N(r,a) < (Kul(a, f) + €)U(r, f) for r > 7o,
hence for sufficiently large r, we have

r A(t)
log M(r, f) < c1(q) {qr" /0 (KU(a’t{,zj S dt

o0 )
+(g + 1)t / (KU(a’tf.,l: o dt} +0(r?)

= c1(q)(Ku(a, f) + 6){qr" /Or R

+g + 1)+ / PO-@2gg) 1 0(r). (5.5)
Since -
/ A —(a+1) g o, T i _q, (5.6)
0 e
and -~
o (g+1—=A(r
AO—(g+2) gpg = T~
/r t dt — (5.7)
we have
, log M (r, f) d 1
1 = limsup —=—"2 < ¢,(q)(Ku(a, f) +¢ & . 5.8
e W o e ){(/\—q) (q+1—/\)} =5
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Therefore we deduce (1.3). (1.3) and Lemma 1 gives (1.4). This completes the proof of
Theorem 1.
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